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Abstract: An improved methodological approach to assessing the vibration levels of passengers of a mobile car during its virtual tests on 

mathematical models in the design problem of choosing the parameters of the general layout and suspension of electric bus 6K2 is 

considered. When considering human vibrations in a machine, it is advisable to determine them taking into account the structure of the 

human body. Harmless vibration levels for different parts of the body  are significantly different in amplitude and frequency. Vibration levels 

affecting a person be determined on the basis of two-mass and four-mass models of the human body, as recomended The International 

Organization for Standardization ISO. A computational experiment of parametric optimization of the suspension according to the proposed 

approach and criteria-rules allows you to find the required rational suspension parameters of the machine. The following considerations 

allow to carry out structural optimization of the layout of the passenger compartment of the electric bus, considering the effect of occupancy 

of the passenger compartment and schemes for random placement of passengers across the passenger compartment. 
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Introduction 
The electric bus is a complex multidimensional 

oscillatory dynamic system. With a steady average speed, the 

disturbing effects on its wheels from the microprofile of the road 

are described by random stationary functions. These effects, as you 

know, lead to the occurrence of random stationary low-frequency 

vibrations of the frame of the car, the driver and passengers in the 

seats, as well as people standing on the floor of the passenger 

compartment. High levels of fluctuations adversely affect human 

health, so their maximum permissible values are limited by law. 

When developing a new electric bus and suspension of 

its wheels, it is necessary at the stage of choosing the parameters of 

the general layout, the scheme and the parameters of the suspension 

to make sure that the sanitary norms of vibration of a person in the 

car are ensured. The task is complicated due to the need to ensure a 

completely low floor level, kneeling mode, minimum roll and pitch 

with the necessary smoothness of the modern electric bus with large 

passenger capacity or large, for example, two-story, with a 

significant role of the wind load, especially acting at large angles to 

the direction of movement and on slopes of motion surfaces. 

Given the layout of the passenger compartment, the 

number and placement of passengers, the load  distribution on the 

wheels of the car changes, which changes the picture of the spatial 

vibrations of people in the car. In addition, the nature of the effect 

of fluctuations on a person on a seat and standing on the floor of the 

cabin varies significantly. Therefore, it is always necessary to make 

improvements to standard methods for studying the levels of 

fluctuations of people in a car. 

Material and methods 
The design scheme of the dynamic system of the electric 

bus 6K2 can be presented in the following form.  

a) 

b) 

Fig. 1. Design diagram of the electric bus 6K2: a) dynamic torsion subsystem of the wheel drive, b) the spatial dynamic oscillation system 
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In Figure 1, the designations Mv, Zv correspond to the 

sprung mass and vertical movement of the machine and the driver 

sitting on the sprung seat cushion, and Mp, Zp - the same for a 

standing passenger in the cabin. In particular, when considering 

human vibrations in a machine, according to the ISO, it is advisable 

to determine them taking into account the structure of the human 

body, since for different parts of the body harmless vibration levels 

are significantly different in amplitude and frequency. 

The developed calculation dynamic system of the electric 

bus with the wheel formula 6K2 (Figure 1) consists of inertial 

masses interacting with each other by means of elastic and 

dissipative elements that simulate the physical properties of the 

body and seat suspension mechanisms. Figure 1a shows the 

dynamic torsion subsystem of the wheel drive from a traction 

electric motor as part of the balancing wheel cart with stearing 

wheels of the rear axle of the electric bus, and Fig.1b shows the 

spatial dynamic oscillation system of the 6K2 electric bus for 

studying the low-frequency vibrations of the mentioned masses in 

the longitudinal and transverse vertical planes of interest to us. 

 The structure of the electrical equipment of a modern 

electric bus, as follows from an information analysis of well-known 

technical solutions, includes such basic elements as: 1) an energy 

storage device of battery or capacitor type; 2) charging port or 

charger; 3) a control device for the charge and discharge of the 

electron storage device; 4) automatic remote switch and power 

switching unit; 5) traction inverter; 6) the main controller; 7) 

traction motor or traction electric motors of motor-wheels; 8) CAN-

bus communication elements of the electric drive control system; 9) 

voltage converters, as well as other elements of the electrical 

system. 

The mathematical description of the motion of the masses 

M and mil of the calculated dynamic system is performed in 

accordance with the methodological recommendations set forth in 

[Xie, 2001; Nawaysehand and Griffin, 2010]. The phase 

coordinates of the model are shown in Figure 1. The interaction of 

the inertial masses of wheels equipped with pneumatic tires with the 

road and the sprung masses of the dynamic system of the electric 

bus was modeled taking into account their elastic and dissipative 

characteristics. 
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where M is the sprung mass of the electric bus; mil is the unsprung 

mass of the il-th wheel support; Ix, Iy, Iz - moments of inertia of the 

sprung mass relative to the axis of pitch, roll and yaw when 

changing Euler angles: υ, ψ, ϴ; i is the serial number of the wheel 

support on board, i = 1, 2, 3; j is the conditional index of the elastic-

dissipative elements in the electric bus model, j = 1 is the elastic 

suspension element, j = 2 - shock absorber, j = 3 - element "dry 

friction", j = 4 - element "elasticity of the tire in the normal 

direction", j = 5 - element "energy dissipation in the tire during 

vertical deformation", j = 6 - elastic resistance rotation of the 

electric bus platform when yawing along the angle ϴ, j = 7 - energy 

dissipation when yawing the electric bus platform along the angle 

по; l is the conditional index of the number of the side of the 

electric bus, l = 1, 2; Pjil - non-linear characteristic with a variable 

value of stiffness of the restoring force of the conditional element il 

of the suspension in the model; P4il, P5il - respectively, restoring the 

elastic and dissipative normal forces of the ith bus in the electric bus 

model; lil is the horizontal distance along the X axis from the center 

of mass of the electric bus to the axis of the il-th wheel; bil is the 

horizontal distance along the Y axis from the center of mass of the 

electric bus to the axis of the elastic and dissipative suspension 

elements of the il wheel. 

  To calculate the forces in the equations of system (1), the 

relative displacements and their velocities in the elements of each 

suspension are determined by the following expressions: 

Δ_il = z + lilυ + bilψ-zil, (Δ_il) ̇ = z ̇ + lilυ  ̇+ bilψ ̇-z ̇il. Similarly, 

for elastic-dissipative forces in the tire of the ith wheel for j = 4, 5, 

the relative displacements and their velocities are equal: δil = zil-qil, 

δ i̇l = z ̇il-q ̇il. The above expressions are the arguments of the 

corresponding forces in the system of equations (1), and these 

characteristics for suspensions and buses of the electric bus are most 

often non-linear, therefore, the expressions for them are usually 

approximated by a polynomial of the second and higher degrees 

with respect to the arguments. 

This model allows you to simulate the vibrations of the 

frame and floor of the cabin of the electric bus at the location of 

standing passengers, or the seat cushion at the location of the driver. 

As applied to a three-axle wheeled vehicle, a detailed mathematical 

description of its vibrations in the longitudinal-vertical plane when 

driving along roughnesses of a random stationary road for studying 

smoothness was developed by the authors of this article in [Silaev, 

1971; Wael Abbas et al., 2010; Szczepaniak and Kromuslki, 2011], 

therefore, a detailed mathematical description is not given here. 

The micro profile of the road surface was described by an 

exponential-cosine correlation function. Such functions were 

determined by the results of: 1) either field measurements using the 

theodolite of the ordinates of selected characteristic sections of city 

roads with the subsequent removal of the expectation trend; 2) 

either ordinates were taken from the test road tables recommended 

by the standards; 3) either, according to the correlation functions of 

the roads known from the scientific literature, the ordinates of the 

height of the microprofile were found according to the algorithm of 

Furunzhieva, while you can use the most general expression of the 

correlation function of the form: 

𝑅𝑞(𝜏) = 𝐴1 ∗ 𝜎2𝑒 − 𝛼1𝑒 ∗ |𝜏| +  𝐴2 ∗ 𝜎2𝑒 − 𝛼2𝑒 ∗ |𝜏| ∗ 𝑐𝑜𝑠𝛽𝑒
∗ 𝜏 

where A1 and A2 are the weight coefficients of the correlation 

function formula for a specific random road, with A1 + A2 = 1; σ - 

root-mean-square deviation of the height - coordinates of road 

irregularities: α1e, α2e - parameters in terms of exponential powers, 

reflecting the rate of correlation attenuation of the relationship 

between the heights of the road micro-profile; βe is the parameter of 

the cosine harmonic component of the microroughness heights of 

the road. 

The time discretization step in determining statistical 

estimates of the probabilistic characteristics of oscillations is 

determined by the Kotelnikov-Shannon theorem and is taken equal 

to 0.025 s from the experience of such studies. The parameters of 

low-frequency oscillation processes are determined in the frequency 

range in which the sanitary standards for low-frequency vibration 

velocities and acceleration in the octave and one-third octave 

frequency bands are regulated, and in which the values of the 

natural frequencies of vibrations of the dynamic oscillatory system 

of the electric bus. 

The processing of the measured ordinates of the 

microprofiles of the roads along which the electric buses travel, as 

well as the values of displacements, speeds and accelerations of 

low-frequency oscillations, measured at a selected point of the 

machine during movement, in order to obtain their statistical 

characteristics, is carried out according to the relationships that are 

identical in structure, for the microprofile - as a function of length s 

path, and for oscillations - as a function of time t: 
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mathematical expectation mx of the written data xi:  𝑚𝑥 =
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where N number of data items; standard deviation, 𝜎𝑥  data 

implementation:  
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2) ; 

the values of the correlation coefficients of the autocovariance 

function for the microprofile and for oscillations at sampling times, 

respectively,  ∆𝑥  𝑜𝑟 ∆𝑡: 

𝑅𝑥 𝑗 =
1
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, 𝑗 = 0,1,2,3, . . ;  𝜏

= 𝑗 ∙ ∆𝑡, 
where   Rx(j) -  j- th correlation coefficient corresponding to the 

correlation interval  в (м) or в (с);  spectral density of random 

processes of micro-profile heights and values of low-frequency 

oscillations as a function of an infinite set of frequencies ω random 

process 𝑆𝑥 𝜔 = 2 ∙  𝑅𝑥(𝜏)
∞

0
∙ cos 𝜔 ∙ 𝜏 ∙ 𝐾𝑇 𝜏 ∙ 𝑑𝜏, 

where  𝐾𝑇 𝜏  – Tukey weighted time correlation window 

𝐾𝑇 𝜏 =  
0,5 ∙  1 + cos

𝜋 ∙ 𝜏

𝑇0
 ,  𝜏 ≤ 𝑇0.

0,  𝜏 ≤ 𝑇0.
]  

The Tukey time window in spectral analysis provides for obtaining 

estimates of the spectral densities of the road micro-profile and the 

spectral density of low-frequency oscillation meters corresponding 

to the physical nature of the studied processes, with a practically 

expedient limitation of the maximum value of the correlation time 

interval T0, if the process record length is T = ∆t ∙ (N-1) much larger 

than T0, for example, for the spectral densities of processes 

depending on the speed of the machine. When analyzing the smooth 

running of cars, the relative width of the Tukey window T0 / T is 

usually taken to be 12. Moreover, the upper infinite limit of 

integration when calculating the integral in the spectral density 

formula is replaced by a finite value of T0, then the integral is 

simply calculated by one of the numerical methods for a certain 

countable set of frequencies ω, for example, according to the 

Simpson formula, taking the step h of dividing the integration 

interval equal to the sampling step of the original time series t. 

Using the obtained values, we build graphs spectral densities of the 

input micro-profile depending on the speed of the machine and the 

graphs of the parameters of random oscillations. 

 As is known from the spectral theory of suspension of 

wheeled vehicles [Silaev, 1971], the correlation function is the 

original, and the spectral density is the Fourier image, then.  
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and the value of Rx (τ = 0) is equal to the variance of a stationary 

random process, that is.        
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 The frequency range is divided into octave or one-third-

octave intervals, in which the rms values of the vibration parameters 

on the driver's seat, on sitting and standing passengers, at a selected 

point of the machine frame are obtained by integration, which, 

depending on the purpose of the study, are compared with the 

permissible standard values, for example, by GOST 12.2.019-91, or 

according to the guidelines of the European Union, or assess the 

influence of the design parameter of the suspension or the parameter 

of the general arrangement on the smoothness of the machine.  

 Calculations and full-scale tests of the smooth running of 

high-speed machines, which include electric buses, as well as an 

analysis of known guidelines on the topic, allow us to consider it 

justified to limit the upper considered value of the frequency range 

to 32 Hz. This value is used when integrating over the area in 

octave frequency bands under the spectral density curve to 

determine the variances in the allocated octaves of frequencies that 

are equal to the corresponding area of the band divided by the 

number . 

The speed of the electric bus significantly affects the 

nature of the oscillations and, during simulation, discretely changes 

from 10 to 60 km/h in order to identify possible zones of 

manifestation of statistical resonances, which are characterized by a 

significant increase in the amplitudes and accelerations of 

oscillations. The estimated oscillation parameters are determined 

using the calculated correlation function, which allows calculating 

the ordinates of the spectral density as a function of the oscillation 

frequency, and then, integrating the spectral density graph in the 

frequency bands, determine the rms deviations of vibration 

accelerations, or vibration velocities, or vibration displacements of 

interest, since on the human body, with with an increase in 

frequency, different vibration parameters have the main adverse 

effect. 

 Spectral densities, as described earlier, are calculated 

based on the ordinates of the correlation functions, which are 

smoothed using the Tukey correlation window. In a machine study 

of the vibrations of an electric bus, graphs of the dependences of the 

above estimates of vibrations of the floor of the passenger 

compartment of an electric bus at characteristic points should be 

obtained depending on the coefficients of the stiffness of the elastic 

elements and the coefficients of resistance of the dissipative 

elements of the suspension of the electric bus and passenger seats, 

as well as on the mass-geometric parameters of the general layout 

of the machine.Spectral densities are calculated based on the 

ordinates of the correlation functions, which are smoothed using the 

Tukey correlation window. In a machine study of the vibrations of 

an electric bus, dependency graphs of the mentioned estimates of 

the floor vibrations of the interior of the electric bus at characteristic 

points depending on the stiffness coefficients of the elastic elements 

and the resistance coefficients of the dissipative suspension 

elements of the electric bus and passenger seats should be obtained. 

 The described process of studying the vibrations of a 

wheeled vehicle has been methodologically well worked out by 

scientists and designers of Belarusian electric buses. However, the 

increased requirements for the smoothness of the machines of new 

layout schemes and wheel formulas, comfort and safety for human 

health, taking into account the structure of his body, complicate the 

task of the study.  

 Thus, at the second stage of the study, mathematical 

models are used, developed on the basis of biomechanical 

calculation models of a person in a car in a sitting or standing 

position, similar to those given. Moreover, the input action is the 

corresponding values determined as a result of the first stage of 

virtual research, for example, the current ordinates of movement of 

either the seat frame or the floor point of the passenger 

compartment, above which the standing passenger is placed. 

Further, as a result of modeling on a biomechanical 

model, the spectral densities of vibration velocities or accelerations 

of low-frequency vibrations of each of the structural parts of the 

human body are also determined, their root-mean-square values in 

the third-octave or octave frequency bands of the vibration 

spectrum are calculated and compared with acceptable levels 

according to medical standards, which do not cause a negative 

impact on the health of the person in this machine. 

 

Results 
To take into account the structure of the human body in this study, it 

is advisable to apply the method of sequential consideration of 

related local models. The essence of the reception is to determine, at 

the first stage, on a mathematical model of the characteristics of 

vehicle vibrations in the process of simulation. 

As a result, the values of the ordinates, velocities, and accelerations 

of oscillations at any point of the sprung mass of the carrier system 

of the machine are determined, knowing the values of the listed 

quantities in its center of mass, in accordance with the 

methodological approach [Silaev, 1972] described below with 

reference to the problem under consideration. And then on a 

separate mathematical model of the human body, we study the 

effect of the oscillations of the floor of the passenger compartment 

at the passenger’s standing point on the parameters of the 
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oscillations of body parts and compare them with the medical 

restrictions for this part of the body. 

 The natural vibration frequencies of a standing 

passenger’s body for a two-mass dynamic model (Figure 2b) and 

the amplitude-phase frequency characteristics of displacements and 

accelerations of body masses expressed in terms of model 

parameters are determined using well-known expressions [Silaev 

1972; Tayanovsky, Atamanov, Tanas, 2013]. 

 

а)      b) 

      
   

Figure 2. Dynamic models of a standing passenger with a different 

number of masses, perceiving vertical vibrations from the floor of 

the electric bus: a) six-mass model of the body of a passenger, b) 2-

mass model,  m1 – head, m2 – upper torso, m3 – lower torso, m4 – 

thighs (pelvic), 1 - model of flexible body parts, 2 - model of 

dissipartive body parts. 

 

As is known from the spectral analysis of vibrations 

[Jenkins 1971], when an object with a known function of spectral 

density Sin (ω) is exposed to an object with the transfer function Ф 

(p) the spectral density of oscillations at the exit from the object is 

SZoutput(ω)= SZinput(ω) |Ф(iω)|2, 

and the dispersion of accelerations are determined, for the problem 

under consideration, from the expression   

.𝜎𝑧
2 =

1

𝜋
×  𝑆𝑧𝑜𝑢𝑡𝑝𝑢𝑡  𝜔 𝑑𝜔

+∞

0
 

In the above mathematical description of the electric bus 

oscillations (1), accelerations of the center of mass of the machine 

were considered. The acceleration of points located at a certain 

distance from the center of mass, due to the presence of 

longitudinal-angular, transverse-angular oscillations, often exceeds 

the accelerations of the center of mass by several times. For 

example, take point A on the floor of the passenger compartment of 

an electric bus (see Figure 1), located from the center of mass of the 

machine at a distance L1 from the transverse and at a distance b2 

from the longitudinal axes passing through the center of mass of the 

machine. From geometric considerations and the principle of 

superposition of oscillations, the following record is valid 

 

   𝑍𝐴(𝑡)  =  𝑧(𝑡)  +  𝜑(𝑡)𝑙1 +  𝜓(𝑡)𝑏2,   
     (2) 

where 

ZA (t) - vertical movement of the floor of the cabin at point A; 

z (t)  - is the vertical displacement of the center of mass of the 

electric bus; 

υ (t) and ψ (t) - are the longitudinally-angular and transverse-

angular oscillations of the floor of the passenger compartment of the 

electric bus, respectively. 

It should be noted that in expression (2) the quantities υ 

(t) and ψ (t) are taken with a plus sign, since we need to determine 

the maximum values of the displacement and acceleration of point 

A. We pass from the originals of the listed quantities to their 

operator images according to Laplace, then after the functional 

transformation, equation (2) is written as follows: 

  𝑍𝐴(𝑝)  =  𝑧(𝑝)  +  𝜑(𝑝)𝑙1 +  𝜓(𝑝)𝑏2, 
where p is the direct Laplace transform operator. Using the 

techniques of the theory of automatic control, after replacing p by 

iω, we obtain the frequency response of the movements of point A 

through the frequency characteristics of three simple oscillations of 

the core of the electric bus in the center of mass: 

 

  𝑍𝐴(𝑖𝜔)  =  𝑧(𝑖𝜔)  +  𝜑(𝑖𝜔)𝑙1 +  𝜓(𝑖𝜔)𝑏2,  
    (3) 

where i - is the imaginary unit; ω is the oscillation frequency. 

Equation (3) reflects the dependence of the frequency characteristic 

of the movement of point A on the frequency characteristics of the 

longitudinal-angular and vertical linear vibrations of the floor of the 

passenger compartment in the center of mass of the electric bus. 

Further, according to the frequency response of the displacement of 

point A and the spectral density of the impact 𝑆вх 𝜔    at the floor 

point of the passenger compartment, corresponding to the center of 

mass of the backbone of the electric bus, the energy spectrum of 

displacements during the oscillations of point A is determined: 

 

𝑆𝑧𝐴 𝜔 =   𝑧 𝑖𝜔 +  𝜑 𝑖𝜔 𝑙1 +  𝜓 𝑖𝜔 𝑏2 𝑆вх 𝜔 .
     (4) 

Taking the second time derivative of the value Z_A (t) in 

expression (2), we obtain an equation that determines the vertical 

acceleration of point A: 

  𝑍 𝐴 𝑖𝜔 = 𝑧  𝑡 + 𝜑  𝑖𝜔 𝑙1 + 𝜓  𝑡 𝑏2.               
      (5) 

 

A single differentiation in the material region corresponds to 

multiplication by iω in the complex region; therefore, the frequency 

response of the vertical acceleration of point A of the body, 

obtained from expression (3), will take the form [Silaev. 1972]: 

                        𝑍 𝐴 𝑖𝜔 = −𝜔2   𝑧 𝑖𝜔   +  𝜑 𝑖𝜔 𝑙1 +  𝜓 𝑖𝜔 𝑏2   
      (6) 

Equation (5) allows you to determine the frequency response of the 

acceleration point A of the body from the frequency characteristics 

of vertical, longitudinal-angular oscillations and transverse-angular 

oscillations in vertical planes. The energy spectrum of the vertical 

accelerations of point A of the body is the spectral density of the 

accelerations of point A:  

                 𝑆𝑧 𝐴 𝜔 = 𝜔4  𝑧 𝑖𝜔 +  𝜑 𝑖𝜔 𝑙1 +  𝜓 𝑖𝜔 𝑏2 
2 ×

𝑆𝑖𝑛𝑝𝑢𝑡  𝜔 .       (7) 

If the spectral displacement density is determined, then in this case, 

to determine the spectral density of acceleration using equation (7). 

To obtain the spectral acceleration density, it is enough for each 

value of ω to multiply the magnitude of the spectral displacement 

density by ω4. If the energy spectrum of displacement has not been 

determined, then to determine the energy spectrum of acceleration 

should use equation (6). Dispersion of vertical acceleration of point 

A of the body: 

                  𝜎𝑧 𝐴
2 =

1

𝜋
 𝑆𝑧 𝐴 𝜔 

∞

0
𝑑𝜔.            

     (8) 

As already mentioned, this integral is determined by the area 

enclosed between the curve of the spectral density of acceleration 

and the coordinate axis of the frequencies. And the rms 

accelerations in the octave frequency bands, respectively, are 

determined by the area under the same curve and the abscissa axis, 

between the boundary frequencies of a specific octave band. 

 

Discussion 
 The International Organization for Standardization ISO 

recommends that a more detailed picture of vibration levels 

affecting a person be determined on the basis of two-mass and four-

mass models of the human body, as medical advances have shown 

that different values of vibration levels and frequencies are 

dangerous for different parts of the body. For example, in the well-

known multi-mass models [Wael Abbas et al. 2010, Baglaychuk 

2014, Kromulski et al. 2016], a human body seated on a seat can be 
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represented by four separate mass segments connected by five or 

four sets of springs and dampers ( Figure 3). 

 
Figure 3.Topological dynamic 4-mass model of the body of a seated 

person for studies of its vibrations while in the car. 

 

These four masses in Figure 3 represent the following 

body segments: head and neck, upper torso, lower torso, hips and 

pelvis. Figure 2a shows a six-mass model of the body of a 

passenger standing on the floor of the cabin of the electric bus, and 

in position b) of the figure, it is simplified to a 2-mass model, which 

is necessary to assess the levels of vibration parameters of parts of 

the body of a standing passenger in the cabin of the electric bus. 

 

Conclusion 

 Conclusion is drawn on the acceptability of the 

machine parameters that determine such levels of oscillation. All 

studies are carried out for various speeds provided by the 

propulsion-transmission-propulsion unit of the electric bus (see 

Figure 1a). 

 `A computational experiment of parametric 

optimization of the suspension according to the proposed approach 

and criteria-rules allows you to find the required rational suspension 

parameters of the machine. The described approach using a set of 

local models is also convenient because it is possible to apply as 

input the effects determined by the results of field tests on human 

models, since measurements of low-frequency oscillation 

parameters on the human body and internal organs are still difficult 

in wide practice. 

In addition, compiling, debugging software applications 

and conducting virtual simulation in this case is much simpler than 

on one common complex model. The expanded variational 

capabilities of the stated general structure of the study also make it 

possible to carry out structural optimization of the layout of the 

passenger compartment of the electric bus, considering the effect of 

occupancy of the passenger compartment and schemes for random 

placement of passengers across the passenger compartment, on the 

load on the load-bearing skeleton, undercarriage system and 

vibration levels of the skeleton and passengers. 

 The presented revised methodological provisions allow 

us to perform a theoretical calculation that limits the ability to 

operate the electric bus, suspension parameters and driving modes 

according to the criteria of ride, select rational parameters of both 

the suspension and the general layout, and the layout of the cabin. 
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