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Abstract: The spectral properties of the Sturm-Liouville operator whose potential is a first-order polynomial with coefficients that contain 
the involution operator are studied. The boundary conditions are not strong regular for Birkhoff. It is established that the operator of the 
problem contains in the system of root functions an infinite number of associated functions.The spectral properties of the operator of this 
problem are analyzed and the conditions for the existence and uniqueness  of its solution are established. It is also proved that the system of 
root functions of the analyzed problem forms a Riesz basis. 
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1. Introduction 
Suppose that H  is a separable Hilbert space, HHA →:  is a 

positive self-adjoint operator with the point spectrum 
{ },...2,1,0,,~:)( =>∈= kkzzA kkp βαβσ αR , 

( ) { },...2,1: =∈≡ kHvAV k  is a system of eigenfunctions that form 

an orthonormal basis in the space H , ( ) { }HvAHvAH ss ∈∈= : , 

0≥s , ( )( ) ( )HvAuAAHvu sss ;,;, ≡ , 

( ) ,;;
22

HyAAHy ss ≡  

( )( ) ( ) ( ) ( ) ( ){ }1,0;,1,0:,1,0 221 LHtuHtuHLH ∈→=≡ , 

11: HHDx →  is a strong derivative in the space 1H , i.e. 

( ) ( ) ( )0,0; →∆→−
∆

−∆+ xHuD
x

xuxxu
x , ( ) ( )1,01,0: 22 LLI →  

is the operator of involution: ( ) ( ),1 xuxIu −≡ ( ) ( )( )1,02Lxu ∈ , 

( ) ( )IEpIEp −≡+≡
2
1

12
1

0 , , ( ) ( ){ }ypyLyL jj =∈≡ :1,01,0 2,2 , 

( ) ( ) ( ){ }xypxyHxyH jj ≡∈≡ :1,1 , 1,0=j , 

( ){ }1
2

1
2

12 ,: HyAHyDHxyH x ∈∈∈≡ , 
22222

2 ;;; HyAHyDHy x +≡ , ( ) ( )( )qm AHAHL ;  is the 

algebra of bounded linear operators ( ) ( ) ( ),0,,: ≥→ qmAHAHS qm
 

( ) HAH =0 , ( )( ) ( ) ( )( ),; mmm AHAHLAHL ≡  







≡






≡ 2

1
2
3 21 , AHHAHH . Сonsider the following problem: 

( ) ( ) ( ) ( ) ( )( ) ( ),1122, 0
22 xfxyxyxByAxyDyADL xx =−+−++−≡  (1) 

( ) ( ) 1211 10 hybybyl =−≡ ,           ( ) ( ) 22 10 hyDyDyl xx =−≡ ,(2) 

( ) 1Hxf ∈ , 1
1 Hh ∈ , 2

2 Hh ∈ .  
We interpret the solution [1, 2] of the problem (1), (2) as the 

function ( ) 2Hxy ∈ satisfying the equalities 

( ) 0;;,0;, 2
22

1
111 =−=−=− HhylHhylHfyADL x .(3) 

The differential equation (1) includes the operator of involution.  
The properties of the spectral problems for second order differential 
equations with involution investigated in the paper [3-9]. 

Theorem 1.1. Let ( )20 HLB ∈ . Then the operator L  of  the 
problem (1), (2), has the system of root functions ( )LV  which forms 
a Riesz basis in 1H . 

Theorem 1.2. Let ( ),1HLB∈  ( )20 HLB ∈ . Then for any 
2

2
1

11 ,, HhHhHf ∈∈∈ , there exists a unique solution of the 
problem (1), (2)  









++≤

22
2

21
1

2
1

2
2 ;;;; HhHhHfCHy . 

2. Auxiliary spectral problems 
We now consider the operator ,: 11 HHL →  of problem (1), 

(2): ( ) ,, yADLLy x≡  ( )LDy∈ , ( ) { }0,0: 212 ==∈≡ ylylHyLD ,  
Solutions of the spectral problem  

( ) ( ) ( ) ( )( ) =−+++−≡ xyDxyDByAxyDyADL xxxx 12, 0
22   

  ( ) ,, Cxy ∈= λλ     (4) 
( ) ( ) 010 211 =−≡ ybybyl , ( ) ( ) 0102 =−≡ yDyDyl xx   (5) 

сonsider as the product ( ) ( ) kvxuxy = , ,...2,1=k .To determine the 
function ( )xu  we obtain the spectral problem 

( ) ( ) ( ) ( ) ( )( ) =−+−++−≡ xuxuxbuzxuDuzDL kkxkxk 1122, ,0
22  

( ),xuλ=      (6) 
( ) ( ) 010 21,1 =−≡ ububul k , ( ) ( ) 010,2 =−≡ uDuDul xxk . (7) 

Consider the particular case of the problem (6), (7) if the 
specified conditions, 121 =−= bb , 00 =B . 

( ) ( ),22 xuuzxuD kx λ=+−   (8) 
( ) ( ) 010 =− uu , ( ) ( ) 010 =− uDuD xx .  (9) 

Lema 2.1. Let 121 =−= bb , 00 =B . Then the problem (8), (9) 
have point spectrum  

( ){ },...1,0,2: 22
,, =+=∈≡ nzn knknkk πλλσ R , and the system 

of eigenfunctions 

( )
( ) ( ) ( ) 











∈===

∈
≡

Nnnxxtnxxtxt

Lt
T

nn

s
n

,2sin2,2cos2,1

:1,0
100

0

2

ππ
. 

We now consider the operator ( ) ( )1,01,0: 22,0 LLL k →  of the 
problem (8), (7)  
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( )uzDLuL kxk ,,0 ≡ , ( )kLDu ,0∈ , 

( ) ( ){ }0,0:1,0 ,2,1
2

2,0 ==∈≡ ululWuLD kkk . 
Let,  

( ) ( )1210,0
0, −+≡ xxvk β , ( ) nxxv nk π2sin20,0

, ≡ ,  (10) 

( ) ( )( ) nxxxv nk πβ 2cos12120,1
, −+≡ ,  (11) 

( ) ( )21
1

21 bbbb +−≡ −β .    (12) 
You can check that  

( ) ( ) 0,0
,

0
,

0,1
,,0

0,1
,, nknknknknkkx vvRvzDL ξλ += , 

nknk n ,
0
, 8 βπξ = , ...2,1=n . (13) 

Hence, ( ) ( ){ },...2,1,1,0;0,
,,0 ==≡ nsxvLV s
nkk  is the system of root 

functions of the operator kL ,0  in the sense of the equality (13). 

Lema 2.2. Let 21 bb ≠ . Then the operator kL ,0  of the problem 

(8), (7) has the  point spectrum kσ , and the system ( )kLV ,0  of root 

functions is  complete and minimal in ( )1,02L . 
Proof. We now prove the completeness of the system ( )kLV ,0  

in the space ( )1,02L .  

Сonsider the adjoint problem ( ) ( ) ( )xwxwzxwD k µ=+− 22 ,  
( ) ( ) 010 =− ww , ( ) ( ) 010 12 =+ wDbwDb xx . The operator of this 

adjoint problem has the point spectrum kσ , and the system of root 
functions  

( )
( )
( )

,
2sin12

,2cos2:1,0
0,1
,

0,0
,2

0,
,

,0












−=

=∈
≡

qxw

qxwLw
LW

qk

qk
s

nk
k

πβ

π
 ( )...2,1=k . 

Hence, the system of root functions ( )kLV ,0  of the operator kL ,0  

possesses a unique biorthogonal system ( )kLW ,0  

( )( ) ( )...1,,,1,0,,1,0;, ,,2
0,

,
0,

, === kqsrLwv qksr
s

nq
r

nk δδ . Сonsider 

the operators ( ) ( )1,01,0:, 22,0,0 LLSR kk → , 

kk
p

nk
p

nkk SERvtR ,0,0
0,

,,,0 , +=≡ , ,...1,0,1,0 == np . 

From the definition of the operator kR ,0  and the completeness of 

system  ( )kLV ,0  in the space ( )1,02L  we get 

( ) ( ) ( )1,01,0:,01,0: 1,20,2,01,2,0 LLSLS kk →→ . 

Then ( ) ( ) 01,0:,01,0: 1,2,0,00,2,0,0 →→ LSSLSS kkkk , i.e.,  

OSS kk =0,0, , where O  is the zero operator in the space ( )1,02L . 

Thus, 0,
1
0, kk SER −=− . 

To prove that the system ( )kLV ,0  forms a Riesz basis [3, 4] in 

( )1,02L , it is sufficient, according to the formula kk SER ,0,0 += , 

to show that the operator ( ) ( )1,01,0: 220, LLSk →  
is bounded.  

Let ω  be an arbitrary element from the space ( )1,02L . We 
represent ω  as a Fourier series in the system T . 

∑
∞

=

++=
1

11000
0

0
0

m
mmmm ttt ωωωω , ( )( )1,0;, 2Lt j

m
j

m ωω = .  

According to the definition of the operator kS ,0 , we find 

( ) .2cos212
1

00
0,

0
00,,0 













+−= ∑

∞

=m
mkkk mxvxS πωωβω  

Using the ratio ( ) =
2

2,0 1,0;LS kω  

( ) ( )
2

2
1

00
0,

0
0 1,0;2cos2,12 













+−= ∑

∞

=

Lmxvx
m

mk πωωβ  

we estimate it. 
Hence, the operator kk SER ,0,0 +=  is bounded 

( ) ( )1,01,0 22 LL →  and ( ) ( )( )1,02,0
1
,0 LLSER kk ∈∗−=∗− . So using 

theorem N.K. Barry (see theorem  6. 2.1[9]) we obtain the 
following statement. 

Theorem 2.1. Let 21 bb ≠ . Then the operator kL ,0  of problem 

(8), (7) has the point spectrum kσ , and the system ( )kLV ,0  of root 
functions in the sense of equality (12) which forms a Riesz basis in 

( )1,02L . 
Further, we introduce the operator ( ) ( )1,01,0: 22 LLLk →  of the 

problem (6), (7). 
( )uzDLuL kxkk ,≡ , ( )kLDu ∈ , 

( ) ( ){ }0,0:1,0 ,2,1
2

2 ==∈≡ ululWuLD kkk , 

( ) ( )knk LDnxxv ∈= π2sin21,0
, , ( ) ( )xvxvL nknknkk

0
,,

0
, λ= , ( )....2,1=k

By the direct substitution we can show that the 
( ) nxxv nk π2sin21,0

, = , is eigenfunctions of the operator kL ,  

( ) ( )knk LDnxxv ∈= π2sin21,0
, , ( ) ( )xvxvL nknknkk

1,0
,,

1,0
, λ= , ( )....2,1=k   

The root function of the operator kL , defined by the relation 

( ) ( )( ) ( ) ,2sin122cos1212 2
,

1,1
, nxxnxxx nknk πξπβν −+−+≡  (13) 

( ) 1
0, 8 −−= nbnk πξ .   (14) 

Hence, ( ) ( ){ },...2,1,1,0;1,
, ==≡ nsxvLV s
nkk  is the system of root 

functions of the operator kL , in the sense of equality 

( ) ( ) ( ) ( )xvxvxvzDL nknknknknkkxk
0,1
,

1
,

1,1
,,

1,1
,, ρλ += ,   (15) 

0
,

0
,

1
, nknknk ρξρ += , βπξ nnk 80

, = .
  

 (16) 

Show that the system ( )kLV  of root functions of the operator kL  
possesses a unique biorthogonal system ( )kLW . 

( ) ( )1,01,0:, 22,1,1 LLSR kk → ,  
1,0
1,

0
0,,1

1,
,,,1,1,1 ,, kkk

p
nk

p
nkkkk vtRvtRSER ≡≡+= ,  (17) 

1,0=p , Nnk ∈, .  

From the formulas (12), (13) we have, that  ( ) 02
,1 =kS . Show that  

( )( )1,02,1 LLS k ∈ . To have any function ( )1,02L∈ω  

,2sin2cos2 1

1

00
0 mxmx m

m
m πωπωωω ++= ∑

∞

=

 += 0
0,1 ωωkS  

( ) ( )( ),2sin122cos122
1

2
,,

1,0
,∑

∞

=

−+−+
n

nknknk nxxnxx πξπβω

 

( ) ( ) 2
2

2
,

2
,

2
2,1 1,0;121,0; LLS nknkk ωξβω 






 ++≤ . (18) 

So there is operator ( ) ( )** ,1
1

,1 kk SER −=−  such that 

( ) ( )kk LWTR →− :*1
,1 , where ( )kLW  is the system functions 

biorthogonal to ( )kLV . 
Hence, the system of ( )kLV  of the operator kL  complete and 

minimal in forms in ( )1,02L .  
From the formulas (15) we have that the system ( )kLV   and 

( )kLV ,0  is squarely close. So using theorem N.K. Barry (see 
theorem  6. 2.3[9]) we obtain the following statement. 
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Theorem 2.2. Let 21 bb ≠ . Then the operator kL  of  the 
problem (6), (7) has the point spectrum kσ , and the system ( )kLV  
of root functions which forms a Riesz basis in ( )1,02L . 

The spectral problem (1), (2). Let kk bb ,2,1 ≠ . Then the operator 
L  of  the problem (1), (2) has the point spectrum  

{ },...2,1...,1,0,4: 222
,, ==+≡∈≡ knznR knknk πλλσ  

and the system of  a root functions 

( ) ( ) ( ) ( )
,

,...1,0,,...,2,1,1,0

,: 1,
,,1,













===

=∈
≡

nkns

vxvLvHLv
LV k

s
nk

s
nk

s
nk  

( ) ( ),0, AvLv kk ≡ ( ) ( )AnxvLv knk π2cos20
, ≡ , 

( ) ( )( ) ( )AπnxvxbLv knk 2sin12121
, −+≡ , Nkn ∈, .   (19) 

The system ( )LV  of root functions of the operator L   possesses a 
unique biorthogonal system  

( ) { },...2,1,...,1,0,: 1,
,,1, ==≡∈≡ mpvwwvHwLW m

s
mp

s
mp

s
mp  in the 

sense of equality ( ) nmpksj
s

np
j

mk Hwv ,,,1,, ;, δδδ= .  

Hence, we obtain the following statement. 
Lema 2.3. Let 21 bb ≠ . Then the operator L  of  the problem 

(1), (2) has complete and minimal in 1H  system of  root functions 
( )LV . Then 

( ) ( )1,0;1,0; 22,1 LCLR k ωω ≤ , ( ) ( ) ( )1,0;1,0; 22
1

,1 LCLR k ωω ≤− , 

0>C . 
So using theorem N.K. Barry (see theorem  6. 2.1 [10]) we 

obtain the following statement. 
Theorem 2.3. The operator L  of  the problem (1), (2), has the 

system of  a root functions ( )LV  which forms a Riesz basis in the

1H . 

3. Property of the problem (1), (2) 
Replaced condition (2) into equivalent terms 

( ) ( ) ( ) ( )( ) 33 1010 hyyByyyl =++−≡ , 
( ) ( ) 22 10 hyDyDyl xx =−≡ .  (20) 

Here, ( ) ,1
213
−−≡ bbh 2

2
1

1 , HgHg ∈∈ . Сonsider the particular 
case the problem (1), (20) if the specified conditions ,0=B .00 =b  

 ( ) ( ),22 xgyAxyDx =+−   (21) 

( ) ( ) 110 gyy =− , ( ) ( ) 210 gyDyD xx =− .2,1, =∈ jHg j
j (22) 

Theorem 3.1. Let ,0=B .00 =b  Then for any 
2

2
1

11 ,, HgHgHg ∈∈∈ , there exists a unique solution of the 
problem (21), (22). 

Proof. We seek the solution of this problem in the form 
vuy += , there u  is the solution of the problem 

( ) ( ),22 xguAxuDx =+− ( ) ( ) 010 =− yy , ( ) ( ) 010 =− yDyD xx , (23) 
and v  is the solution of the problem 

( ) ( ) ,022 =+− xvAxvDx ( ) ( ) 110 gvv =− , ( ) ( ) 210 gvDvD xx =− , (24) 
Consider the problem (23). We expand the functions ( ) ( )xgxu ,  in a 
series in the orthonormal basis in the space :1H   

( ){ }AVvTtvttHtT k
s
mk

s
m

s
mk

s
mk ∈∈≡∈≡ ,,: ,1,1 ,  

( ),;,, 1,,,
,,

, Htuutuu s
mk

s
mk

s
mk

mks

s
mk == ∑

( )1,,,
,,

, ;,, Htggtgg s
mk

s
mk

s
mk

mks

s
mk == ∑ .  

We estimate a number  

( ) ( )( ) ,22 ,
,,

,
12222 s

mk
mks

s
mkkx tgzmmuD ∑ −

+=− ππ

 
,;; 11

2 HgHuDx ≤  

( )( ) ,2 ,
,,

,
12222 s

mk
mks

s
mkkk tgzmzuA ∑ −

+= π ,;; 11
2 HgHuA ≤  

Hence, 
 .;2; 12 HgHu ≤    (25) 

Consider the problem (24).  Further, we introduce  the 
operators, ( ) ( ) ( ) ( )2

11 ,1, HHLeeAxY xAjAx
j ∈−+≡ − , .1,0=j

Expression of solution of the problem 
( ) ( ) ( ) 1100 ,, ϕϕ AxYAxYxv += .   (26) 

To determine the 1
10 , H∈ϕϕ we substitute expression (26) into the 

condition (24) and we obtain 
( ) ( ) 2

11
12

1
01

1
12

1
1 ,0,,0 gAAWgAW −−− == ϕϕ .  

Hence, 
( ) ( ) ( ) ( ) ,,0,,0, 2

11
102

1
1

1
112

1 gAAWAxWgAWAxWv −−− +=

.;;;
22

2
21

1
2

2 







+≤ HgHgCHv   (27) 

 Therefore, follows from inequalities (25), (27) inequality 









++≤

22
2

21
1

2
11

2
2 ;;;; HgHgHgCHy . 

4. Results and discussion 
The Sturm-Liouville operator with polynomial potentional has 

its application in quantum mechanics (see [10]), the theory of PT-
symmetric operators (see [11]). The obtained results can be 
generalized for the case when the coefficients are polynomials of 
the order n2  (see [4]). The generalization of the obtained results in 
the case of differential equation whose order is n2  can be 
conducted according to the scheme of investigation which is used in 
[5].  

5. Conclusion  
Spectral properties of the Sturm-Liouville operator whose 

potential is a first order polynomial whose coefficients contain 
involution operator are investigated in this paper. The boundary 
conditions are non-strongly regular according to Birkhoff. It is 
established that the operator of the problem contains infinite 
number of  joined functions in the system of its root functions. 
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