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Abstract: This paper concerns the problem of vehicular traffic flows simulation. We present a continuous car-following model with explicit
reaction-time delay. This model is based on the Intelligent Driver Models and eliminates some drawbacks like unrealistic distance between
vehicles in a homogeneous flow and instant reaction of a driver. The model is defined by a couple of delayed differential equations.
Introducing reaction time explicitly one can simulate traffic flow instabilities such as kinematic waves with a greater degree of realism. We
calculate conditions for that the linear stability occurs on a ring and in the finite platoon of cars. The parameters of the model are calibrated
according to NGSIM trajectory data. Another method described in this paper allows to estimate parameters according to technical
characteristics of the specific vehicle type. Simulating vehicular traffic for large cities with microscopic approach one needs to solve
tremendous systems of differential equations. The speed of changes in the size of the components of such systems usually lies in a wide range,
as the dynamics and behaviour of the vehicles can strongly differ. We introduce a multirate numerical scheme with a self-adjusting time
stepping strategy. The step size for each component is determined by its own local temporal variation. The stability analysis for the
developed scheme is performed and the stability conditions are obtained. The use of multiple time steps allows parallel computing.
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When simulating trajectories by integrating time-continuous
car-following models, standard integration schemes such as the

Nowadays, the overall traffic demand has been increasing from  simple Euler method, ballistic update, Heun’s method and the the
day to day. The existing road network, as well as traffic ~ fourth-order Runge-Kutta are used [31]. In case of simulation of
management schemes, do not cope with the growing traffic flows.  vehicular traffic on large scales in large cities, the number of
This fact leads to formation of traffic jams and, as a result, vehicles could reach tens of thousands, which, for the microscopic
environmental pollution and increase of travel times. To tackle this ~ approach, corresponds to the solution of tremendous systems of
problem, traffic flow modelling is used nowadays. Vehicular traffic differential equations. Such systems have such a feature as slow and
simulation is one of the possible tool for studying phenomena of  fast components. This fact suggests the use of multirate approach
traffic flows oscillations [1-3] and testing schemes for optimal ~ for numerical integration [32, 33]. The multirate solver for
transportation planning. numerical integration is described in this paper. The solver is based

Traffic flow models can be categorized with the respect to the on automatic identification of an integration step (microstep) for
way how reality is presented [4]. Macroscopic (hydrodynamical)  each component separately. The microstep is determined on the
models [5-8] describe traffic flow as liquids or gases in motion in basis of the required accuracy and the estimate of the numerical
terms of traffic density p(x,t), flow Q(x,t) and mean speed integration error. Due to the multiplicity conditions several
V(x,t). Microscopic models include cellular automata [9,10] and consecutive microsteps for each equation of the system are carried
car-following models [11-16] and describe “driver-vehicle out within one macrostep. This scheme is used to solve large
particles” individually with such dynamical variables as vehicle  systems which describes the dynamics of the traffic flows.
acceleration, speed and position. Traffic flow models mostly The paper is organized as follows. In section 2 we specify the
microscopic ones are an integral part of commercial software  car-following model with explicit reaction time delay. Section 3
products (Aimsun, MITSIM, VISSIM) used for investigating of ~ contains some results on stability analysis of the underlying model.
vehicular dynamics, testing control algorithms of traffic Calibration methodology with respect to trajectory data is described
management and for upgrading the existing or designing a new road in Section 4. In Section 5 we introduce the approach for quantitative
network. Another application of vehicular flows simulation is  assessment of car-following models by means of comparison of
driving simulators which admit only car-following approach. In  fundamental diagrams. Finally, Sections 6 finishes with discussions
spite of diversity of traffic flow models, development of realistic ~ and conclusion.
and elaborated models is required.

Driving styles, types of vehicles and traffic regulation rules vary 2. Car-following Model
from country to country. Consequently, parameters of the model
should be adapted to the specific conditions, that is, calibrated
[17,18]. Moreover, one needs to check if the calibration procedure
was performed successfully by means of validation [17].

1. Introduction

Oscillations of traffic flow are well-known phenomenon in
congested car traffic [1-3, 22], which is usually described in terms
of linear and nonlinear string instabilities [4, 23]. One of the reason
of emergence of traffic flow oscillations is finite driver perception

Nowadays, microscopic traffic data have become more  [4, 24]. This fact speaks in favor of considering the driver reaction
available and provides information about thousands of vehicle  time explicitly.
trajectories [19,20]. As a result, the problem of analysing and The specified car-following model is the modification of the
comparing microscopic traffic flow models with real microscopic  well-know “Intelligent Driver Model” (IDM) [13]. The acceleration
data has become more actual. In this paper, we consider the NGSIM  function is defined as continuous function of the vehicle’s speed v
180 data set [19] for calibration. In addition, for realistic simulation and distance to its leader h [25]
of system containing diverse of “driver-vehicle particles” (inter- ) vO\®
driver variation) model parameters should be properly calibrated v(t) =w(v,h)-a (1 - (W) ) +(1-w,h)-
according to technical characteristics of the specific vehicle model s WO ()
[21]. a (1 - (h(t—r)) )
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where s*(v) = sy + Tv +cv? is the “desired” distance, T is
driver’s reaction time and a, b,V?,s,, T are the model parameters.
The continuously differentiable function w(v,h) is defined as
follows
0,h € (—0,5%)
w(v,h) ={—-2t3—-3t2+1,,h € [s*s* + D],
1,h € (s*+D,+)

where t = —1.

The distance between vehicles in a steady-state flow according
to the IDM demonstrates unrealistic increase as the velocity
approaches the desired speed V0 [21] (Fig. 1). One of the feature of
the model (1) is that the distance in a steady flow moving with
speed v is equal to “desired” distance s*(v) which is defined as a
quadratic velocity function. Taking into account reaction time
explicitly allows sufficiently increase the realism of simulation
results.
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Fig. 1. Distance in a steady state flow: the IDM, the model (1),
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3. Stability Analysis

In case of microscopic approach, the dynamics of many-body
system is defined with system of differential equations (ordinary or
delayed). Such systems admit uniform states, that is, all speeds and
gaps are constant and equal. One of the method for benchmarking
of the models is the stability analysis of the uniform solutions [4,
26]. Real observations of traffic flows proof the existence of non
homogeneous configurations which are the formation and
propagation of stop-and-go waves in case of high density values
[22]. To sum up, elaborated models should admit unstable uniform
solutions as well. It is worth to add, that oscillating solutions of
corresponding systems of differential equations can have
amplitudes which lead to backward motion and even crashes.
Obviously, it is in contradiction with reality and should be
controlled by means of stability conditions.

This section contains the results of stability analysis performed
for car-following model (1) [25]. The local and string stability
analysis of uniform solution is performed.

To study local stability we consider one vehicle following its
leader. The acceleration of the follower is defined with (1) whereas
the leader moves with constant speed v;. The stability of the
following stationary solution is investigated

(v=v,h=5")). 3)

The following statement determines conditions on the
parameters of the model for that the uniform solution is linearly
stable.

Statement 1. The uniform solution (3) is linearly stable if and
only if T < 7., = min, {71 ,(n):71,(n) > 0}. Here 7,,(n) =

tarccos (—B2/2C+/B7/4C7+1 +2mn

; n=0,41,42,.., g2 =
—B2+VBHH4C? ,  2a(T+2cv) . _ 2a
2 P so+TvHcv?’ T T sg+Tv+cv?

The local stability analysis (for a finite vehicle platoon with a
leader travelling at a fixed speed) is different to the string stability,
for vehicles on an infinite line or on a ring. The conditions for string
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stability are more restrictive because they include convective
perturbations as well, which can locally vanish.

String stability analysis performed for N vehicles on a ring of
length L. Dynamics of this system is described as follows

. 5
50 = wlax 00 o 1- (352) )+

s (5®) )
+(1-w(axn(®),54(1)) a (1 - (m) ) )
i=1,..,N,
Axl(t) = xi+1(t) — X (t), i=1..,,N—1,
Axy () = 1 (t) — xy(t) + L.
The uniform configuration
K () =2 () = () - (O +1 = Y/, -

xﬁ(t) = xﬁ(O) +v,t
is a stationary solution of the system (4).
Statement 2. The uniform solution (5) of the system (4) is

. . . T+2
string stable if and only if % >1 and 1< 1,7, =
0
min, {t; ;,(n): 71 ,(n) > 0}, where
%iarccos <—#C(g/))+2nn
T12(n) = 5 - ,n=0,4%1,.., B =
—C2+ [c4+16B2sin2(f/,) 2a(t+2ev) 2a
+ 2 B =- so+Tv+cv?’ ~  so+Tv+cv?’

4. Calibration to Microscopic Observations

First calibration method allows to calibrate model parameters
according to technical characteristics of the specific type of vehicle
[21]. 1t could be applied to any car-following model with or without
delay. Let the vehicle dynamics is defined by the following system
with initial conditions for speed v and gap h

v=A(v, v, h,0)
}:l =VvV—-v y
h(O) = ho,U(O) =7
where 6 is the vector of the model parameters, h = s, —s. By
means of numerical integration we can formulate the optimization
problem with constraints
ming s 5{w1 15 — 511? + w, |7 — ¥}

(6)

Sie1 — S = Bt~ (v —vy,)
Vig1 —V; = At - A(vi!UL,i! hi! 0),

i=1,.,N—1 ; ™
S1 = §1,'l71 = 171
0 € [glvgu]
stability conditions
where ||-]| is the Euclidean norm, w; and w, are weight factors,

53, u {5}, are real trajectory data, § = {s;}}",, 7 = {v;}}'",
mean simulated positions and speeds according to the model, 6,, 6,
designate low and upper bound for parameter values. Stability
conditions are incorporated in optimization problem in order to get
parameters which guarantee stable solution.

We consider two subsequent problems which are free
acceleration and the emergency deceleration to avoid crash.
Solution of the free acceleration problem provides values of two
parameters a and § while the desired speed VO is fixed to the
maximum vehicle speed. Emergency deceleration problem provides
values of two other parameters T and ¢, whereas reaction time t and
minimum distance to the leader are not related to the dynamic
properties of the underlying car.

Seconds approach exploits NGSIM 1-80 data set which provides
information about 5648 vehicle trajectories on a road section of
approximately 500 m [19]. To find the optimal parameter values of
a car-following model with a non-linear acceleration function (1),
one needs to solve a non-linear optimization problem numerically.
Initializing the microscopic model with the empirically given speed
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and gap, one computes the trajectory of the following car with a real
trajectory of its leader [17, 18, 27]. Afterwards it is directly
compared to the speeds v4%® (t) or gaps s (t) provided by the
trajectory data. Here we use global and platoon methods in order to
estimate the ratio between inter-driver and intra-driver variations
[27].

The calibration procedure aims at minimizing the difference
between the measured and simulated dynamic variables. Any
quantity which represents aspects of the driving behaviour can serve
as an objective function, such as the gap s, speed v, speed
difference Av, or acceleration a [28,29]. To assess quantitatively
the error between measured and simulated data, different objective
functions can be used. The absolute error measure reads

Sgbs = w;i (8)
T (sf)
In case of platoon calibration the error measure must have a double
sum, one over the trajectory pairs j, and one over time i.

5. Multirate numerical integration scheme for
time-continuous car-following models

Let the dynamics of N vehicles moving one by one is described
with the following system of ordinary differential equations
(01 =a®D(vy,hy)
hl =vL— 0
(...) C)
[ oy = a™ (vy, hy)
hy =vy_1 — v,
with initial conditions v;(0) = v;o, h;(0) = hyo,I = 1,...,N. For
brevity, we rewrite the system (9) in the following way
x() = F(x(D), x(0) = x© (10)
where x = (Ul'hl! ...,UN,hN)T, F2[_1 = a(’)(v,,h,), Fz] =Vi_1—
V.

Let us consider one macrostep of the underlying multirate
scheme, which connects the solutions at the neighboring
macrolevels t,_, and t, = t,_; + AT. Within one macrostep AT
for each component x; of the solution vector x one carries out k;
consecutive microsteps At; = AT/k; according to the basic
numerical scheme, which is the explicit Euler method [30]. The
multiplicity factors {k;}2, are identified so as to satisfy the
condition

“xn _f(tn)“oo <e&. (ll)
Here ¥ is the exact solution of the problem
x@®) =F(x(®),  x(t,_q) =x0 (12)
One macrostep for the ith component is

8 e, = 0.1, ¢ = 0.06
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L
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Performing some analytical transformations one obtains the
estimation of local integration error for the speed of Ith vehicle after
ky;—1 consecutive microsteps

AT? W0 4 0
a’a® + a,” (v_1 — v,)| (13)
ka1

estyi1ky_y = >
and for the gap of Ith vehicle after k,; consecutive microsteps
AT? _ AT () -
esta, = |T (D —a®) + T(}rk(’ D

L4 2 D) g (o, D, )

i (14)
where jrk® = aa® + aP(v;_; —v;), a” and o are partial

velocity and gap derivatives of acceleration function a®. Let g,
and ¢, are relative accuracy for gap and speed respectively. The
time stepping strategy for AT and At,;_4 is

(|ATT2 (al-D — a®) + ATTs (k=D — jric®)

< h]E

AT?) 1 (15)
l 2 |k —af,])a(’) + aﬁl])(v,_l - v,)| < V&,
21-1

I=1,..,N
The value of At,; is directly identified from (14). Values of
Aty;_q1, Aty and AT are calculated analytically.

Stability investigation is an integral part of the analysis of any
numerical scheme [33]. The numerical scheme is stable if and only
if all eigenvalues of the transition matrix are less than unity in
modulus. Due to specific structure of the system (9) it is possible to
identify all eigenvalues analytically. Consequently, stability
conditions for the scheme with multiple steps are

kar-
n —1 a® AT? |

<2
r-1— 1 h k21—1|

L7y f2mt £ \](1 +ryq k1)t — 4

where rpy_y = (1+a{” 25) 1 =1,..,N.

Y ko
6. Discussion and Conclusions

The model with explicit reaction-time delay represents plausible
free-acceleration and following dynamics of car traffic. Regarding
traffic flow instabilities, observed in reality, one can simulate
propagation of stop-and-go waves using this model [25]. The speed
of the backward propagation of the wave in a computer experiment
is consistent with real observations.

(6) Macrostep
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Fig. 2. Speed time-series of 4 vehicles (upper-left). Macrosteps (upper-right). Absolute speed
error (lower-left) and relative gap error (lower-right)
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We calculated stability conditions for the finite vehicles platoon
(local stability) and for vehicles on a ring (string stability).
Conditions on model parameters are obtained analytically.
Numerical experiments confirm the correctness of these conditions
[25]. Moreover, it is possible to find feasible values of reaction time
T, which simultaneously guarantee stability of the solutions.

Calibration of the underlying car-following model with explicit
reaction-time delay according to NGSIM data set indicates its good
fitting power. In other words, absolute minimums of the objective
function are in the typical error range obtained in previous studies
[17, 18]. Calibration approach exploiting technical characteristics of
a car allows to obtain parameter values for specific vehicle models.
In application to driving simulators, the quality of vehicular traffic
simulation plays a major role, that is, each car should move
according to its real dynamics, drivers behave in predictable manner
and in accordance with traffic rules.

The numerical experiments show that the local error of the
multirate integration method at the end of each macrostep does not
exceed the required accuracy (Fig. 2). The results confirm that the
speed of the method can be increased while preserving the
requirements for the accuracy of the numerical solution if, at the
same time, the speed of each component value is considered.
Moreover, this multirate solver admits parallel implementation
which will further accelerate calculations.
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