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Abstract: Airspace is now one of the most frequently mentioned environments when discussing technologies of autonomous or unmanned 

vehicles or machines. There is a number of technologies developed to support unmanned flying vehicles (UFV) and so called air drones. The 

actual influence of such kind of machines on transport industry is crucial. It is also obvious, that many modern military operations involve 

UFV with built-in AI or remote control. Nevertheless, one of important problems for any flying vehicle (aircraft or drone either) is to plan 

the most suitable route satisfying all necessary primary and collateral requirements: reach destination, consume minimum fuel or energy, 

follow the safest areas, avoid adverse circumstances etc. Among the tasks to build the effective route for the flight we find an important 

problem to cut a relevant area in airspace to perform route search. This research is dedicated to discuss and ground the basics of a reliable 

approach to solve this problem. 
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1. Introduction 

We live now the epoch of arise of big data, cloud computing, 

smart machines, smart production and smart factories, autonomous 

vehicles and artificial intelligence. These processes require a full or 

a partial change of a paradigm for many recently known as reliable 

techniques and approaches. In Europe all kinds of industrial and 

society changes were named “Industry 4.0”, according to German 

government high-tech strategy [1–3], which was later adopted by 

many other countries of European Union. Worldwide these 

concepts are known also as “Fourth Industrial Revolution” [4,5]. 

This term was offered by the founder and the executive chairman of 

the World Economic Forum in Davos, professor Klaus Schwab [6]. 

Due to definition one of the most notable features of a deep 

integration of digital technologies can be found in a burst of data 

transmission volumes. This can be also called as the significant 

effect of Big Data era. According to a significant growth of data 

volumes to be processed in modern digital technologies there is a 

great impact of Big Data problems that can be observed. These 

problems caused many algorithms being popular previously to fail 

in new circumstances. 

One of particular areas suffering Big Data problems is the 

airspace. Aircraft flights for a long time were performed along an 

airways network. This looked something similar to ground roads 

network. It worked well until the number of airspace flying vehicles 

was comparably small. Moreover, most flying vehicles were driven 

by pilots onboard. But the present time of aviation revealed not only 

the growth of private aircraft fleet, but also the growing number of 

UFV (unmanned flying vehicles). Unlike to the old model of 

airspace, following the idea to lower airspace congestion, the new 

model of airspace relies on free routing airspace (FRA) concept [7]. 

This concept allows to connect each other all waypoints in airspace. 

According to huge number of combinations of possible airways and 

with respect to ability of flight level change during the flight, the 

combinatorial burst in data makes impossible or inefficient the use 

of previously used routing techniques. 

2. Prerequisites and means for solving the problem 

There are some recent researches [8,9] discussing lateral 

navigation problem with option of limiting the search space. These 

space limits were defined as the lateral dimension boundaries [8] 

and as the trajectory grid [9]. Both approaches imply connection of 

start and finish points with a straight line, which represents the 

geodesic route or the shortest horizontal distance. Both cases [8,9] 

of cutting airspace network area uses the TOC (top of climb) and 

TOD (top of descend) as a start and finish points (see Fig. 1 and 

Fig. 2). The approach of the grid presented as a simplified directed 

graph (Fig. 1) and the lateral dimension boundaries is a hexagon 

area cut (Fig. 2). 

 

Fig. 1 Grid model – simplified graph (illustration made according to [9]) 

 

 

Fig. 2 Hexagon airspace area cut (illustration made according to [8]) 

 

In a visual comparison both approaches look similar and exploit 

the idea to cut the network or the airspace according to maximum 

route length, that the aircraft possibly would be able to fly. While 

the real airspace network and location of waypoints aren’t exactly a 

grid with airways directed from departure to destination, the 

approach with hexagon area cut appear more consistent. However, 

both approaches [8,9] are connecting TOC and TOC waypoints, 

which could be far from departure and destination. This means 

some special procedures are required to be designed to reach 

1) TOC waypoint from departure waypoint (airport), and 

2) destination waypoint (airport) from TOD waypoint. Evidently, 

following the separate vertical profile construction procedure this 

approach is acceptable. But we’d like to have a uniform approach to 

build path from departure to destination. Hence, the problem 

statement would be as follows: to build a simple procedure of 

cutting an area in airspace with respect of giving an easy 

calculation rule to identify waypoints (and airways) belonging to a 

path search area. 
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3. Solution of the examined problem 

The following solution was designed as a part of improvement 

for routing algorithm named as Artificial Locust Swarm Routing 

(ALSR) [10]. The most obvious solution for the problem of cutting 

the area looks to be an ellipse. To examine the simplicity of this 

approach let’s assume the departure (ADEP) and destination 

(ADES) airports to be located in foci of the ellipse, F1 and F2 

respectively (see Fig. 3). 

 

Fig. 3 Ellipse airspace area cut (solution designed for ALSR [10]) 

 

Unlike to previously mentioned approaches ellipse is a curve 

and one may give a reasonable objection, that the equation for the 

ellipse in Cartesian coordinates seems difficult to calculate: 

𝑥2

𝑎2 +
𝑦2

𝑏2 = 1, 

where x and y are coordinates of the point on a curve, and a and b 

are major and minor semi-axis respectively. However, there is a 

much better feature of the ellipse, that comes from definition of 

ellipse as locus of points: 

 𝐹1𝑀 +  𝐹2𝑀 = 2𝑎, 

where M stands for any point on a curve of ellipse. This rule allows 

to identify any point within and on a border of area enclosed by 

ellipse as 

 𝐹1𝑀 +  𝐹2𝑀 ≤ 2𝑎. 

This rule is really simple and does not require difficult 

calculations actually (except two distances from foci to a point, 

evidently). The distance calculation in Cartesian coordinates can be 

defined as a generalized Minkowski distance: 

𝐷 𝑋,𝑌 =    𝑥𝑖 − 𝑦𝑖  
𝑝

𝑛

𝑖=1

 

1
𝑝 

, 

where p is typically used equal 1 for Manhattan distance and 2 for 

Euclidean distance, and in case of p   the Chebyshev distance is 

obtained: 

𝐷 𝑋,𝑌 = lim
𝑝→∞

   𝑥𝑖 − 𝑦𝑖 
𝑝

𝑛

𝑖=1

 

1
𝑝 

= max
𝑖=1…𝑛

 𝑥𝑖 − 𝑦𝑖 . 

Using the Chebyshev distance can be an example of a simple 

enough procedure of distance calculation. However, any other 

distance metric could be used instead, according to specificity of 

distance measurement on geoid. 

Next, there is a question of how wide would be the area 

enclosed by ellipse. This can be described by ellipse compression 

ratio, defined as 

𝑘 =
𝑏

𝑎
=  1 − 𝜀2 , 

where 𝜀 = 𝑐/𝑎 and 𝑐 =  𝐹1𝐹2 /2 are eccentricity and linear 

eccentricity respectively. 

According to domain specificity, the most important basic 

feature of the flight route configuration is the direct distance 

between departure and destination airports. Any route should be 

compared to that direct distance to have an estimate of the 

overhead. The actual direct distance is known as a great circle 

distance. However, one may take the projection of a great circle on 

a plain surface, if considering route on a plane map. So, let’s 

assume now the direct distance could be considered as a straight 

line on a plain surface with distance metric in Cartesian coordinates. 

This approach is also viable due to ability of use (i.e. on Google 

maps) of plane coordinates pair (x, y) as a projection instead of 

latitude and longitude. So, the distance |F1F2| should be the main 

parameter in a model of airspace area cut. Following this 

assumption and the fact that ellipse semi-axes have compression 

ratio k, it is possible to establish dependency on |F1F2| and k for any 

point M within area bordered by ellipse: 

𝑎 =
𝑐

𝜀
=

 𝐹1𝐹2 

2 ∙  1 − 𝑘2
 ⇒   𝐹1𝑀 +  𝐹2𝑀 ≤

 𝐹1𝐹2 

 1 − 𝑘2
. 

Here we also may assume, that 𝑘 ≠ 1 and 0 < 𝑘 < 1 due to 

condition that 𝑏 < 𝑎, which should be always satisfied while 

departure and destination airports are located in different geodesic 

coordinates. This also means, that the ellipse would not be a circle. 

In general, it can be assumed, that distance between departure 

and destination airports should be big enough to apply area cut. 

However, the phenomena of relevant airspace area cut should 

involve the variation of k with respect to distance |F1F2|. This 

means, that value of k is expected to match two conditions: 

 long distance flight requires area cut closer to straight line 

(due to concern of fuel consumption a long distant flight 

should have less curved path), which can be described with a 

condition b << a and this means k  0; but in real life a better 

approach is 

𝑘 → 𝑘𝑚𝑖𝑛 > 0. 

 short distance flight requires area cut wider around departure 

and destination and once the closer these points are, then more 

similar to a circle the ellipse will be (due to concern of finding 

some non-straight or curved path for the case, when there is no 

straight or direct connection and path search should possibly 

go first in opposite direction or make some fly around 

departure or destination airports); this rule can be described 

with a condition b  a and this means k  1, but for the real 

life a better approach is 

𝑘 → 𝑘𝑚𝑎𝑥 < 1. 

Both these two rules together with dependency k = f(|F1F2|) mean 

that actually 

0 < 𝑘𝑚𝑖𝑛 ≤ 𝑘 = 𝑓  𝐹1𝐹2  ≤ 𝑘𝑚𝑎𝑥 < 1. 

This condition gives the criteria to construction of yet unknown 

function k = f(|F1F2|), which relates k and |F1F2| inversely, and has 

lower and upper limits kmin and kmax respectively. The definition of 

the limits can be made according to following thoughts: 

1) maximum distance on Earth can be limited with half 

distance of equator, which is about 

40 075, 7 km ~ 21 639 nm, and half equator distance is 

20 037, 85 km ~ 10 819, 5 nm; lateral boundaries for a 

maximum distance flight can be assumed to go not more 

than 200 km ~ 108 nm far from straight line; hence the 

kmin  0,01 and the ellipse major axis will be greater than 

the distance for not more than 2 km ~ 1 nm. 

2) minimum distance between two airports that could be 

requested for the flight can be assumed a 

20 km ~ 10,8 nm; while the airports are located closely, 

F1 F2 

M 

TOC TOD ADEP ADES 
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let’s assume the operation radius (major semi-axis) to be 

100 km ~ 54 nm; hence the kmax  0,995. 

For definiteness, let’s assume the dependency between k and 

|F1F2| to be exponential, like the following 

𝑘 = 𝛼 ∙ 𝑒−𝛽∙ 𝐹1𝐹2 , 

where  and  are yet unknown coefficients, which are required to 

fit the criteria: 

0 < 𝑘𝑚𝑖𝑛 ≤ 𝛼 ∙ 𝑒−𝛽∙ 𝐹1𝐹2 ≤ 𝑘𝑚𝑎𝑥 < 1. 

If the distance is equal to maximum possible distance 

|F1F2| =  = 20 037, 85 km ~ 10 819, 5 nm, then 

𝑘𝑚𝑖𝑛 = 𝛼 ∙ 𝑒−𝛽∙Λ  ⇒  𝛼 = 𝑘𝑚𝑖𝑛 ∙ 𝑒𝛽∙Λ . 

If the distance |F1F2| is equal to minimum possible distance 

 = 20 km ~ 10,8 nm, then we have the second equation: 

𝑘𝑚𝑎𝑥 = 𝛼 ∙ 𝑒−𝛽∙𝜆 = 𝑘𝑚𝑖𝑛 ∙ 𝑒𝛽∙(Λ−𝜆), 

which gives the value 

𝛽 =
1

Λ − 𝜆
∙ ln  

𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 , 

and 

𝛼 = 𝑘𝑚𝑖𝑛 ∙ 𝑒
Λ

Λ−𝜆
∙ln 

𝑘𝑚𝑎𝑥
𝑘𝑚𝑖𝑛

 
= 𝑘𝑚𝑖𝑛 ∙  

𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 

Λ
Λ−𝜆

, 

and next 

𝑘 = 𝑘𝑚𝑖𝑛 ∙  
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 

Λ− 𝐹1𝐹2 
Λ−𝜆

= 𝑘𝑚𝑎𝑥 ∙  
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 
−
 𝐹1𝐹2 −𝜆
Λ−𝜆

. 

Following these calculations with the assumptions above, a 

numerical approximation for ellipse compression ratio is 

𝑘 ≈ 0.995 ∙  99.5 −
 𝐹1𝐹2 −20

20037 .85−20 , 

where the distance |F1F2| here should be defined in kilometers. 

4. Results and discussion 

Finally, the model for relevant airspace area cut has been built 

as a set of waypoints enclosed by the ellipse and matching the rule 

 𝐹1𝑀 +  𝐹2𝑀 ≤
 𝐹1𝐹2 

 1 − 𝑘2
, 

where k is the ellipse compression ratio 

𝑘 = 𝑘𝑚𝑖𝑛 ∙  
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 

Λ− 𝐹1𝐹2 
Λ−𝜆

= 𝑘𝑚𝑎𝑥 ∙  
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛
 
−
 𝐹1𝐹2 −𝜆
Λ−𝜆

, 

which was reduced numerically according to assumptions above to 

the last equation in previous section. For a practical path planning 

maximum and minimum distances  and  should be the minimum 

and maximum distances that the aircraft can fly. Though, the 

minimum distance can remain  = 20 km ~ 10,8 nm and the 

maximum distance  should be substituted with particular aircraft 

distance technical limit. The simulation results and the ellipse 

parameters for  = 5 000 km are presented in a Table below. 

Table: Simulations results. 

Distance k 2a b a – c 
Semi-latus 

rectum 

b2/a 

 = 20 0.995 200.250 99.625 90.125 99.126 

100 0.924 261.714 120.928 80.857 111.752 

500 0.639 649.774 207.488 74.887 132.512 

1 000 0.402 1092.352 219.791 46.176 88.448 

2 000 0.160 2026.027 161.854 13.014 25.860 

3 000 0.063 3006.055 95.347 3.027 6.048 

4 000 0.025 4001.269 50.389 0.635 1.269 

 = 5 000 0.010 5000.250 25.001 0.125 0.250 

As one can see from the table, the results are really relevant to 

the necessity of area cut and with respect to maximum flight 

distance. The ellipses are less compressed due to ability of an 

aircraft to cover a bigger distance, than the direct distance between 

airports. 

Another approach to build the ellipse can exploit idea to have 

within the ellipse (see Fig. 3) the hexagon area described in [8]. 

Though, this approach requires performing procedures to identify 

TOC and TOD points, which look like separate problems. 

5. Conclusion 

The reliable method to cut relevant airspace area for flights 

planning was offered. The model of ellipse area was deeply 

discussed and can used further in many other routing approaches, 

which require identification of excessive part of known topology. 

This approach can be considered very useful for automated routing 

for UFV according to its ability to consider maximum reachable 

distance. The approach was successfully tested with ALSR 

algorithm. 
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