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Abstract: The article deals with the optimization of vertical surfaces with continuous and discrete finning under conditions of natural 

convection. The optimization was carried out using experimental data obtained for finned surfaces made of steel, taking into account the 

non-isothermal temperature distribution over the surface of continuous and discrete fins. The dependences of the optimal distance between 

the ribs on the Rayleigh number and the geometric dimensions of the ribs are found. It was found that with a decrease in the Rayleigh 

number for discrete non-isothermal fins, the optimal distance between the fins increases compared to the same distance for continuous 

non-isothermal fins. The differences can be more than 30%. The obtained results for continuous non-isothermal fins are compared with the 

known results for isothermal fins. It is shown that the presence of non-isothermicity on the surface of continuous fins made of metal 

materials leads to the need to reduce the inter-fin distance by up to 40%. The results obtained can be useful in the design of finned surfaces 

under natural convection conditions. 
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OPTIMIZATION. 

 

1. Introduction 
 

The experimental study of heat transfer of a radiator with flat 

vertical fins was first conducted by Elenbaas W. [1]. The studies 

were conducted in a wide range of changes in the geometric and 

thermal characteristics of the system under study. In [2], the 

dependence of the surface-averaged Nusselt number Nus on the 

parameter Ras‧ s∙L–1, L – is the total length of the plate along the 

length of the fin, was obtained, and the optimal distances between 

the fins were found. 

In subsequent theoretical studies [3], the results obtained in [2] 

were confirmed by numerical calculation. The author of [4], 

assuming that the heat transfer coefficient over the surface is 

constant, determined the efficiency of the fins and found the 

optimal spacing between the fins depending on the Grs number and 

the thermal and physical properties of the fin material and the 

external coolant. These dependencies were presented in the form of 

nomograms. 

Levi E. K. [5] determined that in the case of a laminar flow 

regime, the optimal distance between the plates sopt is 1.2 times the 

maximum thickness of the boundary layer on a single plate. 

Bar-Cohen A. and Rosenau V. M. [6], based on the dependencies 

obtained in previous studies, determined the optimal inter-rib 

distances sopt at T = const and q = const on the flow surface. 

In [7, 8], the heat transfer of radiators was studied, respectively, 

taking into account the fin thermal resistance of the fins and for 

large numbers Ra. 

In [9], during the experimental study of heat transfer for a smooth 

and longitudinally finned surface in a channel, local distributions 

for the Nusselt number, as well as graphical and criterion 

dependences for the average Nusselt number on the Grasgoff 

number at T = const and q = const on the surface were obtained. A 

good agreement with the data of Elenbaas W. [1] for the averaged 

characteristics was obtained. 

In [10], when solving the system of equations for the transfer of 

mass, momentum, and energy between two vertical plates located 

on a vertical wall, the correlation dependences Nucp = f (s∙L–1, Ra) 

were found. It was shown that at Pr = 0.7 the longitudinal 

component of heat transfer in a finned channel should be taken into 

account at  

(s∙L–1) < 10. 

In the experimental work [11], the influence of the 

nonisothermicity of finned surfaces on their heat transfer was 

investigated and the criterion dependences of the Nusselt number on 

the Rayleigh number were obtained. 

The above studies examined heat transfer for surfaces with 

continuous fins. The main disadvantage of such systems, especially 

those with a large length in the vertical direction, is its low thermal 

efficiency in the upper part of the finned surface. In this area, there 

is a regime of developed flow in which local values of the heat 

transfer coefficient are small. The intensity of heat transfer in this 

area is much lower than in the lower part of the radiator, where the 

initial boundary layer on the plates is formed and the local heat 

transfer coefficients are high. To overcome this drawback, it was 

proposed to use discrete fins. The discretization of the fins leads to 

the disruption of the boundary layer on the plates and the formation 

of a new layer on the subsequent plates. Given the large values of 

local heat transfer coefficients at the initial sites of boundary layer 

formation, the use of discrete fins leads to an intensification of heat 

transfer for the entire system. 

Sparrow E. M. and Prakash K. [12] conducted a theoretical study 

of a system of discrete edges staggered on a vertical surface. In 

[12], calculations were also performed for a vertical system with 

continuous flat fins. Local and integral thermal characteristics for 

both cases were obtained. It is shown that for some fin geometries, 

the discretization of the fins allows for a 2-fold intensification of 

heat transfer. An experimental study [13] confirmed the presence of 

heat transfer intensification when using discrete fins. 

However, for real heat transfer conditions that occur in practice, 

the temperature of the finned wall and the density of the heat flux 

being removed vary significantly over the surface. In the case of 

forced or natural flow of the external coolant, a change in the 

temperature head on the flow surface can in some cases 

significantly affect the heat transfer conditions of finned surfaces. 

An experimental study of the effect of nonisothermicity on the 

heat transfer of vertical surfaces with discrete fins was conducted in 

[14]. The dependence of the Nusselt number on the Rayleigh 

number was found and the results obtained were compared with the 

results of numerical modeling for discrete isothermal fins [12]. 

Paper [15] evaluated the efficiency of various rectangular finned 

heat sinks in 8 orientations. It was found that denser fin arrays are 

more sensitive to orientation. The experimental results are in good 

agreement with the current prediction and previous experimental 

data. We propose correlations in the simple form Nu = C∙Ram for 

different orientations, which have rarely been studied before. The 

exponent m turns out to be almost the same for ordinates 45, 135, 

225, and 315. In addition, the calculation results show that the 

mismatch between the heat transfer area and the natural convection 

flow and the blocking of the convection flow are the two dominant 

factors that impair the heat transfer of rectangular finned radiators. 

Numerical studies of natural convection heat transfer from radial 

radiators with a perforated ring have been conducted [16]. The 

effect of the number of perforations (0 – 6), perforation diameter 

(0 – 3 mm), perforation length (1.5 – 6 mm), and orientation angle 

(0 – 180) on thermal efficiency was investigated. The results show 

that radial radiators with a perforated ring obviously have better 

thermal performance than those with a non-perforated ring. 

Paper [17] proposes and demonstrates a new cross-finned heat 

sink that improves natural convective heat transfer compared to a 

reference plate-fin heat sink widely used for electronics cooling. 

Numerical simulations are performed taking into account both 

natural convective and radiation heat transfer, and the results are 

confirmed by experimental data. Compared to the plate radiator, the 

total and convective heat transfer coefficients of the cross-finned 

radiator were increased by 11% and 15%, respectively. 

Paper [18] discusses the methods used to improve the 

hydrothermal characteristics of heat sinks. It can be concluded that 
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the angle of inclination, orientation, and Ra number play an 

important role in increasing heat dissipation from the radiator. 

In this work [19], based on the study of inclined plate fins, a W-

type finned heat sink for natural convection was proposed. Taking 

into account thermal radiation, the efficiency of natural convective 

heat transfer of W-type fins on a vertical substrate was investigated 

depending on variations in geometry. In addition, the W-type finned 

radiator was experimentally investigated. The experimental results 

show that the W-type finned heat sink achieves a cooling effect 

with a maximum temperature drop of 4.6 °C and an average 

temperature drop of 2.9 °C. Compared to the optimized finned heat 

sink with parallel plates, the heat dissipation area is reduced by 

10%. 

It should be noted that for vertical finned surfaces, no studies 

have been conducted on the effect of changes in temperature 

pressure along the fin height and length on the value of the optimal 

distance between non-isothermal fins, which is typical for real fins 

made of metals. 

 

2. Materials and Methods 
In [11, 14], as a result of experimental studies, the criterion 

dependences for the Nusselt number for vertical surfaces with 

continuous and discrete fins under natural convection were 

determined (Fig. 1). The studies were carried out for non-isothermal 

fins, for which the temperature head between the fin surface and the 

external environment varied along the fin height. 

 

 
a   b 

Figure 1. Diagram of vertical surfaces with continuous (a) and 

discrete (b) finning 

 

For continuous ribbing, the criterion dependence for the Nusselt 

number is obtained as: 

 
0.25

10.7 1ss
Nu Ra s L    

   , (1) 

which is valid in the following range of parameter changes  

Ras‧ s∙L–1 = 1.5-104; s∙h–1 = 0.08 – 0.58. 

For discrete fins, the dependence for the Nusselt mean number 

[14] is as follows: 

 
0.4

10.314 0.19
s s

Nu Ra s L    
. (2) 

obtained for the following parameter range  

10 ≤ Ras‧ s∙L–1 ≤ 1.1∙104. It should be noted that for discrete edges, 

the distance s is twice the distance between adjacent rows s = 2s'. 

 

3. Results and discussions 
Using the criterion relations (1), (2), it is possible to determine 

the optimal inter-rib distances sopt, at which the amount of heat Q, 

dissipated to the external environment will be maximized. The total 

amount of heat removed is equal to: 

s
Q T F   , (3) 

where Fs = m∙(2∙L∙h + L∙s) – finned surface area, m = H∙(s+δ)–1 – 

the number of ribs in a system with continuous fins. 

The maximum value of the heat flux Q is determined from the 

condition dQ/ds = 0. Taking into account the relation α = Nus‧ λg∙s
–

1 and dependence (1), after differentiating equation (3), we find the 

condition for determining the optimal inter-rib distance: 
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In the limiting case, when the edge thickness δ approaches zero, 

the solution of equation (4) can be obtained explicitly: 
 

 
0.25

1

2

0.5opt s

s

h
Ra h L

 
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where Ras = Pr g β ΔT s3∙ν–2. 

From relation (5), it follows that the optimal inter-fin distance for 

continuous fins depends not only on the temperature head ΔT and 

the thermophysical properties of the coolant, but also on the size of 

the fin. We compared dependence (5) with dependence: 
 

0.25
2.714

opt
s P


  ,

 (6) 

 

where P = cp ρ∙g∙β∙ΔT(ν∙λg L)–1, obtained in [6] for isothermal 

parallel plates and shown in Fig. 2. The analysis of the obtained 

dependences shows that for the edges with finite thermal 

conductivity, the value of sopt is somewhat lower and depends on the 

parameter Ras h/L. The differences increase with the growth of Ras 

h∙L–1 and for small values can be more than 40%. 

 

 
Figure 2. Dependence of sopt on the parameter Ras h∙L–1 for 

continuous finning: 1 – calculated curve; 2 – calculation for an 

isothermal surface [6] 

 

For vertical surfaces with discrete edges, using the same 

methodology for determining sopt taking into account the relation (2) 

for the Nusselt number Nus we find the equation: 
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For infinitely thin edges (δ → 0), equation (7) becomes simpler: 
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where Ras = Pr g β ΔT s3/ν2. 

The numerical solution of equation (8) with respect to s/h makes 

it possible to determine the optimal dimensions of the inter-edge 

distance for a system of discrete edges at different values of the Ras 

s/L parameter. The results of the numerical calculation are shown in 

Fig. 3. For comparison, Fig. 3 shows the results of calculating the 

optimal values of s∙h–1, which are found by formula (5) for a system 

of continuous edges. 
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Figure 2. Dependence of  sopt on the parameter Ras h∙L–1:  

1 – continuous finning; 2 – discrete finning 

 

As can be seen from the figure, as the Ras h∙L–1 parameter 

decreases for discrete edges, the optimal distance sopt increases 

compared to the same distance for continuous edges. At the same 

time, for small values of Ras h∙L–1 the differences can be more than 

30%. 

 

4. Conclusion 
The optimization of vertical surfaces with continuous and 

discrete finning under natural convection was performed. The 

optimization was carried out using experimental data obtained for 

finned surfaces made of steel, taking into account the non-

isothermal temperature distribution over the fin surface. The 

results obtained for continuous fins are compared with the known 

results for isothermal fins. It is shown that the presence of 

nonisothermicity on the surface of continuous fins made of metal 

materials leads to the need to reduce the inter-fin distance by up to 

40%. When the fins are discretized, the optimal distance between 

adjacent rows of non-isothermal discrete fins increases compared 

to continuous fins. The differences can be up to 30%. The results 

obtained can be useful in the design of finned surfaces under 

natural convection conditions. 
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