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Abstract: The spectral properties of the Sturm-Liouville operator whose potential is a first-order polynomial with coefficients that contain
the involution operator are studied. The boundary conditions are not strong regular for Birkhoff. It is established that the operator of the
problem contains in the system of root functions an infinite number of associated functions.The spectral properties of the operator of this
problem are analyzed and the conditions for the existence and uniqueness of its solution are established. It is also proved that the system of

root functions of the analyzed problem forms a Riesz basis.
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1. Introduction

Suppose that H is a separable Hilbert space, A:H - H isa
positive  self-adjoint operator with the point spectrum

ap(A) = {Zk eR:z ~ k% a, >0k =1,2,...},
V(A)s {vk eH k= 1,2,...} is a system of eigenfunctions that form
an orthonormal basis in the space H , H(AS): {v eH:A%veH }
s>0, (u,v; H(AS))= (Asu ASy; H)
o] <fesen
Hy = Lo (00 H) = {u(t): (0.0) > H. Jult)y H e L, (0.0)},

D, :H; > H; is a strong derivative in the space Hy, ie.

u(x+ax)-u(x)
I D,u;H

—0,(Ax = 0),

lu(x)=ut-x), (u(x)e L,(01)),

1:L,(00) - L,(02)

is the operator of involution:

Po=7 (E+l)p E%(E—') sz(O-l)E{yeLz(0|1):y=pjy},
E{ x)e Hy @ y(x Pjy(x)} j=01,
E{ eHl XyeHl,A yeHl}
||y;H2||25‘DXy;H“ +“A2y;H‘ LH(Am)H(Aq)) is the

algebra of bounded linear operators S : H (Am)—> H (Aq)(m,q >0),
H(a)=H, L fan =Ll fr(an)

3 1
H[A5 ) H? = H(A5] . Consider the following problem:

Hl

L(Dy, Aly =-Diy(x)+ A%y +2Bo(2x - 1)y(x)+ y(1—x))= f (x), (1)
hy =biy(0)-byy(1) ="y, I2y = Dyy(0)~ Dyy(t) =y (2)
f(x)e Hy,hy e HY hy e H2.
We interpret the solution [1, 2] of the problem (1), (2) as the
function y(x)e H, satisfying the equalities
|L(Dy, Aly - F:Hy| = O,“Ily— hy: Hl“ - “Izy— hy: H 2“ -0.(3)

The differential equation (1) includes the operator of involution.
The properties of the spectral problems for second order differential
equations with involution investigated in the paper [3-9].
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Theorem 1.1. Let By e L(Hz). Then the operator L of the
problem (1), (2), has the system of root functions V(L) which forms
a Riesz basisin Hj.

Theorem 1.2. LetBeL(Hl) By € L(H,). Then for any

feHyh e Hl,hz e H?2, there exists a unique solution of the
problem (1), (2)

Jyi Ho|? sC("f;Hl"z T e 2“2] ,

2. Auxiliary spectral problems

We now consider the operator L:H; —» Hy, of problem (1),

(2): Ly =L(Dy,A)y, yeD(L), D(LE{yeH,:ly=0l,y=0},
Solutions of the spectral problem

L(Dy, Ay = -Dfy(x)+ A%y + 2B, (Dyy(x)+ Dy yL— X)) =

=Jy(x)1eC, @)
hy =by(0)-boy(1)=0. I,y =D,y(0)-Dyy(t)=0  (5)
consider as the product y(x): u(x)\/k , k=12,....To determine the

function u(x) we obtain the spectral problem
L (Dy,zi Ju = —DZu(x)+ z2u + 2y, (2x —1fu(x)+ u(t - x)) =
= Au(x), ®)
lyu = bu(0)-bou(t)=0, Ipyu=D,u(0)-D,u(t)=0. (7)
Consider the particular case of the problem (6), (7) if the
specified conditions, by =-b, =1, By =0.
—D2u(x)+ z2u = Au(x),
u(0)-u()=0, Dyu(0)-D,u()=0.
Lema 2.1. Let by =
have point spectrum

®)
9)
—b, =1, By =0. Then the problem (8), (9)

Ok =Win R Ay =(2m)? + zf,n:O,l,...}, and the system
of eigenfunctions

B {tﬁ e L,(04):
19(x) = 1,2(x) = v2 cos 22mx, 1 (x) = Y2 sin 2zmx,n € N

We now consider the operator Lg :Ly(01)—>L,(01) of the

problem (8), (7)
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LokU=L(Dy,z u,ueD(Loy ),

D(Lo,k )E {J EW22 (0,1) Ilvku =0, Iz,ku = 0}
Let,
V() =1+ B2x-1), voS (x)= J2sin2mx, (10)
0

V9 (x) = v2(1+ p(2x ~1))cos 2anx , (11)
B =(by—b,) by +Dy). (12)

You can check that
0,0
'-(vazk)Jkn (Ro)=2invie® +&0nvin

& =8mBn, N=12.... (13)

Hence, V(Loy )= {\/E"g (x)s=01n :1,2,...} is the system of root
functions of the operator L in the sense of the equality (13).

Lema 2.2. Let by #b,. Then the operator Ly of the problem
(8), (7) has the point spectrum o , and the system V(Loyk) of root
functions is complete and minimal in L, (0,1).

Proof. We now prove the completeness of the system V('—O,k)
in the space L,(0,1).

Consider the adjoint problem — D?w(x)+ z,>w(x) = zav(x),
w(0)-w(1)=0, b,DwW(0)+bD,w()=0. The operator of this
adjoint problem has the point spectrum o , and the system of root
functions

Wity,)- wy'h e Lp(01): g = 2 cos 2,
oK Wi% =2(L- B)sin 270x

Hence, the system of root functions V(Loyk) of the operator Ly

, (k=12.).

possesses a unique biorthogonal system W(Lo‘k)

(vk 9w L, (0, 1)) Srs0kq.(r.s=0Lg,k=1..). Consider

the operators Ry, Sq : L2(0.1)— L (01),
ROktkn —anrROk =E+Sgk, p=0Ln=01.

From the definition of the operator Ry and the completeness of
system V('—o,k) in the space L2(0,1) we  get
Sok : L21(01) > 0,Sp 1 Ly (01) - Ly4(02).

Then SqSok :L20(01)—0,S04Sox :L21(01)—0, ie.,
SkoSko =0, where O is the zero operator in the space L, (0,1).
Thus, Rip=E —Skg-

To prove that the system V(Loyk) forms a Riesz basis [3, 4] in
L, (0,1), it is sufficient, according to the formula Ry =E +Sq,
to show that the operator Sy o :L,(0.1)— L,(0,1) is bounded.

Let ® be an arbitrary element from the space L2(0,1). We
represent o as a Fourier series in the system T .

w=w8t8+2a}m O +obtl | o) —(a)tJ Lz(Ol))

According to the def|n|t|on of the operator Sy , we find

Sok® = ﬂk’O(ZX —1{w8v810 + Zw%ﬁcos 27MX |.

m=1

Using the ratio ||50,k60? L2(0,1]|2 =

2

=[x -1)| oV o + Za),?]ﬁcos 2mmx;L,(0,1)
m=1
we estimate it.
Hence, the

operator bounded

L,(01)— L,(0,1) and (Ra}(}«: E —Soy*eL(L,(01). So using
theorem N.K. Barry (see theorem 6. 2.1[9]) we obtain the
following statement.

Theorem 2.1. Let Iy # b, . Then the operator Ly of problem

RO,k =E + SO,k is

(8), (7) has the point spectrum o, and the system V(Lo,k) of root
functions in the sense of equality (12) which forms a Riesz basis in
L,(01).

Further, we introduce the operator Ly : LZ(O,l)—> L2(0,1) of the
problem (6), (7).

Lyu =Ly (Dy, 2, u e D(Ly),
D(Ly e {u eWZ(01): I u=0,l5u= o},

vt (x) =2 sin2zmx € D(Ly ), LV (X) = Ay a0 (x). (k =1.2..)

By the show that the

vP (x) = /2 sin 2mx , is eigenfunctions of the operator Ly,

vt (x) =2 sin2znx € D(Ly ), L (¥) = 2 avis (%), (k =1.2...)
The root function of the operator Ly , defined by the relation

vieh (x) = 2L+ p(2x ~1))cos 2anx + &  (2x ~1)% sin 22mx, (13)

&kn = —bo(@m) " (14)

Hence, V(Lk) { ( )s—Oln—12 } is the system of root

direct substitution we can

functions of the operator L, , in the sense of equality
11 1, 1,0
Ly (DX’Zk )‘/k,n(x):ﬂk,nvk,n( )+Pk nVi, n(X) (15)
n= 68I?n +/ol?,n ' ék,n =8mp. (16)
Show that the system V(Lk) of root functions of the operator L
possesses a unique biorthogonal system W(Lk )
Rik,Sik  L2(01) - Ly(01),
1
Rik =E+S1k Roxtdy =vih,
p=01, k,neN.
From the formulas (12), (13) we have, that (Sl,k )2
Syx € L(L,(01)). To have any function @ € L,(0)

0 01
Rl,ktk,O Evk,l y (17)

=0. Show that

0
o= +\/§ng €S 27mX + aom, SiN 22mX, Sy @ = 0 +
m=1

+ \/EZ ogn (ﬂk,n (2x —1)cos 27 + & (2x —1)? sin Znnx)

n=1
[s10r Lo 02" < 2(1+|,Bk’n|2 +|§k,n|2)||a); LO1)P. @8)
So there is  operator (Rl]}}*: E _(Sl,k)* such  that
(leﬁ)*:T —>W(L), where W(L,) is the system functions
biorthogonal to V(Lk )
Hence, the system of V(Lk) of the operator L, complete and
minimal in forms in L,(0,1).
From the formulas (15) we have that the system V(Lk) and

V(Lo’k) is squarely close. So using theorem N.K. Barry (see
theorem 6. 2.3[9]) we obtain the following statement.
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Theorem 2.2. Lethy #b,. Then the operator L, of the
problem (6), (7) has the point spectrum o , and the system V(Lk)
of root functions which forms a Riesz basis in L, (0,1) .

The spectral problem (1), (2). Let by # b, . Then the operator
L of the problem (1), (2) has the point spectrum

o =Win €R:An =4n?z2 22 n=01.k :1,2,...}
and the system of a root functions

. 1
V(L)= Vin (L)eH: Vin (L)= Vi,n (X, ,
s=0L,n=12,..k,n=0]1,..
Vico(L) = Vic(A), Vi (L) =2 cos 2zmxv, (),
Vi (L) =V2(L+b(2x ~1))sin 2znv (A), nk e N . (19)
The system V(L) of root functions of the operator L possesses a

unique biorthogonal system
W(L)= Wp € Hiviwp o = WiV, p=01...m =1,2,...} in the
Km’ Hl): 5],55k,p5m,n .
Hence, we obtain the following statement.
Lema 2.3. Let by #b,. Then the operator L of the problem

sense of equality (vJ W%’n;

(1), (2) has complete and minimal in H; system of root functions
V(L). Then

|Ruke: Lo (0) < Cll Ly (01 “(lekl Jor L, (03) < Cll: Lo (0]

C>0.

So using theorem N.K. Barry (see theorem 6. 2.1 [10]) we
obtain the following statement.

Theorem 2.3. The operator L of the problem (1), (2), has the
system of a root functions V(L) which forms a Riesz basis in the

H;.

3. Property of the problem (1), (2)
Replaced condition (2) into equivalent terms
I3y = y(0)- y(1) + B(y(0)+ y(L)) = hs.
I,y =Dy y(0)-Dyy(l)=hj.
Here, hy=(by—b,)™", g, e H!,g, e HZ. Consider the particular
case the problem (1), (20) if the specified conditions B =0, by = 0.
- DZy(x)+ A%y = g(x), (21)
y(0)- y{)=g;. Dyy(0)-Dyy(1)=g, g; e H',j=12.(22)
31 Let B=0,by=0~ Then

(20)

Theorem for any

geHy 01 € Hl,gz e H?, there exists a unique solution of the

problem (21), (22).
Proof. We seek the solution of this problem in the form
y =u+V,there u is the solution of the problem

- Dju(x)+ A%u = g(x). y(0)-y(1)=0,Dyy(0)-Dyy(t)=0, (23)
and v is the solution of the problem

~D2v(x)+ A%v(x)=0, v(0)-v(1) = g;, Dyv(0)- Dyv(l) = g, (24)
Consider the problem (23). We expand the functions u(x), g(x) ina
series in the orthonormal basis in the space H :

Ti= {tfm eHpitim =taviotn €T, v eV(A)},

u= Zuli,mtli,mluli,m = (ultli,m;Hl)
s,k,m
g= zgﬁ,mtﬁ,mrgﬁ,m = (grtlf,m; Hl)'
s,k,m

We estimate a number

52

-1
-pZu= Y P (2m)? + 2] of it

s,k,m

tu= ot 2 ot Wik <o

D2u;Hy < [o; Hl|

s,k,m
Hence,
Jui Ha| < V2]gi Hal| (25)
Consider the problem (24). Further, we introduce the
operators, Y, (x, A)=e™ +(~1)TeAt¥) ¢ L(Hl, HZ), j=0l
Expression of solution of the problem
v(x)=Yo(x Alpg +Y1(x, Ay (26)

To determine the ¢y, € H L we substitute expression (26) into the
condition (24) and we obtain
-1 -1 ,-1
o1 =W (0,A) " 91,00 =2 W, (0,A) T AT g,
Hence,
-1 1 4-1
v =1w, (x, AW, (0, A gy + Wo (x, AW (0, A) A g,

2 2
ol < cf o] o)
Therefore, follows from inequalities (25), (27) inequality

2 2
pibal” <c{loiral” o [ + fozin?]").

(@7)

4. Results and discussion

The Sturm-Liouville operator with polynomial potentional has
its application in quantum mechanics (see [10]), the theory of PT-
symmetric operators (see [11]). The obtained results can be
generalized for the case when the coefficients are polynomials of
the order 2n (see [4]). The generalization of the obtained results in
the case of differential equation whose order is 2n can be
conducted according to the scheme of investigation which is used in

(5]
5. Conclusion

Spectral properties of the Sturm-Liouville operator whose
potential is a first order polynomial whose coefficients contain
involution operator are investigated in this paper. The boundary
conditions are non-strongly regular according to Birkhoff. It is
established that the operator of the problem contains infinite
number of joined functions in the system of its root functions.
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