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ABOUT THE PROBLEM OF DATA LOSSES IN REAL-TIME IOT BASED 
MONITORING SYSTEMS 

Prof. Alieksieiev V. PhD.1, Prof. Gaiduchok O. PhD.1 
Lviv Polytechnic National University, Lviv, Ukraine 1 

Vladyslav.I.Alieksieiev@lpnu.ua 

Abstract: Fast growing market of IoT devices revealed a number of complex problems. Among these problems, there is a problem of data 
losses caused by data package losses or delays while its transition from sensor to server. As anticipated, there are a number of businesses 
relying on easy opportunity to build real-time monitoring systems using modern software and IoT hardware solutions. Although the growing 
reliability of contemporary communication networks one can find the problem of making decision about lost or delayed data packages. 
Current research is dedicated to building an algorithm for compensation of gaps in data series to support real-time monitoring systems with 
appropriate artificially generated values. Cases of applicability of the algorithm were also studied and discussed. 

Keywords: DATA LOSSES, DATA SERIES, TIME SERIES, IOT, COMPENSATION ALGORITHM 

1. Introduction
An IoT growth allowed designing some new platforms for

supporting business both with surveillance tools and analytics 
software applications. Three key features of such platforms are: 

• Device – a remote computer like Raspberry Pi or any of its
alternatives [1] or some custom hardware device that may
include a set of sensors (business solution may consist of a
whole network of such devices).

• Internet – any kind of Internet wireless connection via Wi-Fi,
GPRS, 3G/4G or anything else supplied with mobile network
[2] (business solution may combine different types of Internet
service providers to establish connection).

• Cloud – any popular IoT platform [3] to store and process big
data.
If one adds some software solution to provide data analytics to

that IoT platform than it becomes a powerful business tool 
supporting real-time monitoring. There is a number of companies 
developing their own platforms or exploiting powerful cloud 
services to provide their client with such platform as a reliable 
business solution. 

However, practical use of such system reveals some serious 
problems. One of most important problem is the problem of lost or 
delayed data packages. It is obvious that real-time monitoring faces 
vulnerability to data losses. The data losses or at least delays in 
package deliveries via Internet over mobile networks is an ordinary 
problem. Such data losses may cause fake alerts about hardware 
failures or, otherwise, hide a real failure or a critical state. This 
means the correct functioning of the whole solution requires some 
reliable analytical decision about current state of remote device. 

2. Prerequisites and means for solving the problem
Let us assume that data packages should come to server within a

fixed period of time tp. This can be any value appropriate for 
particular business logic. For example, it can be a quarter of an 
hour – receiving packages every 15 minutes. Again, depending on 
observed business area we can define a critical time for monitoring 
and accuracy of alerts. Now we will not discuss the accuracy of data 
and the actual method or frequency of sensors gathering some 
values. Thus, we assume that each one sensor gives us a single 
value across the period of tp. This value is sent to our server within 
a single data package (there can be a set of values – one for each 
sensor in the remote device). 

As we analyze some value, than we can assume a range of 
“good” and “bad” values for normal state and failure state. For 
example, the range vmin ≤ v ≤ vmax can be defined to indicate normal 
state and values outside of this range can be considered as failure 
state. For the purpose of analysis of the need of invoking an alert, 
we can simplify these values to Boolean value: TRUE for normal 
state, FALSE for failure state. We also need one more value to 

indicate missing value (package loss) – NULL can be an 
appropriate one for that state. 

Next, we are to define the number of lost packages to consider 
device to go offline and the size of a “window” to display the 
current state in the real-time monitoring system. The exact values 
depend on peculiarities of observed processes and can be defined 
experimentally. For the purpose of our research, let us assume these 
values (Noffline and Nwindow) to be interdependent: 

Noffline / Nwindow = k ∈ (0, 1] (1) 

The k value can describe system sustainability or vulnerability to 
data losses (with consider to the “window” width). k=1 means 
sustainable system, and k→0 means vulnerable system. To be clear 
we can consider the k value as a measure of customer requirement 
of data losses vulnerability. 

The easiest conditions to make decision about system state 
(normal or failure) are in case with no data losses. We can use 
simple probability calculation to find whether system should 
indicate normal state (ntrue and nfalse are the numbers of TRUE and 
FALSE values among all Nwindow values in the “window” of 
observation, so that Nwindow = ntrue + nfalse): 

ntrue / Nwindow = 1 – nfalse / Nwindow >  0.5 (2) 

Condition “>  0.5” is expected to be strict to be sure that most 
values indicates the normal state. Table 1 lists some common 
examples for definition of state indicator according to analysis of 
sensor values within predefined “window” (Nwindow = 8). 

Table 1: Examples of state definition in case without data losses (Nwindow=8). 
State indicator Set of values 

Failure F F F F F F F F 
Failure F F T F T F F T 
Failure F F F F T T T T 
Normal T T F F T T T F 
Normal T T T T T T T T 
In case of data losses, it looks unclear how to make a reliable 

decision about current state. On one hand, uncertainty can be 
ignored, but this will yield mistakes in indication the state. On the 
other hand, replacement of lost data with artificially generated value 
is possible, but we cannot be definitely sure about accuracy of the 
result. Table 2 shows examples of situations, when data loss 
obstructs ability to indicate system state. 

Table 2: Examples of uncertainty caused by data losses (Nwindow=8, F – 
FALSE, T – TRUE, N – NULL). 
State indicator Set of values 

Unknown F N T N F N T F 
Unknown N N N N N N F T 
Unknown N N N N T T T T 
Unknown N N F F T T N N 
Unknown T T F F N T T F 
Unknown T T F T F F N N 
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There is a number of algorithms based on calculation of some 
kind of average values – arithmetic mean or moving average 
[4, p.153]. However, such approach usually uses only previous data 
and does not “cover” gaps. Considering trends in data series with 
moving average “on-the-fly” can be a good method to replace data 
losses of the last package. Nevertheless, we cannot rely on several 
artificially generated values to cover new loss. The best way is to 
store gaps (for example, as a NULL values) and use some other 
algorithm to cover gaps later. 

Another way to fill in the gap is to use some regression model 
or prediction technique [5, p.279]. For example, one may use simple 
linear regression or logistic regression model to cover gaps in our 
time series. Trying to make it better, we can even use polynomial or 
spline regression models [6, p.166]. Considering these methods, one 
can mention a high complexity for its implementation. This means 
that these methods will not fit the requirement of “on-the-fly” data 
processing, particularly in case of “big data” volumes. 

Finally, we can define a couple of requirements for constructing 
an appropriate algorithm to cover gaps in time series caused by data 
losses: 

• Simplicity – the algorithm should be easy to implement and fast 
enough to be used “on-the-fly”. 

• Reliability – the algorithm should give a reliable approximation 
for each lost value as the most probable value. 

3. Solution of the examined problem 
First, we are to determine key concept for the algorithm, to fit 

all above mentioned requirements and limitations: a lost package 
value can be replaced with a dominant value of neighbouring 
packages. Both with a common sense of this concept we should 
assume to keep the quantitative majority concept of eq. (2). In the 
case of missing values presented with its number nnull we can 
rewrite (2) as 

ntrue / (Nwindow – nnull) = 1 – nfalse / (Nwindow – nnull) >  0.5 (3) 

Here, the number of values in the “window” fits the condition 
Nwindow = ntrue + nfalse + nnull. We should also mention, that 
nnull < Noffline is the rule to consider device staying online. Now we 
can search the way to determine that dominant value to cover gap. 

Second, we are to determine known patterns of data losses 
presented in terms of Boolean values and most appropriate 
replacement for each missing value. Table 3 lists examples of 
patterns containing three packages (these cases are obvious 
according to eq. (3)). 

Table 3: Example of 3-package pattern (F – FALSE, T – TRUE, N – NULL). 
Replacement Set of values (X for F or T) 

N→X N X X … 
N→X … X N X … 
N→X … X X N 
Next, in Table 4, we list examples of patterns containing four 

packages (these patterns were formed excluding the subset of 
patterns similar to smaller patterns in Table 3). 

Table 4: Example of 4-package pattern (F – FALSE, T – TRUE, N – NULL). 
State indicator Set of values (X for F or T and Y for Not{X}) 

N→X N X Y X … 
N→X N Y X X … 
N→X Y N X X … 
N→X … X N Y X … 
N→X … X X N Y 
N→X … X Y X N 
N→X … X X Y N 
Here and in further patterns, we use a general extension to the 

right rule – “first step right, next step left” – and in case of reaching 
the border of the “window” we can use extension to the free border 
(left or right accordingly). The rule of extension allows us find 
easily the dominant value to fit the majority concept. It is important 

here to remember, that we place packages like time series – from 
the left to the right. This assumption means we have latest values 
closer to the right border of the “window” and this is why we 
should use extension to the right rule. Therefore, this is how we 
accomplish not only implementation of majority concept, but also 
consider the influence of the latest state (unlike to most of moving 
average algorithms). 

In some cases a “collision” can happen – the state of emerging 
new gap instead of value during extension procedure and reaching 
both borders of the “window”. The collision state means repetitive 
need of extension while gap cover is impossible. To avoid such 
difficulties in case of collision we use propagation rule – “replace 
all nulls with major value (if can be found) or last value (if there is 
no major value), when number of meaning values exceeds number 
of nulls” – and in case of majority of nulls, we can consider device 
to be offline. 

4. Results and discussion 
Now let us formalize description of the algorithm for 

compensation of gaps in data series: 

1. Define a “window” width Nwindow with respect to Noffline and 
transition to “offline” state. 

2. Use (2) to make decision when there are no gaps. 

3. Following extension to the right rule – “first step right, next 
step left” – use (3) to make decision when there are gaps. 

4. Use propagation rule – “replace all nulls with major or last 
value, when number of meaning values exceeds number of 
nulls” – in case of a “collision”. 

Such kind of algorithm allows covering all the gaps. It is simple 
enough to be used the same easily both at back-end or front-end 
solutions to supply appropriate values in customer’s real-time IoT 
based monitoring system. Certainly, it is more likely to utilize the 
algorithm at front-end to lower the load of servers. 

For the purpose of greater accuracy, one can choose between 
different kinds of moving averages (as a common solution for 
considering missing values), regressions models (as a common 
predictive solution) and various approximation techniques (like 
polynomial or spline). 

5. Conclusion 
The described algorithm for compensation of data losses fits all 

requirements of implementation simplicity and reliability. The level 
of computation efforts and complexity of the algorithm are relevant 
to arithmetic mean calculations. Simultaneously, the algorithm 
considers latest values (unlike the moving average techniques). The 
influence of latest values is crucial for indicating current system 
state. Considering the initial conditions for the problem and a 
specific time series, the algorithm appears to be the most adequate 
and reasonable solution. 
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Abstract: In the present work, we are discussing the Klein--Gordon equation describing relativistic spinless particles evolving in the 

(stationary) magnetar's crust. With the wave function expressed in terms of Mathieu's functions, we compute first-order transition 

amplitudes, pointing out the role of the strong magnetic induction in transitions to states which may be characterized by values of the 

model's parameters in instability bands. 

KEYWORDS: KLEIN-GORDON EQUATION, MATHIEU’S EQUATION, BESSEL FUNCTIONS, PERTURBATION THEORY, 

MAGNETARS

1. Introduction 

In 1992, Duncan and Thompson introduced the term of magnetar 

for a type of neutron star with massively boosted magnetic fields 

whose decay powers the emission of high-energy electromagnetic 

radiation [1]. The configuration of the background field inside has 

been extensively worked out and is not unique. Inspired by some 

previous investigations [2-4], we are assuming a radial magnetic 

induction, parallel to the surface of a plane slab with finite thickness 

in the z-direction.  

As for the matter content, in the magnetar's crust and core, one may 

expect the existence of various particles, including boson 

condensates, which might have a significant influence on the star 

properties. In this respect, the kaons are seen as best candidates, 

besides nucleons and leptons [5, 6]. 

In the present work, we are extending our previous results on 

boson's wave function, solution to the Klein-Gordon equation [3, 4]. 

Thus, within a perturbative approach, we are discussing special 

cases for parameters' ranges which are leading to non-trivial 

quantization laws and to a favored distribution of the magnetic field 

inside the crust, corresponding to a high probability of transitions. 

With reference to the Mathieu’s equation, challenging aspects that 

surround the interest around it and its solutions are more and more 

invoked as a solid motivation as these manifest in a rich manner, 

both theoretically – mostly, from algebraic point of view – and 

practically, i.e. from the applicative side. Concerning the latter, the 

range of physical situations in which Mathieu functions appear is 

extremely extended, from elastic wave equations worked in 

elliptical boundary geometries as it is the case of resonators or 

waveguides, the motion of quantum particles in a periodic type 

potential or the stability of floating vessels for harmonious coherent 

waves of various frequencies and swings [7], to some modern 

applications as the physics of a capacitor microphone,  

ferromagnetic substance manifesting elastic oscillations [8], the 

particle’s behavior in different systems of electromagnetic traps [9] 

or the quantum dynamics of the electrons within the free electron 

lasers (FEL) [10]. 

From algebraic point of view, manipulating Mathieu functions is 

not at all an easy task. The algebra behind the Mathieu functions is 

extremely intricate, still admitting a range of unsolved mathematical 

and computational issues. For instance, if we take into account the 

convergence of Mathieu functions, some authors report slow 

convergence or the lack of convergence of specific representations 

of Mathieu functions [11]. Some codes [12], which led to results  

 

 

with single-precision accuracy (7 decimal places), proved to 

respond negatively to the action of extending them to get a double-

precision accuracy (15 decimal places).  

An ardent area of research on Mathieu functions focuses on 

deriving expressions for the dependence of the Characteristic 

Exponent γ  on the Mathieu equation parameters, α,β . Due to the 

physical significance of the Characteristic Exponent, which proves 

to be intimately connected to the wavelike nature of the physical 

phenomena modelled by the Mathieu equation, finding relations of 

the form  γ γ α,β constitutes an outstanding mathematical 

approach. In literature, relations of this type written in power series 

of β , can be found both for integer [13, 14] and noninteger values 

of γ  [15].  

We point out that the literature is pretty rich in treating specific 

algebraic aspects of Mathieu functions and the main difficulties 

within the computational analysis [16, 17, 18, 19, 20].  

To put it concisely, developing packages for calculating Mathieu 

functions and operating with them represents an instigation for the 

modern research being an open territory for algebraic and 

computational explorations. 

 

2. Magnetic field configuration in the crust 

Let us consider, besides the vertical induction zB , a radial 

component parallel to the surface of the slab and vanishing at 0z   

and z L , of the form    sinB b t z   [3, 4]. Working in 

cylindrical coordinates, the potential component 
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is generating the following electromagnetic field configuration 
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  
  
  

 

                      
2

0

A κ
B = = B exp t sin κz

z σ




  
  
  

 

(2)                 
2

0
z υ

B1 κ
B = A = exp t cos κz

ρ κρ σ

 
 
 

   

 

which also satisfy the Maxwell equations. 

In the following, we are assuming that the time variable is much 

less the characteristic time, 2t τ = σ κ 1 Myr , which is 

comparable to the average Ohmic timescale, so that the exponential 

function in (2) can be set to one. However, soon after the crust 
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forms, the magnetic field is freezing and such objects can be treated 

as being stationary, with poloidal and toroidal fields of the same 

order of magnitude [21, 22].  

In order to study the semi-classical behavior of the charged scalar 

field, we start with the Klein-Gordon equation 

(3)                                
2
0 0ij

i jD D m Φ  
 

, 

where the gauge derivatives are expressed in terms of the four-

potential components as i i iD = iqA  .  

For the essential component 

(4)                                     0
υ

B
A = cos κz

κ
, 

the Klein-Gordon equation, in cylindrical coordinates, 

        
2 2 2 2
t 0 υ υ

2iq Φ
Δ m Φ = A +q A Φ

ρ υ


  
  

, 

with the variables separation 

(5)                                  imυ -iωtΦ = ρ,z e e , 

leads to the following differential equation for  ρ,z , 

(6)  
 

 

22 2
2 2 20

02 2

1

0

qBm
+ + m cos κz

z

2mqB
= cos κz

 
  

   




      
      

        



. 

By identifying the potential operator 

(7)                                    ˆ 02mqB
V = cos κz

κρ
 , 

the equation (6) gets the standard form employed in the Perturbation 

Theory, V D̂ , where     . 

The zero-order equation 

 
22 2

2 2 20
02 2

1
0

qBm
+ + m cos κz

z

 
  

   

      
       

        

 

 for      , z F T z   , splits into the following system 

                 

2 2
2 2 2

0 z2 2

d F 1 dF m
+ + ω m p F = 0

ρ dρdρ ρ

 
   

 
,      (a) 

(8)    
2 22

2 0 0
z2

qB qBd T 1 1
+ p cos 2κz T = 0

2 κ 2 κdz

    
     

     

.  (b) 

The first equation in (8) is satisfied by the Bessel functions 

(9)             m mF ρ = J Pρ , with 
2 2 2

0 zP ω m p   , 

while the second one can be identified with the Mathieu-type 

equation [23] 

(10)                       y + α 2βcos 2δ y = 0    , 

of parameters 

(11)                

22
0z

2 2

qBp 1
α =

2κ κ

 
  

 
,  

2

0

2

qB1
β =

4 κ

 
 
 

, 

and variable z  . The general solutions of the equation (10), 

(12)             T α, β, δ = MathieuC α, β, δ ,MathieuS α, β, δ    

have been discussed in detail in our previous papers [3, 4], 

especially with respect to their stability. In general, the Mathieu's 

functions are of the form    iγzf z e u z , where the Mathieu 

Characteristic Exponent (MCE),  , may be real or imaginary, 

depending on the values of the model parameters. 

Nevertheless, we find worth stressing some interesting  

mathematical properties of these solutions. Thus, the even and odd 

solutions, can be written as the Fourier series [23]  

(13.a)         2n
2n 2j

j=0

MathieuC = ce = A cos 2jδ


    

(13.b)       2n+1
2n+1 2j+1

j=1

MathieuS = se = B sin 2j +1 δ


  

In explicit calculations, one may employ the periodic expressions of 

the Mathieu’s functions (13.a), valid in the first order in β   

         

     

 2

0 0 0
0 2j 0 2j

j=0 j=1

0 0

ce z,β = A β cos 2jz = A + A β cos 2jz

1
1+ J βexp iz + J βexp iz

2

1 β
1 cos z +...

22

 

   
 

 
  

 

 

 

     

      

     

    

4

4 ...

2 2 2
2 2j 0 2

j=0

2
2 j+1

j=1

2 2

ce z,β = A cos 2jz = A + A cos 2z +

+ A β cos 2 j +1 z

β 4
J βexp iz + J βexp iz

β

β
cos 2z 3 cos z

12





   
 

   




 

where   nJ βexp ±iz  are the Bessel functions and we have used 

the formulas [24] 

 

 

1

!

j j
0 0
2j 02

2 β
A A

4j

  
  

 
 ;   

 

 

1

! !

j j
2
2 j+1

2 β
A

j j+2 4

  
  

 
;  

2

0
0

1
A = ; 

2
0

β
A =

4
. 

       

3. First-order transition amplitude 

With the wave function  

(14)                     imυ -iωt
m mψ = J Pρ T α, β, δ e e , 

 

one may compute the one may compute the azimuthal current 

density component, of quantum origin, which is sustaining the 

magnetization current, 

 

  .

2* * 2
υ m υ m m υ m m υ

22 0
m

iq
j = ψ ψ ψ ψ 2q ψ A

ρ

qBm
= 2qJ T cos κz

ρ κ

    

 
 

 
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In the transition amplitude 

 (15)       1 2
*
m m

4πmb
ψ Vψ ρdρdυdzdt =

κ
 A = I I  

 

where 0b qB , the first integral can be written in terms of the 

hypergeometric function 12F  as [23] 

(16)

   

 

 

1 m m
0

m 2

12

= J P ρ J Pρ dρ

Γ m+1 21 P 1 1 P
= F , m+ , m+1, 

P P 2 2 Pπ Γ m+1





    
           

I

, 

with P > P . Once we fix the quantum number m , the integral 

above is expressed as a combination of EllipticE  and EllipticK  

functions, of variable  
2

P P .  

The second integral in (15), i.e.  

(17)             *
2 = T α , β, κz cos κz T α, β, κz dzI , 

should be analyzed for specific ranges of the particle momentum 

along Oz. 

For small values of the parameter β , the theory of the Mathieu's 

functions is well understood. The characteristic values  n β are 

important since they yield periodic solutions and they separate the 

regions of stability. The resonance condition 2
nα n  leads to the 

momentum quantization relation 

(18)                                   

2
2 2 2
z 2

b
p n κ +

2κ
 , 

 and to a quantized variable in the Bessel functions (9), i.e. 

(19)                            

2
2 2 2 2 2

n 0 2

b
P = ω m n κ

2κ
   . 

For the particle momentum along Oz in the first band of instability 

(20)                          

2 2
2 2 2

z2 2

b 3b
κ < p < κ +

4κ 4κ
 , 

the imaginary part of the MCE comes into play,  Im γ β 2 , 

being responsible for the exponentially growing of the oscillatory 

wave functions. 

By inspecting the stability chart of the Mathieu's functions, one can 

notice that, for increasing β , the stable regions situated between 

the characteristic curves   n β  become more and more narrow 

and their width is decreasing exponentially to practically discrete 

eigenvalues. For β > 1 , one has a broad resonance and the 

solutions (12) are oscillating (along Oz) much faster than the 

electromagnetic field components, the ratio between the frequencies 

being  2β = b 2κ . 

In the case of a magnetar, whose magnetic field is extremely strong, 

 10 12
0B 10 10  T , the parameter β , proportional to the square 

of the magnetic induction, gets very large values. Thus, for 

0 < α < β , i.e. 

(21)                                

2 2
2
z2 2

b 3 b
< p <

42κ κ
, 

one has to use the following asymptotic expansion for the 

characteristic values [25] 

(22)                             nα 2β +2 2n+1 β  . 

 

In our case, the above relation turns into  

(23)                             n 2 2

b b
α = 2n+1

κ 2κ

 
 

 
,  

leading to the Landau-type quantization law for the particle 

momentum along Oz 

(24)                                     2
zp 2n+1 b , 

and to a quantized variable in the Bessel functions computed with 

(25)                             2 2 2
n 0P = ω m 2n+1 b  . 

 

 

 

fig. 1 The absolute value of (17) as a function of 2b = b /    

 

In the figure 1, for the transition between n = 2  and n = n+1 , we 

are giving, in dimensionless units, the graphical representation of 

the absolute value of (17), as a function of the parameter 
2b = b /  b , characterizing the strength of the magnetic field 

inside the crust, for a given  . For both nα  and n+1α  positive 

quantities computed with (23), one may notice the peaks separated 

by zero minima, corresponding to high probabilities and zero 

probabilities, respectively. 

Let us point out that, for an electron with the momentum along Oz 

given by (24), the distance between the corresponding energy levels 

is  2
0W = 2hqB c 1.06 MeV , for  10

0B = 10  T . This ultra-

relativistic particle promoted from the level with n= 0  to the one 

with n= 1  can produce, by de-excitation photons which will 

directly convert to electron-positron pairs. 

Thus, one may compute only transitions between n= 0  and n = 1 , 

for which the characteristic values are given by 

 

(26)               0 2 2

b b
α 1

κ 2κ

 
  

 
 ; 1 3

2 2

b b
α

κ 2κ

 
  

 
, 

 

and one can find similar peaks and minima as in the figure 1. 

 

For β  , the oscillatory behavior of the Mathieu functions 

happen in a shrinking neighborhood of  1 2κz = δ = π 2+O β . In 

explicit calculations, it is very useful to express the Mathieu 

function  nMathieuC α , β,  δ  in terms of parabolic cylinder 

functions and their derivatives, of variable t = 2 hcosδ , with 

h = β , as [25] 
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 
 

 
 s s

n n ns s
s s

A t B t
MathieuC C D t +D t

h h

  
  

  
  , 

where 

n n 1 n+1

n 1
D = D D

2 2


  , 

 

1 4

n 2

π β
C

2 n!

 
 
  

 

and the first terms of the polynomials  sA t  and  sB t  are 

 

0A = 1 ,    
2

2
1 6 4

βt
A t = = cos δ

2 2
, 

   
3 4

3 3
1 5

1 β
B t = t 2n+1 t cos δ

42
  
 

. 

 

4. Conclusions 

Within a perturbative approach, in the present paper, we are dealing 

with the Klein-Gordon equation, describing the bosons evolving in 

the (stationary) magnetar's crust, endowed with the electromagnetic 

configuration (2). The solution to the zero-order equation, expressed 

in terms of Bessel and Mathieu functions, is used for computing 

first-order transition amplitudes, for physically important ranges of 

model's parameters. 

The width of the resonance bands are solely controlled by the 

parameter β  in (11), which is characterizing the magnitude and the 

distribution of the magnetic field inside the crust. 

A special attention is given to ultra-relativistic particles in ultra-

strong magnetic field ( β > α > 0 ), when the particle momentum 

along Oz is satisfying the quantization law (24).  The probability of 

the transition between two adiacent n  values is discussed for 

different ranges of the model's parameters 0b= qB  and  , 

characterizing the magnitude and the distribution of the magnetic 

field inside the crust. Thus, for 2b κ < 2n+1 , a series of peaks, 

corresponding to high probabilities, can be noticed in the figure 1. 

Finally, we mention that for particles moving in an ultra-strong 

magnetic field so that the α  parameter defined in (11) is negative, 

the amplitude function is exponentially growing along Oz and there 

is only a narrow interval for the particle momentum zp , i.e. 

2α < β 2 , meaning  

(27)                   

2 4 2
2
z2

1 b 1 b 1 b
< p <

2 κ κ 2 κ32κ

     
     

     
 

 

which corresponds to a stable region in the Ince-Strutt diagram [26]. 

The present work can be extended in several directions, as for 

example to consider instead of the Klein-Gordon equation, the 

Dirac equation for relativistic fermions, leading to Mathieu’s 

functions of complex variable and parameters [27].  

These situations are very challenging and they are rarely discussed 

in literature. The existing packages written in MAPLE and 

MATHEMATICA are insufficient and some routines have been 

recently developed in [28]. It is worth to mention that the first study 

which considered a purely imaginary β  parameter ( β = is,   s ) 

was initiated by Mulholland and Goldstein [29] who deduced an 

approximative law governing the position of branching points in 

terms of a quadric growth. The authors detected the first branching 

point to be. 0s  1.47 . For a more detailed analysis on the branching 

points we recommend [30, 31].  
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1. Introduction and Preliminaries 

We consider a bounded polygonal domain Ω  in 2R  with 
boundary ΩΓ ∂= . Given an integer 0m≥ , we use the Sobolev 

space )(H m Ω  with a norm 
Ω,m

⋅  and ),( ⋅⋅  denotes the 

−)(L2 Ω inner product. 

Consider the following weak form eigenvalue model problem: 
Find a number R∈λ  and a function 1u),(HVu ,0

1
0 =≡∈ ΩΩ  

such that  

,Vv),v,u()v,u(a ∈∀=λ     (1) 

where 

.Vv,udydxvu)v,u(a ∈∀∇⋅∇=∫∫
Ω

 

This problem has a countable sequence of real and positive 
eigenvalues ...0 21 ≤≤< λλ and the corresponding eigenfunctions 

...,u,u 21 satisfy 1j,i,)u,u( ijji ≥=δ . 

Let { }hτ  be a family of a rectangulations of Ω  which satisfies 
the usual regularity conditions (see [1]), i.e. there exists a constant 

0>σ  such that σρ ≤KK /h , where Kh  is the diameter of the 
rectangle hK τ∈  and Kρ  being the diameter of the largest circle 
contained in K. Then we denote KK

hmaxh
hτ∈

= . 

So, we introduce a conforming finite element space VVh ⊂  
based on the partition hτ . Then, the corresponding approximation 
of (1) is: Find a number Rh ∈λ  and a function 

1u,Vu
,0hhh =∈
Ω

 such that  

.Vv),v,u()v,u(a hhhhhhh ∈∀=λ    (2) 

For second- and fourth-order self-adjoint elliptic operator the 
eigenvalues computed using standard conforming finite element 
method (FEM) are always above the exact ones. This fact comes 
from minimum-maximum charachterization of the eigenvalues (see 
for example [2]). So that, it is an important and nontrivial problem 
to find methods giving lower bounds of the eigenvalues [3]. Herein, 
we claim a contribution to this specific field. More precisely, this 
paper is an extension of the authors’ research done in [4] and [5]. 

First, let us consider nine-point conforming rectangular finite 
element. For any test function v and hK τ∈  the degrees of freedom 

which we will use are (see Fig. 1(a)) )a(v j  and ∫
jlj

ds)s(v
l
1  and 

∫
K

dydx)y,x(v
K
1 , where 4,3,2,1j,a j =  are the vertices and 

4,3,2,1j,l j =  are the edges of K.  

Then, the finite element space hV  is defined by (see [6]): 

{ }{ }.yx,xy,yx,y,x,xy,y,x,1spanv:)(HvV 222222
K|

1
h =∈= Ω  

We can use also eight-point serendipity conforming finite 
element (see Fig. 1(b)). In this case:  

{ }{ }.xy,yx,y,x,xy,y,x,1spanv:)(HvV 2222
K|

1
h =∈= Ω  

 

 

 

Fig. 1 (a) 9-point rectangle; (b) 8-point serendipity rectangle 
 

Now we introduce non-conforming finite element spaces hV~  
related to the same partition hτ . We also introduce mesh-dependent 
bilinear form 

,Vv,u,)v,u(a)v,u(a
hK

Kh ∈= ∑
∈τ

 

where  

.dydxvu)v,u(a
K

K ∫∫ ∇⋅∇=  

Obviously, in case of conforming FEM, ),(a ⋅⋅  and ),(ah ⋅⋅  
coincide. 
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The space hV~  consists of Rannacher-Tourek (i.e. rotated 

bilinear) nonconforming finite elements denoted by rot
1Q  (Fig. 

2(a)). Its degrees of freedom are the integral values at the edges of 
rectangle. An another case for construction of the space hV~  is to use 
the extension of Rannacher-Tourek element (so-called extended 
rotated bilinear element) denoted by rot

1EQ . The degrees of 
freedom for this element are the integral values at the edges of the 
rectangle and the integral value over the rectangle (see Fig. 2(b)). 

 

 

 

Fig. 2 (a) rot
1Q  nonconforming element; (b) rot

1EQ  nonconforming element 

 

Let us define a so-called “nonconforming interpolation 
operator” hh V~V:i~ →  such that 

.V~v~,Vv,0)v~,vi~v(a hhhhh ∈∈∀=−   (3) 
 

2. Main Result 
Our result is based on determining a couple of finite element 

spaces ( )hh V~,V  which verify two sided bounds of eigenvalues λ  
using the following algorithm: 

Algorithm 

1. Find )u,( hhλ  from (2) by means of conforming finite 
element space hV ; 

2. Construct nonconforming space hV~  from hV  by 
eliminating some degrees of freedom in such a way that 
after obtaining of hhh V~ui~ ∈  the condition (3) to be 
fulfilled; 

3. Calculate the number )ui~,ui~(a~
hhhhhh =Λ  which 

approximates the exact eigenvalues λ  asymptotically 
from below. 

 

The case when hV  consists of nine-point quadratic conforming 

finite elements and hV~  contains rot
1EQ -elements is proved by the 

authors in [4] (see Theorem 1). Later on, we will use the same 
notations as in [4]. 

Here, our aim is to prove the validity of the algorithm when hV  

use the eight-point serendipity elements and hV~  -- rot
1Q -

nonconforming elements, respectively. 

Thus the nonconforming finite element space is defined by (see 
[6]):  

{ }{ }.yx,y,x,1spanv:)(LvV~ 22
K|2h −=∈= Ω  

Also, for any :Vv∈  

,ds)s(vds)s(vi~

jj ll
h ∫∫ =     (4) 

with edges 4,3,2,1j,l j = . 

Introducing the notation )v,v(av hhh
2

hh =  for any hh V~Vv +∈ , 

for our considerations, it is enough to assume the following 
interpolation inequality for Vv∈ : 

.hCvvi~ 2/3
hh ≥−     (5) 

The following theorem contains a main result of the paper. 

Theorem 1. Let ( )hh u,λ  be an approximation of the exact 
eigenpair ( )u,λ  obtained from (2) by means of eight-point 
serendipity elements. It the inequality (5) is valid, the number 

)ui~,ui~(a~
hhhhhh =Λ  

approximates λ  from below when h  is small enough, so that two-
sided bounds of λ  are obtained: 

.~
hh λλΛ ≤≤      (6) 

P roof. We adopt the following notations for partial derivatives:  

y
,

x yx ∂
•∂

=•∂
∂
•∂

=•∂  and so on.  

Let hh V~v ∈  and Vv∈ . Then 

( ) ( )

( ) ( )( ) .dydxvvvi~vvvi~

dydxvvvi~v,vvi~a

h

h

K K
hyhyhxhx

h
K K

hhhh

∑ ∫∫

∑ ∫∫

∈

∈

∂−∂+∂−∂=

∇⋅−∇=−

τ

τ  (7) 

We choose 0K  to be a fixed reference rectangle. Then the result 
on arbitrary hK τ∈  will be transformed from 0K  using an affine 
transformation. 

The equations of the edges of 0K  are: 

,
2
hxx:l;

2
hyy:l 1

04;2
2

03;1 ±=−=−   

where ( )00 y,x  is the center of 0K  (Fig. 3) and 2
2

2
1 hhh += . 

 

 

Fig. 3 Rectangular reference element 0K   
 

Having in mind that hV~  is an incomplete biquadratic 
polynomial space on 0K , we can write 
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( ) ( )

( ) ( ) ).y,x(vyy
2
1)y,x(vxx

2
1

)y,x(vyy)y,x(vxx)y,x(v)y,x(v

00hyy
2

000hxx
2

0

00hy000hx000hh

∂−+∂−+

∂−+∂−+=

 

Then obviously 

( ) ,)y,x(vxx)y,x(v)y,x(v 00hxx000hxhx ∂−+∂=∂  

( ) .)y,x(vyy)y,x(v)y,x(v 00hyy000hyhy ∂−+∂=∂  

Using rot
1Q -element we have 

.constvv hyyhxx =∂−=∂     (8) 

Applying the properties (4), from (7) we obtain 

( ) ( )

( ) ( )

( ) .dydxvvvi~

dydxvvvi~dyvvi~vh

dyvvi~)y,x(vdydxvvvi~

0

042

420

K
hxxh

K
hxxhh

лl
hxx1

h
лl

00hxhxh
K

x

∫∫

∫∫∫∫

∫∫∫∫

∂−−=

∂−−−












−∂+

−












−∂=∂−∂

 

In the same manner, 

( ) ( ) .dydxvvvi~dydxvvvi~

00 K
hyyhhyh

K
y ∫∫∫∫ ∂−−=∂−∂  

Finally, from (8) it follows that 

( ) 0dydxvvvi~ hh
K0

=∇⋅−∇∫∫  for any hh V~v ∈  

and the relation (3) is proved for the element rot
1Q . 

Now, having in mind that 1u
,0h =
Ω

, from (3) it follows 

( ) ( ) ( )

( ) ( ) ( ) ,~ui~,ui~au,uau,ua

u,ui~a2ui~,ui~auui~,uui~a

hhhhhhhhhhhhh

hhhhhhhhhhhhhhhh

Λλ −=−=+

−=−−
 

consequently 

.0uui~~ 2

hhhhhh ≥−=−Λλ  

Considering that hλ  is a conforming approximation of λ  by 
means of serendipity rectangular finite element [2], we have 

( ) ,hCuuC0
22

1
2
,1hh

δ
Ω

λλ −≤−≤−≤  

where δ  is a small positive number. 

Moreover, from (5) we obtain asymptotically the inequality 

( )
.0hChC

uui~~~

3
2

24
1

2

hhhhhhhhh

≥+−≥

−+−−=−+−=−

− δ

λλΛλλλΛλ
 

Thus, (6) is proved. 

                                                                                                    ■ 

 

3. Numerical Results 
The numerical experiments and the resulting approximations of 

eigenvalues given in this section verify and confirm the validity, 
reliability and effectiveness of the proposed algorithm. 

For purpose of demonstration of the method we propose, we 
solve the problem (1) on square domain ],0[],0[ ππΩ ×= .  

This choice we have made because of the fact that in this case 
the exact eigenvalues are known and are equal to 

,...3,2,1s,s,ss 21
3
2

2
1 =+  So that, ...;5;5;2 321 === λλλ  

For our numerical implementation we divide the domain Ω  
into 2N  squares, N = 4; 8; 12; 16; 20. Thus the mesh parameter h 

is equal to 
N

2π .  

We solve the variational discrete problem (2) using conforming 
quadratic rectangular (9-point) finite elements for hV  (see Fig. 
1(a)). As a result, we obtain the approximate eigenvalues hλ , which 
give upper bounds for the corresponding exact eigenvalues and the 
approximate eigenfunctions hu  which we interpolate. Interpolation 

is done by means of rot
1EQ -nonconforming finite element space 

(Fig. 2(b)). Obtaining the intepolants hhh V~ui~ ∈  and calculating the 

numbers )ui~,ui~(a~
hhhhhh =Λ  we get lower bounds for the exact 

eigenvalues. The results from our numerical experiment for the first 
three eigenvalues are give in Table 1 and Table 2, respectively. 

 

Table 1: Approximations of the exact eigenvalues obtained after finite 
element implementation by means of 9-point conforming rectangular 
quadratic finite elements 

 h,1λ  h,2λ  h,3λ  
 

N = 4 
 

2.001024281 5.030616274 5.032574099 
 

N = 8 
 

2.000065532 5.002110541 5.004469411 
 

N = 12 
 

2.000013002 5.000450150 5.002890554 
 

N = 16 
 

2.000004120 5.000165987 5.0026355170 
 

N = 20 
 

2.000001689 5.000087946 5.002571064 

Exact 
eigenvalues 2 5 5 

 

Table 2: Approximations of the exact eigenvalues obtained after 
nonconforming −rot

1EQ interpolation 

 h,1
~Λ  h,2

~Λ  h,3
~Λ  

 

N = 4 
 

1.902219920 4.655142682 4.656420455 
 

N = 8 
 

1.974624003 4.901823878 4.903948840 
 

N = 12 
 

1.988641719 4.955268267 4.957598338 
 

N = 16 
 

1.993595054 4.974626877 4.977033035 
 

N = 20 
 

1.995896103 4.983705600 4.986147765 

Exact 
eigenvalues 2 5 5 
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Next, for the same model problem we demonstrate the 
efficiency of the proposed algorithm for more simple finite 
elements.  

We solve the variational discrete problem (2) using eight-point 
serendipity conforming finite elements for hV  (Fig. 1(b)). As a 
result we obtain the approximate eigenvalues hλ  giving upper 
bounds for the corresponding exact eigenvalues and the 
approximate eigenfunctions hu  which we interpolate. Interpolation 

is done by means of rot
1Q -nonconforming finite element space (Fig. 

2(a)). Obtaining the intepolants hhh V~ui~ ∈  and calculating the 

numbers )ui~,ui~(a~
hhhhhh =Λ  we get lower bounds for the exact 

eigenvalues. The results from our numerical experiment for the first 
three eigenvalues are give in Table 3 and Table 4, respectively. 

 

Table 3: Approximations of the exact eigenvalues obtained after finite 
element implementation by means of 8-point serendipity conforming 
rectangular finite elements 

 h,1λ  h,2λ  h,3λ  
 

N = 4 
 

2.001091866 5.032026684 5.032037751 
 

N = 8 
 

2.0000664317 5.002126594 5.004493905 
 

N = 12 
 

2.000066432 5.000451611 5.002891734 
 

N = 16 
 

2.000004134 5.000166314 5.002635721 
 

N = 20 
 

2.000001692 5.000088072 5.002571117 

Exact 
eigenvalues 2 5 5 

 

Table 4: Approximations of the exact eigenvalues obtained after 
nonconforming −rot

1Q interpolation 

 h,1
~Λ  

 
h,2

~Λ  
 

h,3
~Λ  

 
 

N = 4 
 

1.881513965 4.124185537 4.124191017 
 

N = 8 
 

1.949450862 4.748511061 4.750459845 
 

N = 12 
 

1.977322992 4.885339250 4.887582856 
 

N = 16 
 

1.987202566 4.934933147 4.937289058 
 

N = 20 
 

1.999994922 4.979244596 4.980117042 

Exact 
eigenvalues 2 5 5 
 

The approximate values in Table 1 and Table 3 are greater than 
the exact ones and the sequences 3,2,1j},{ h,j =λ  obtained when 
the mesh parameter h decreases are decreasing. This is a reasonable 
and expected numerical result, because of the fact that conforming 
finite element methods are used [2]. 

On the part of the nonconforming interpolation implementation, 
from the approximations of the eigenvalues given in Table 2 and 
Table 4, respectively, it is clear that the resulting approximation of 
the exact eigenvalues is from below. When the mesh parameter h 

decreases, the sequences 3,2,1j},~{ h,j =Λ  are increasing and go to 
the corresponding exact eigenvalue. 

As it is well-known from the theoretical point of view, nine-
point and eight-point conforming finite elements give similar results 
concerning the error estimates (Table 1 and Table 3). As a 
consequence of this, as well as from the fact that rot

1Q  and rot
1EQ -

nonconforming finite elements give one and the same convergence 
order, the results in Table 2 and Table 4 are also similar. 

3. Conclusions 
The proposed algorithm gives lower and upper bounds of the 

eigenvalues simultaneously – only to solve by conforming FEM the 
eigenvalue problem once and additionally to apply a nonconforming 
interpolation to the conforming solution is needed. 

In this paper use of more simple and convenient finite elements 
is proposed, proved theoretically and demonstrated. 
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Abstract: The present work is devoted to computer modeling of the emission processes from the surface of graphene. The pivotal obstacle for 

emission is a model of the unperturbed emission surface. The hydrogen-like atom model is one of the useful approaches describing the states 

of the emission surface. In [1] this model was used considering ion screening in the Brandt model [2]. To calculate the ground state of the 

electron, we used the variational solution of the Schrodinger equation, based on the minimization of the potential energy of an electron in the 

field of a homogeneous ion. However, the field of the screened singly ionized carbon atom in the Brandt model is not homogeneous. 

Therefore, it was shown in [3] that it is possible to obtain a binding energy error of up to 40% when using only the external screening 

parameter without taking into account the inhomogeneity. In this paper, we consider the effect of the ion screening parameter in the Brandt 

model λ and the algorithm for determining it by minimizing the total energy of the electron interaction in s state in two parameters: the 

effective ion charge and the ion screening parameter. The obtained solution of the Schrödinger equation is used to calculate the ground state 

of a hydrogen-like carbon atom in a graphene lattice at zero temperature and is compared with the results of [2, 4]. 

KEYWORDS: GRAPHENE, PSEUDOPOTENTIAL OF A HYDROGEN-LIKE ATOM, COMPUTER SIMULATION FOR GRAPHENE 

LATTICE 

 

1. Introduction 
The present work is devoted to computer modeling of the emission 

processes from the surface of graphene - a perspective material for 

micro- and nanoelectronic devices. The pivotal obstacle for 

emission is a model of the unperturbed emission surface, 

determining the theoretical spectrum and the emission threshold 

current. One of the approaches to describe the states of the emission 

surface is the hydrogen-like atom model, which is used for light 

elements of the periodical table. In [1], a lattice of hydrogen-like 

atoms with a screened ion in the Brandt model was used to calculate 

the ground state of atoms of the graphene surface [2]. To calculate 

the ground state of an electron, the Schrödinger equation was solved 

by minimization of the potential energy of the electron in the ion 

field, which assumes homogeneity of the ion field. However, the 

field of the shielded singly ionized carbon atom in the Brant model 

is not homogeneous. Therefore, it was shown in [3] that using only 

the external screening parameter without taking into account the 

inhomogeneity, it is possible to obtain a binding energy error of up 

to 40%, which is unacceptable even for qualitative theory. In this 

paper, we consider the influence of the ion screening parameter in 

the Brant model λ and the algorithm for determining it by 

minimizing the total energy of the electron interaction in s state in 

terms of two parameters: the effective ion charge and the ion 

screening parameter. The obtained solution of the Schrodinger 

equation is used to calculate the ground state of a hydrogen-like 

carbon atom in a graphene lattice at zero temperature. The obtained 

solution is compared with the results of [2, 4]. 

 

2. Prerequisites and means for solving the 

problem 
In [1], for the variational solution of the Schrödinger equation for an 

electron in a hydrogen-like atom, the method of determining the 

wave function in a given field was used [6]. This technique is based 

on minimizing the discrepancy of the difference between the total 

energy of an electron in a known ion field and the effective field 

 i

q
U r A

r
      (1) 

for which a self-similar solution of the Schrodinger equation is 

known, depending on the parameters of this field. For the ground 

state of a hydrogen-like carbon atom, this leads to a minimization of 

the functional 

     
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2
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2 2
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 

 
    
 


 (2) 

In this case, it is implicitly assumed that the field is uniform over r. 

However, the field of the screened ion in the Brandt-Kitagawa 

model is not uniform: 

     
1 1

exp , .i i i

i

Z r
U r U r kU r

r r r

  
    
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 (3) 

According to the virial theorem, the average total energy of the 

finite motion of an electron in the Coulomb field is related to the 

average kinetic and mean potential energy by the equation 

, 2 .E T U E       (4) 

Using the expression for the mean kinetic energy in a nonuniform 

field [5], we obtain the distribution of the total energy of the bound 

electron in an inhomogeneous field ion: 

     .
2

i i

r
E r U r U r

r


 


  (5) 

Fig. 1 shows the distribution of the total energy of an electron with 

and without an accounting of the inhomogeneity of this field. As 

can be seen from the figure, the inhomogeneity of the field appears 

mostly near the nucleus. Therefore, taking into account the 

distribution of the probability density in s and p states, the influence 

of the field inhomogeneity on the binding energy of the electron 

with the ion will be larger for the electron in the s state than in the p 

state. 

 
Fig. 1. Comparison of the distribution of the total energy along the 

radius for a finite motion of an electron 

 

in the field of the singly charged carbon ion in the Brandt model 

without and taking into account the inhomogeneity of the field. 

Therefore, in an arbitrary field ion at solving the problem of 

variations on the characterization of the effective uniform field 

should be based on minimizing the total energy of the finite electron 

motion in a particular quantum state. The effective charge of the ion 

- q, and the external screening parameter - λ, are determined by the 

following system of nonlinear equations: 
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 (6) 

The hypothesis adopted by us was realized with the help of a 

numerical solution of the problem (6). 

 

3. Solution of the examined problem 
Figures 2a and 2b show numerical solutions of this problem for an 

electron in the s state with and without consideration for the 

inhomogeneity of the ion field for different values of the internal 

screening parameter λ of the ion in the Brandt model. 

 

 
Fig. 2a Numerical solution of the variational task for an electron in 

the s state taking into account the inhomogeneity of the ion field. 

 

 
Fig. 2b Numerical solution of the variational task for an electron in 

the s state without taking into account the inhomogeneity of the ion 

field. Different lines explain different values of screening parameter 

λ 

 

Comparison of these solutions shows that the lowest value of the 

effective charge of the ion q and the external screening potential of 

the atom A will be when the heterogeneity of the ion field is 

considered. 

 

 

 

 

 

 

 

4. Results and discussion 
For comparison, Fig. 3 shows the solution of this task using the 

previously used method of the variational solution of the 

Schrodinger equation [1, 6]. 

 
Fig. 3 The variational solution of the Schrödinger equation by the 

method [6]. 

 

Comparison of this solution with previous ones shows that the 

effective charge of the ion and the screening parameter of the atom 

are much higher and the binding energy exceeds the ionization 

potential of carbon. It can be assumed that these discrepancies go 

from the fact that the method of the variational solution of the 

Schrödinger equation [6] is more suitable for atoms with a large 

number of valence electrons. 

An analysis of the dependence of the solution of the variational task 

on the parameter of the internal screening λ of an ion in the Brandt 

model is shown in Fig. 4. 

It is interesting to note that the optimal value of λ is close to its 

value for a neutral atom in the Brandt model. 

Figure 5 compares the obtained distribution of the field of a 

hydrogen-like atom along the radius with analogous distributions in 

[2,4]. 

 
Fig. 4 Dependence of the effective charge of an ion on the 

parameter of the internal screening of the ion λ in the Brandt 

model. 
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Fig. 5 Comparison of the distribution of the field along the radius 

of a hydrogen-like atom with similar distributions in [2,4]. 

 

It can be seen that the distribution of the field of the hydrogen-like 

atom is allocated between the distributions near the nucleus in other 

models and it decreases much more slowly in the distance. 

When considering these results, it should be noted that the model 

Brandt atom is surrounded by an electron gas, but only the effect of 

neighboring atoms is taken into account in the model Abrahamson. 

Because in the future we will be interested in the ground state of a 

hydrogen atom in the lattice of graphene, then the profiles of the 

potential distribution between two lattice sites in these models were 

calculated. 
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Fig. 6 Potential well for a weakly bound electron accounting the 

field of an ion or atom at an adjacent graphene lattice site. 

 

Figure 6 shows that in the Abrahamson model the potential well is 

unnaturally deep while in the Brandt model it is close to the atom 

and the surrounding ion. 

5. Conclusion 
The problems of modeling the emission processes from the 

graphene surface are considered. To describe the states of the 

emission surface at zero temperature, we used a hydrogen-like atom 

model, taking into account the screening of the ion in the Brandt 

model. To calculate the ground state of an unbound electron located 

in a graphene lattice site, we used the variational solution of the 

Schrödinger equation. It corresponds to a minimum of the total 

interaction energy of an unbound electron in the s state with the 

corresponding lattice ion. In numerical experiments, minimization 

was carried out in two parameters: the effective ion charge and the 

ion screening parameter. However, we restricted ourselves to the 

first iteration of the minimization of the energy functional, since it 

is assumed hereinafter account of the influence of the field in the 

immediate environment of the atoms of the electron energy with the 

ion in the lattice site. Our calculations showed that in the considered 

model it is important to take into account the inhomogeneity of the 

field produced by the screened lattice ion. 

The work was supported by Russian Fund for Basic Research 
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Abstract: Numerical modeling of electronic state evolution due to external electric field in the structure metal-insulator-semiconductor 
with solitary donor center is carried out. Considering a nanometer disc-shaped gate as a source of the electric field, the problem for the 
Laplace equation in infinite multilayered medium is solved to determine the gate potential. The energy spectrum of a bound electron is 
calculated from the problem for the stationary Schrödinger equation. Finite difference schemes are constructed to solve both the problems. 
Difference scheme for the Schrödinger equation takes into account cusp condition for the wave function at the donor location. To solve the 
problem for the Laplace equation, asymptotic boundary conditions for approximating the potential at large distances from the gate are 
proposed. On the basis of calculation results, a controlling parameter is suggested, which allows to determine the localization of electron 
wave function regardless of insulator thickness and permittivity. 

Keywords: FINITE DIFFERENCE METHOD, MIS-STRUCTURE, NANOGATE, SCHRÖDINGER EQUATION, ENERGY LEVEL, 
NUMERICAL MODELING 

 

1. Introduction 
The sensitivity of the electrical, optical, and magnetic properties 

of semiconductors to doping impurities is widely used to create 
various semiconductor devices. Reducing the physical size of the 
devices led to the need for taking into account quantum effects in 
the design and optimization of modern semiconductor structures 
[1]. Moreover, the achievements in technology of manufacturing 
nanoscale structures have made it possible to construct devices with 
only one impurity atom in the working region [2]. Designing of 
such devices requires additional fundamental studies devoted to the 
quantum mechanical modeling of their physical properties. 

There are several proposals of using single impurity atoms to 
physically realize qubits, which can be based on the nuclear spin of 
a phosphorus impurity in silicon [3], the electron spin of a bound 
electron [4] or its charge [5]. These proposals stimulated the 
appearance of a number of papers devoted to modeling the 
electronic states of a donor near semiconductor surface (see [6-13]). 
The main attention was paid to the control of the donor electron 
density with an external electric field when the critical characteristic 
of the system under study was the critical field [9-10] or the critical 
potential at the gate [6], which corresponds to the relocation of the 
wave function of the donor electron into the gate area. 

Taking into account all the features of the system (the finite size 
of the gate, the presence of a dielectric layer of nonzero thickness, 
the difference between the dielectric permittivities of semiconductor 
and insulator layers) requires solving the problem for the Laplace 
equation in a multilayered medium. As a result, it becomes 
necessary to use numerical methods, in particular, the finite 
difference method (FDM), which had shown its effectiveness in 
solving similar problems [14]. Attempts of applying FDM for 
modeling quantum mechanical effects in nanoscale structures with 
single donors were made in Refs. [15-16]. However, in these 
papers, the structures with confining potential of a simple form 
were considered, that does not require solving the problem for the 
Laplace equation. 

The aim of this paper is to develop an algorithm for the 
numerical simulation of electronic states in a metal-insulator-
semiconductor (MIS) structure with a single donor in the gate 
region based on sequential solution of the problems for the Laplace 
equation and the stationary Schrödinger equation. To calculate the 
gate potential, wave functions, and energy levels, FDM is used. The 
results of FDM calculations are compared with the results obtained 
with the finite element method (FEM). 

2. Formulation of the problem 
We consider a singly charged donor located in semiconductor at 

a distance z0 from the semiconductor-insulator interface. An 
external electric field is created by an infinitely thin disc-shaped 
gate of diameter d and potential Φ0. The insulator layer, separating 
the gate from the semiconductor, is located in the area –tox < z < 0. 
The donor and the center of the gate are positioned on the Oz axis. 

According to the effective mass approach, the energy E and the 
electron wave function Ψ for states with zero projection of the 
orbital angular momentum on the Oz axis are described with the 
problem for the stationary Schrödinger equation (in cylindrical 
coordinates): 

 ( )ˆ ˆ , 0, 0,T V E z+ Ψ = Ψ ρ > >  (1) 

where T̂  is a kinetic energy operator, V̂  is a potential energy 
operator. 

In Eq. (1), we use effective Bohr radius as a unit of length 
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where m* is electron effective mass in semiconductor, 1ε  is 
dielectric permittivity of semiconductor. The potential is measured 
in units of Ry*/e, respectively. 

In Eq. (1), the kinetic energy operator T̂  is defined as 
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The potential energy operator is the sum 

 '
ˆ ˆ ˆ ˆ ˆ ,D D sim GV V V V V= + + +  

where D̂V  is the interaction between the electron and the donor 
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'D̂V , ŝimV  are the interactions of the electron with the donor image 
and electron image respectively [12]: 
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where dielectric permittivity of the medium ( , )zε ρ  is 
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Operator ˆ ( , )GV u z= − ρ  describes the electron potential energy 
in external field, where gate potential u(ρ,z) is solution of the 
following problem: 

 1 0, 0, ,u u z
z z
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 0 as , 0,u z→ →±∞ ρ >  (12) 

 0 as , .u z→ ρ→ +∞ −∞ < < +∞  (13) 

At the semiconductor boundary, an infinitely high potential 
barrier is assumed, which allows to set the boundary condition for 
the wave function in the form 

 
0

0.
z=

Ψ =  (14) 

For bound states: 

 0 as , .zΨ→ ρ→∞ →∞  (15) 

At points on the axis 0ρ =  outside the donor location, the wave 
function must be continuously differentiable, so 

 0
0

0, .z z
ρ=

∂Ψ
= ≠

∂ρ
 (16) 

At the donor location, condition (16) is not satisfied, since the 
potential becomes infinite at this point. Using a method described in 
[11], one can obtain the following condition 

 0
0

0, .z z
ρ=

 ∂Ψ
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 (17) 

3. Calculation of the gate potential 
For numerical calculation of the gate potential, the unbounded 

domain 0ρ > , z−∞ < < +∞ , on which the problem is posed, was 
replaced by a bounded domain 0 Lρ< ρ < , 3 1z zL z L− < < . The 
conditions on the boundary of this domain were set using the 
assumption that at large distances the gate potential can be 
approximately assumed to be equal to the potential of the point 
charge q located in the center of the gate. This potential has been 
found using Fourier-Bessel transform [18]: 
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After differentiation we get the boundary conditions: 
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Difference scheme for the problem (10) – (11), (18) – (20) was 
constructed on the grid LΩ , which is defined as follows: 
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where hρ  is a grid step, Nρ  is a number of nodes on ρ  direction, 
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( )k
zh  is a grid step, ( )k

zN  is a number of nodes on z direction. Then 

 ( )(1) (2) (3) .L z z zρΩ = ω × ω ω ω   

The values of the potential in grid nodes are denoted as 

 ( ) ( )( , ), 1,2,3.k k
ij k i jy u z k= ρ =  

As a result, we get the following difference scheme [14]: 
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where 2dN d hρ =   . Conditions (18) – (20) are approximated 

with the second order using additional points outside the 
computational domain and Eqs. (21) – (22). 

4. Numerical solving of the Schrödinger equation 
As in the case of potential computation, the problem for the 

Schrödinger equation has been solved on the finite domain 
0 Lρ< ρ < , 10 zz L< < . Since there is an exponential decay of the 
wave function at infinity, zero boundary conditions for the wave 
function were set on the boundary of the computational domain, i.e. 
the boundary condition (15) has been replaced with the conditions: 
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The solution of the Schrödinger equation has been constructed 
on a grid: 

 (1).S zρΩ = ω ×ω  

Denoting the values of the wave function at the grid nodes as 

 (1)( , )ij i jw z= Ψ ρ  

we get the following difference scheme: 
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where hE  is approximate energy value, (1)ˆ ( , )ij i jV V z= ρ . 

To increase the order of approximation of the boundary 
condition (16), the difference approximation of the Schrödinger 
equation (1) on the axis 0ρ =  is used. As a result, we get 

 ( )0 00, , 0,
4 zz j h

h
w w V w E w j j iρ
ρ + − + = ≠ =  (30) 

where (0, j0) is the node corresponding to the donor location. The 
value of the wave function at the donor location can be found from 
the second order approximation for the condition (17): 

 
0 0 0 00, 1, 2, 0,3 4 2 .j j j jw w w h wρ= − +  (31) 

5. Error estimation 
The error of calculating the energy will be different when the 

electron is in the gate region and when it is located in the region 
near the donor. In the first case, both the error in calculating the 
potential and the error of the solution of the Schrodinger equation 
affect the accuracy of energy calculation. 

To estimate the error in calculating the potential, arising from 
setting conditions (18) – (20) on the boundaries of computational 
domain, we consider a test problem in which an infinitely thin disc 
is in a homogeneous medium or on the boundary of two 
homogeneous media. In this case, the exact analytic expression for 
the potential is known [18]. Calculations of the gate potential using 
FDM have been carried out for three model problems with different 
conditions on the boundaries of the computational domain. In the 
first problem, the value of the potential at the boundary is assumed 
to be zero, in the second problem, the potential on the boundary is 
exact [18] and, in the third problem, conditions (18) – (20) are set 
on the boundary. The solutions obtained in all three cases were 
compared with the exact value of the potential in the integral norm 
on the domain *0 10a< ρ < , * *10 10a z a− < < . Calculations for 
gate diameter d = 6a*, L = Lρ = Lz1 =Lz3 in range from 10а* to 40а* 

and grid step ( ) 0.1k
zh h hρ= = =  have shown that the use of the 

conditions (18) – (20) instead of exact boundary conditions does not 
increase relative energy error even for small computational 
domains. On the contrary, when using zero boundary conditions on 
the boundary of the computational domain, the computational error 
increases sufficiently: the relative error at L = 10a* with zero 
boundary conditions is more than twenty much greater than the 
corresponding error for the problem with exact boundary 
conditions. 

We consider the case, when the electron is localized on the 
donor, in the absence of external gate field and image charges. 
Then, at the donor location, the potential in the Schrödinger 
equation has a singularity, which can lead to additional errors. In 
order to verify the effect of condition (17) on the accuracy of the 
calculations, the dependences of the donor ground state energy on 
the grid step in the problem with condition (17) and with condition 
(16) at the donor location were calculated (Fig. 1). As one can see 
from Fig. 1, the use of the condition (16) at the location of the donor 
leads to the appearance of additional fluctuations in the error caused 
by the relative position of the donor location ( 0ρ = , z = z0) with 
respect to the grid. Thus, the use of conditions (17) has a significant 
effect on the accuracy of the computations. 
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Fig. 1 The effect of non-analyticity of the potential on calculation resutls of 
the energies of the ground state (Е0), for the distance from the donor to the 
semiconductor surface z0 = 8a*, at zero gate potential and neglecting image 
charges; h is the grid step. The curves 1, 2 are calculated using FDM and 
FEM, respectively, with conditions (16) at the donor location, the curve 3 is 
calculated using FDM with condition (17). 

6. Results and discussion 
One of the main characteristics of the structure under study is 

the value of the external electric field at which relocation of 
electron wave function from the donor to the near-gate region takes 
place. We denote corresponding critical gate potential as Φ0C. The 
critical potential depends on a number of parameters of the system: 
the size of the gate, the position of the donor, the dielectric constant 
of the media, and the thickness of the dielectric layer. 

It had been shown in [19] that the critical field corresponds to a 
minimum of the difference between the energies of the first excited 
and ground states (E1 – E0). Therefore, to determine Φ0C it is 
sufficient to calculate the energy values of two states, which 
essentially simplifies the problem. 

Dependences of the critical potential on the thickness of the 
dielectric layer are shown in Fig. 2. As one can see from the figure, 
the critical potential increases with increasing thickness of the 
dielectric faster for smaller values of ε2, e.g., for tox = 2a* (≈ 6.3 nm 
in silicon) Φ0C ≈ 231 mV for ε2 = 3.8 and Φ0C ≈ 95 mV for ε2 = 
34.2. This means that when an insulator with a lower dielectric 
permittivity is used, the device requires a larger potential at the 
gate, which additionally increases the probability of dielectric 
breakdown. 
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It had been shown in [19] that at zero insulator thickness the 
redistribution of the ground state wave function depends only on the 
potential difference between the point of the donor location and 
semiconductor surface and does not depend on the position of the 
donor. An analogous dependence also takes place for a nonzero 
dielectric thickness. We consider the value ΔΦ which is the 
potential difference between the donor and the semiconductor 
surface: 

 0(0, ) (0,0),z∆Φ = Φ −Φ  

where 

 '
ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ).G D simz V z V z V zΦ ρ = ρ + ρ + ρ  

Correspondingly, we introduce the value of ΔΦC which is the 
critical potential difference. The calculations show (Fig. 2) that the 
value of ΔΦC is practically independent of the thickness and 
material of the dielectric. This allows us to use the results of 
calculations of the critical potential difference for a zero thickness 
of the dielectric in modeling of structures with an arbitrary 
thickness of the insulating layer. 
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Fig. 2 The dependences of the critical potential (Φ0С) and critical potential 
difference (ΔΦС) on dielectric thickness for different dielectric constants of 
the insulating layer; d = 6a*, z0 = 8a*, ε1 = 11.4, ε3 = 1. 

7. Conclusion 
Numerical simulation of the electronic structure of a metal-

insulator-semiconductor in the presence of a near-surface donor has 
been carried out. To calculate the gate potential and solve the 
problem for the stationary Schrödinger equation, a difference 
scheme has been proposed. A method to approximate the boundary 
conditions at infinity at calculations of the gate potential has been 
proposed. It has been found that the use of the proposed boundary 
conditions makes it possible to significantly reduce errors in 
calculated potential as compared with the use of zero conditions at 
the boundaries of calculation domain. 

Using the suggested difference schemes, the dependences of the 
ground and first excited state energies of the donor on the field of 
disc-shaped gate in a three-layered medium have been obtained. On 
the basis of these dependences, the critical potential of the gate has 
been calculated, at which the electron density of the ground states is 
relocated from the donor to the gate region. It has been found that 
the critical potential difference between the donor and the 
semiconductor surface is the controlling parameter when describing 
the functioning of the device, since it practically does not depend on 
the thickness and permittivity of the dielectric layer. 
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Absract: This paper focuses on designing mathematical model a integrated bioethanol supply chain (IBSC) that will account for economic 
and environmental aspects of sustainability. A mixed integer linear programming model is proposed to design an optimal IBSC. Bioethanol 
production from renewable biomass has experienced increased interest in order to reduce Bulgarian dependence on imported oil and reduce 
carbon emissions. Concerns regarding cost efficiency and environmental problems result in significant challenges that hinder the increased 
bioethanol production from renewable biomass. The model considers key supply chain activities including biomass harvesting/processing 
and transportation. The model uses the delivered feedstock cost, energy consumption, and GHG emissions as system performance criteria. 
The utility of the supply chain simulation model is demonstrated by considering a biomass supply chain for a biofuel facility in Bulgarian 
scale. The results show that the model is a useful tool for supply chain management, including selection of the optimal bioethanol facility 
location, logistics design, inventory management, and information exchange. 
KEYWORDS: BIOETHANOL SUPPLY CHAIN, MATHEMATICAL MODEL, ECONOMIC AND ENVIRONMENTAL ASPECTS 

1. Introduction  
Production and use of biofuels are promoted worldwide. Their use 
could potentially reduce emissions of greenhouse gases and the 
need for fossil fuels [1]. Accordingly, the European Union imposes 
a mandatory target of 10% biofuels by 2020 [2]. These fuels are 
produced from biomass. Their use for energy purposes has the 
potential to provide important benefits. Burning them releases such 
amount of CO2 as was absorbed by the biomass in its formation [3]. 
Another advantage of biomass is its availability in the world due to 
its variety of sources. Despite the advantages of biomass with 
increasing quantities of biofuels to achieve the objectives of the 
European Union, this is accompanied by growing quantities of 
waste products. These wastes are related to the lifecycle of biofuels 
from crop cultivation, transportation, production to distribution and 
use. The main liquid biofuels are bioethanol and biodiesel. 
Depending on the raw material used, production is considered in 
three generations. 
The first generation used as feedstock crops containing sugar and 
starch to produce bioethanol, and oilseed crops to produce biodiesel 
[4]. In the production of biodiesel, the advantage of these materials 
is that they can be grown on contaminated and saline soils, as the 
process does not affect the fuel production. The drawback is that 
they raise issues related to their competitiveness in the food sector. 
These materials also have a negative impact in terms of the quantity 
of water consumed. This is related to their cultivation that requires 
significant amounts of water resources. Excessive use of fertilizers, 
pesticides and chemicals to grow them also leads to accumulation of 
pollutants in groundwater that can penetrate into water courses and 
thus degrade water quality. 
According to the second generation, bioethanol is produced by 
using as raw material waste biomass (agricultural and forest waste) 
[5], i.e. lignocellulose which is transformed into a valuable resource 
as bioethanol. Biofuel production second generation is an excellent 
way to deal with increasingly restrictive national and European 
regulations in this area and the use of organic waste for energy 
production and fertilizer as a byproduct. Logistics and use of these 
materials can be challenging due to the fact that they are usually 
dispersed. Another disadvantage from an environmental perspective 
is the need for further purification and processing. 
The third generation comprises production from microalgae which 
occur as promising feedstock for biofuel production. The advantage 
of this biomass is that it is a year-round production and does not 
compete with the food industry. 
The main technologies for production of bioethanol are 
fermentation, distillation and dehydration [6]. The wastes of 
biofuels are divided into production and performance. The 
technological waste is produced mainly in the creation of products 
that occur as waste production. The management of these wastes is 
related to their reduction, recovery and disposal. These guidelines 
are united in the idea of acquiring more sophisticated production 
processes. Efforts are focused on the use of new sources of raw 
materials, new processes, and new ways of realization of the side 

products. The use of by-products as raw materials for other 
production closes cycle in the supply chain, reducing the price of 
obtaining fuel. Operational waste associated with gases and 
emissions released during operation and the burning of biofuels. 
2. Aim 
The present study deals with the issue of designing optimal 
Integrated Bioethanol Supply Chains (IBSC) for waste management 
in the process of biofuel production and usage. Tools have been 
developed for formulation of a mathematical model for description 
of the parameter, the restrictions and the goal function. 

3. Problem statement 
The problem addressed in this work can be formally stated as 
follows. Given are a set of biofuel crops that can be converted to 
bioethanol. These include agricultural feedstock’s e.g. wheat, corn, 
etc. A planning horizon of one year for government regulations 
including manufacturing, construction and carbon tax is considered. 
A IBSC network superstructure including a set of harvesting sites 
and a set of demand zones, as well as the potential locations of a 
number of collection facilities and bio refineries are set. Data for 
biofuel crops production and harvesting are also given. For each 
demand zone, the biofuel demand is given, and the environmental 
burden associated with bioethanol distribution in the local region is 
known. For each transportation link, the transportation capacity, 
available transportation modes, distance, and emissions of each 
transportation type are known. 

3.1. General Formulation of the Problem 
The overall problem can be summarized, as follows: 
• Optimal locations of biofuel production centers, 
• Demand for petroleum fuel for each of the demand centers, 
• The minimum required ratio between petroleum fuel and 

biofuel for blending, 
• Biomass feedstock types and their geographical availability, 
• Specific Green House Gas (GHG) emission factors of the 

biofuel life cycle stages, 
• Potential areas where systems for utilization of solid waste from 

production can be installed. 
The objectives are to minimize total cost of a IBSC by optimizing 
the following decision variables: 
• Supply chain network structure, 
• Locations and scales of bioethanol production facilities and 

biomass cultivation sites, 
• Flows of each biomass type and bioethanol between regions, 
• Modes of transport for delivery for biomass and bioethanol, 
• The GHG emissions for each stage in the life cycle, 
• Supply strategy for biomass to be delivered to facilities, 
• Distribution processes for biofuel to be sent to demand zones. 

4. Model formulation 
The role of the optimization model is to identify what combination 
of options is the most efficient approach to supply the facility. The 
problem for the optimal location of bioethanol production plants 
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and the efficient use of the available land is formulated as a MILP 
model with the following notation: 
 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1. Superstructure integrated bioethanol supply chain (IBSC) 

 

4.1. Mathematical model description 
To start with the description of the MILP model, we first introduce 
the parameters, that are constant and known a priori, and the 
variables that are subject to optimization. Then we describe step by 
step the mathematical model by presenting the objective function 
and all the constraints. First of all, we introduce the set of time 
intervals of the horizon of planning { }Tt ,...,2,1= .  
In this article the mathematical model that is used in the network 
design is described. Before describing the mathematical model, the 
input parameters, the decision variables, and the sets, subsets and 
indices are listed below. 
4.1.1. Sets, subsets and indices 
The following sets and subsets are introduced: 
Sets/indices 
I  Set of biomass types indexed by i ; 
LF  Set of transport modes indexed by lf ; 

P  Set of plant size intervals indexed by pNp ,1= ; 

S  Set of utilization plant size intervals indexed by sNs ,1= ; 
GF  Set of regions of the territorial division indexed by gf ; 
K  Set of proportion of bioethanol and gasoline indexed by k ; 
T  Set of time intervals, indexed by t . 
Subsets/indices 
B  Set of transport modes for bioethanol and gasoline is a 

subset of LF  ( FLB ⊂ ) indexed by b ; 
L  Set of transport modes for biomass is a subset of LF   

( LFL ⊂ ) indexed by l ; 
M  Set of transport modes for solid wastes is a subset of LF   

( LFM ⊂ ) indexed by m ; 
E  Set of transport modes for straw is a subset of LF   

( LFE ⊂ ) indexed by e ; 
Z  Set of transport modes for wheat-corn for food security is a 

subset of LF  ( LFZ ⊂ ) indexed by z ; 
F  Set of candidate regions for bioethanol plants established, 

which is a subset of GF  ( GFF ⊂ ) indexed by f ; 
C  Set of bioethanol mixing and customer zones, which is a 

subset of GF  ( GFC ⊂ ) indexed by c ; 

D  Set for delivery and production gasoline, which is a subset 
of GF  ( GFD ⊂ ) indexed by d ; 

W  Set for regions for collection and processing of solid waste, 
which is a subset of GF  ( GFW ⊂ ) indexed by w ; 

U  Set for regions for straw collection and processing, which is 
a subset of GF  ( GFU ⊂ ) indexed by u ; 

V  Set for regions for the wheat-corn customer zones, which is 
a subset of GF ( GFV ⊂ ) indexed by v ; 

4.1.2. Input parameters for the problem 
Environmental parameters: 

ipEFBP  Emission factor for bioethanol production from biomass 

type Ii∈  using technology Pp∈ , [ biofueltoneqCOkg  / 2 − ]; 
ESW  Emission factor of pollution caused by one tone of solid 
waste if not used, [

 
 2

wastesolidton
eqCOkg − ] 

dEFDP   Emission factor for gasoline production in region 
Dd ∈ , [ asoline / 2 gtoneqCOkg − ]; 

ilEFTRA  Emission factor for biomass Ii∈  supply via mode 
Ll∈ , [ m / 2 ktoneqCOkg − ]; 

bEFTRB  Emission factor for bioethanol supply via mode Bb∈ ,  
[ m / 2 ktoneqCOkg − ]; 

ilEFTM  Emission factor of transportation of biomass Ii∈  for 
mode Ll∈ , [ m / 2 ktoneqCOkg − ]; 

bEFTB   Emission factor of transportation of bioethanol and 
gasoline for mode Bb∈ , [ m / 2 ktoneqCOkg − ]; 

mEFTRW   Emission factor for transport of solid waste with 
transport Mm∈ , [ m / 2 ktoneqCOkg − ]; 

eEFTRU   Emission factor for transport of straw with transport 
Ee∈ , [ m / 2 ktoneqCOkg − ]; 

zEFTRV   Emission factor for transport of wheat-corn for food 
security with transport Zz∈ , [ m / 2 ktoneqCOkg − ]; 

Greenhouse gas (GHG) 
emissions for all supply chain 

𝒈𝒈 ∈ 𝑮𝑮 

Regions for the production 
of bio-resources. 

1. Wheat 
2. Corn 
3. Wheat straw 
4. Maize straw 

𝒇𝒇 ∈ 𝑭𝑭 

Regions for the production 
bioethanol B(100) 

 
 

𝒗𝒗 ∈ 𝑽𝑽 

Regions for the wheat-corn 
customer zones for food 

security 

𝒖𝒖 ∈ 𝑼𝑼 

Regions for straw 
collection and 

processing 

 

𝒄𝒄 ∈ 𝑪𝑪 

Regions for mixing and 
consumption bioethanol 

 

𝒅𝒅 ∈ 𝑫𝑫 

Regions for the production of 
petroleum fuels  
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Regions for 
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processing of 
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139



ECB , ECG  Emissions emitted during the combustion of 2CO  
unit bioethanol and, gasoline, [ bioethanoltoneqCOkg  / 2 − ] or; 
[ lgtoneqCOkg asoline / 2 − ]. 
Monetary parameter:

  
pCosB , sCosW  Capital investment of bioethanol plant size Pp∈  

and capital investment of solid waste plant size Ss∈ , [ $ ]; 

2COC  Carbon tax per unit of carbon emitted from the operation of 

the IBSC, [ eqCOkg −2 /$ ]; 
PG  Price of gasoline, [ ton/$ ]; 

ilUTI , bUTB , bUTG , mUTS , eUTU , zUTV , Unit transport cost for 
biomass Ii∈ , via mode Ll∈ , bioethanol via mode Bb∈ , 
gasoline via mode Bb∈ , solid wastes via mode Mm∈ , straw via 
mode Ee∈ , wheat-corn for food security via mode z , [ m /$ kton ]; 
Technical parameters: 

MAX
pPB / MIN

pPB  
Maximum/Minimum annual plant capacity of size 

Pp∈  for bioethanol production, [ yearton / ]; 
ENO , ENB  Energy equivalent unit of gasoline&bioethanol, 
[ tonGJ  / ]; 

dcbADD , gflADG , fcbADF , gueADU , fwmADW , gvzADV  Actual 
delivery distance between grids via model of transport  
( Bb∈ , Ll∈ , Ee∈ , Mm∈ , Zz∈ ), [ km ]; 

ipSW  The total amount of solid waste generated for production of 

bioethanol using biomass i  for technology p , [
biofuelton

wastesolidton ]; 

pJobB , pJobO  The number of jobs needed to build and 

operation a bio-refinery with size Pp∈  for year; 

igJobG  The number of jobs required to grow a unit of Ii∈  

biosource in the region Gg∈  per year. 
Environmental parameters depending on the time interval: 

igtEFBC  Emission factor for cultivation of biomass type Ii∈  in 

region Gg∈  for each time interval t , [ biomasstoneqCOkg  / 2 − ]; 
MAX
tTEI  Maximum total environmental impact, [ 1

2   −− deqCOkg ]. 
Monetary parameters depending on the time interval 

tς  Interest rate, % ; 

tε  Discount factor; 
const
ftM  Factor to the change of the base price, depending on the 

region Ff ∈  where the plant is installed, [ essDimensionl ]; 
F
pftCost   Capital investment of plant size Pp∈  for bioethanol 

production in each zones Ff ∈ , [  $ ]; 

ftINS  The government incentive includes construction incentive 

and volumetric from region Ff ∈ , [ ton /$ ]; 

igtUPC  Unit production costs for biomass type Ii∈  in region 

Gg∈  for each time interval Tt∈ , [ ton /$ ]; 

ipftUPB  Unit bioethanol production cost from biomass type Ii∈  at 

a biorafinery of scale Pp∈  installed in region Ff ∈ , [ ton /$ ]; 

dtUPD  Unit gasoline production cost at a rafinery d , [ ton /$ ]. 
Technical parameters depending on the time interval 

mix
ctK  Proportion of bioethanol and gasoline subject of mixing for 

each of the customer zones, [ essDimensionl ]; 
S
gtA  Set-aside area available in region Gg∈  for biomass 

production for each time interval Tt∈ , [ ha ]; 
Food
gtA  Set-aside area available in region Gg∈  for food, [ ha ]; 

igtβ  Production rate of biomass i  in region Gg∈ , [ haton / ]; 

tLT  Duration of time intervals Tt∈ , [ year ]; 

tα  Operating period for IBSC in a year, [ yeard / ]; 

iptγ  Biomass to bioethanol conversion factor specific for 

biomass i  using technology p , [ biomasstonbioethanolton _/_ ]; 

ctYO  Gasoline demand in customer zones Cc∈ , [ yearton / ]; 
MIN
igtPBI / MAX

igtPBI  
Minimum/ Maximum biomass of type Ii∈  

which can be produced in the region, Gg∈  per year, [ yearton / ]; 
MAX
igtQI  Maximum flow rate of biomass i  from region g , [ dton / ]; 

MAX
ftQB  Maximum flow rate of bioethanol from region f , [ dton / ]; 
MAX
dtQD Maximum flow rate of gasoline from region d , [ dton / ]; 
MAX
ftQW Maximum flow rate of solid wastes from f , [ dton / ]; 
MAX
gtQU  Maximum flow rate of srtaw from region Gg∈ , [ dton / ]; 
MAX

gtQV  Maximum flow rate of wheat-corn from Gg∈ , [ dton / ]; 

4.1.3. Decision variables for the problem tX  
To find the optimal configuration of the IBSC, the following 
decision variables are required: 

A/ Positive continuous variables 
igtPBB  Biomass i  demand in region Gg∈  at time interval Tt∈ ; 

igfltQI  Flow rate of biomass Ii∈  via mode Ll∈  from region 

Gg∈  to Ff ∈ , for each Tt∈ , [ dton / ]; 

fcbtQB  Flow rate of bioethanol produced from all biomass Ii∈  via 

mode Bb∈  from region Ff ∈  to Cc∈  for each Tt∈ , [ dton / ]; 

ifcbptQBP  Flow rate of bioethanol produced from biomass i  via 

mode b  from f to c  using technology p  for each Tt∈ ,[ dton / ]; 

dcbtQD  Flow rate of gasoline via mode Bb∈  from region Dd ∈  
to Cc∈ , for each time interval Tt∈ , [ dton / ]; 

fwmtQW
 
Flow rate of solid waste via mode Mm∈  from region 

Ff ∈  to Ww∈ , for each Tt∈ , [ dton / ]; 

guetQU
 
Flow rate of straw collection and processing via mode e  

from region g  to u , for each Tt∈ , [ dton / ]; 

gvztQV
 

Flow rate of wheat-corn for food security via mode Zz∈  

from region Gg∈  to Vv∈ , for each Tt∈ ,[ dton / ]; 

ctQED  Quantity of gasoline to be supplied to meet the energy 
needs of the region Cc∈ , for each Tt∈ ,[ ear/ yton ]; 

ctQEB  Quantity of bioethanol produced from biomass to be 
supplied to meet the energy needs of the region Cc∈ , [ ear/ yton ]; 

igtA  Land occupied by crop Ii∈  in region Gg∈ , [ ha ]; 
F
igtA  Land by crops Ii∈  needed for food security of the 

population in the region Gg∈ , for each Tt∈ , [ ha ]; 

B/ Binary variables 
igfltX  0-1 variable, equal to 1 if a biomass type i  is transported 

from region g  to f  using transport l , and 0 otherwise at Tt∈ ; 

fcbtY  0-1 variable, equal to 1 if a bioethanol is transported from 

region f  to c  using transport b , l , and 0 otherwise at Tt∈ ; 

fwmtWS
 
0-1 variable, equal to 1 if a solid waste is transported from 

region f  to w  using transport m  and 0 otherwise for each Tt∈ ; 

guetWU
 
0-1 variable, equal to 1 if a straw is transported from region 

g  to Uu∈  using transport Ee∈  and 0 otherwise for each Tt∈ ; 

gvztWV
 
0-1 variable, equal to 1 if a wheat-corn is transported from 

region g  to v  using transport z  and 0 otherwise for each Tt∈ ; 

swtZW
 
0-1 variable, equal to 1 if a solid waste utilization plant size 

s  is installed in region w  and 0 otherwise at time interval Tt∈ ; 
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swtZWF  0-1 variable, equal to 1 if a solid waste utilization plant 
size s  is to be working in region w  and 0 otherwise at Tt∈ , 
which includes the plants installed in the previous time and the new 
ones built during this time which is calculate with equation 

swttswswt ZWZWFZWF += − )1(  for first year ( 1=t ) configuration is 

set by initializing '1''1' swsw ZWZWF = ; 

pftZ  0-1 variable, equal to 1 if a bioethanol production plant size 

p  is to be established in region f  and 0 otherwise for each Tt∈ ; 

pftZF  0-1 variable, equal to 1 if a bioethanol production plant size 

Pp∈  is to be working in region Ff ∈  and 0 otherwise at time 
interval Tt∈ , which includes the plants installed in the previous 
time interval and the new ones built during this time interval which 
is calculate with equation pfttpfpft ZZFZF += − )1( for first year ( 1=t ) 

configuration is set by initializing '1''1' swsw ZZF = ; 

dtPD  0-1 variable, equal to 1 if a gasoline is manufactured by the 
region Dd ∈  and 0 otherwise at time interval Tt∈ ; 

dcbtDT  0-1 variable, equal to 1 if a gasoline is transported from 
region d  to c  using transport b  and 0 otherwise for each Tt∈ . 

4.1. Basic Relationships 
As noted above, the assessment of IBSC production and distribution 
of bioethanol will be made by environmental and economic criteria. 

4.1.1. Model of total environmental impact of IBSC 
The environmental impact of the IBSC is measured in terms of total 
GHG emissions ( eqCOkg −2 ) stemming from supply chain 
activities and the total emissions are converted to carbon credits by 
multiplying them with the carbon price in the market. 
The environmental objective is to minimize the total annual GHG 
emission resulting from the operations of the IBSC. The 
formulation of this objective is based on the field-to wheel life cycle 
analysis, which takes into account the following life cycle stages of 
biomass-based liquid transportation fuels: 
• biomass cultivation, growth and acquisition, 
• biomass transportation from source locations to facilities, 
• transportation of bioethanol facilities to the demand zones, 
• local distribution of liquid transportation fuels in demand zones, 
• emissions from bioethanol and gasoline usage. 
Ecological assessment criteria will represent the total environmental 
impact at work on IBSC through the resulting GHG emissions for 
each time interval t . These emissions are equal to the sum of the 
impact that each of the stages of life cycle has on the environment. 
The GHG emission rate is defined as follows for each Tt∈ : 

tECARESWETTELDELBELSTEI ttttttt ∀+++++= ,             (1) 
where  

tTEI  Total GHG impact at work on IBSC [ 1
2   −− deqCOkg ]; 

{ }tttt ETTELDELBELS ,,,  GHG impact of life cycle stages; 

tECAR  Emissions from bioethanol and gasoline usage in vehicle 

operations [ 1
2   −− deqCOkg ]; 

tESW   Emissions from utilization solid waste for each Tt∈ . 
Evaluation of environmental impact at every stage of life cycle is: 

A. Growing biomass tELS ; 
B. Production of bioethanol tELB ; 
C. Production of petroleum gasoline tELD ; 
D. Utilization of solid wastes tESW  
E. Transportation biomass tETA ; 

F. Transportation bioethanol tETE ; 
G. Transportation gasoline tETD ; 
H. Transportation of solid waste tETW ; 
I. Transportation of straw tETU ; 

J. Transportation of wheat-corn for food security tETV ; 
K. Usage bioethanol and gasoline tECAR . 

1/ Greenhouse gases to grow biomass tELS , [ 1
2   −− deqCOkg ] 

GHG emissions resulting from the production of biomass depend on 
the cultivation practice adopted as well as on the geographical 
region in which the biomass crop has been established [7]. In 
particular, the actual environmental performance is affected by 
fertilisers and pesticides usage, irrigation techniques and soil 
characteristics. The factor may differ strongly from one production 
region to another. Accordingly, the biomass production stage is 
defined as follows: 

t
A

EFBCELS
Ii Gg t

igtigt
igtt ∀








= ∑∑

∈ ∈

   ,
α

β
,           (2) 

2/ Total GHG emissions from bioethanol production tELB  
The environmental impact of the bioethanol production stage is 
related to raw materials and the technology employed for the 
production of bioethanol.  

( ) tQBPEFBPELB
Ii Ff Cc Bb Pp

ifcbptipt ∀=∑∑∑∑∑
∈ ∈ ∈ ∈ ∈

   ,           (3) 

Since only one of the technologies Pp∈  can be selected for a 
region Ff ∈  (which is guaranteed by the condition 

ftZF
Pp

pft ,   0.1 ∀≤∑
∈  ), it ifcbptQBP is equal to "0" for all except 

Pp∈  for the selected technology. This is ensured by implementing 
the inequality tpbcfiQBPZFG ifcbptpft

MAX ,,,,,   , ∀≥  where MAXG  
there is a large enough number. 
3/ Total GHG emissions from gasoline production tELD  

tQDEDPELD
Dd Cc Bb

dcbtdtt ∀= ∑∑∑
∈ ∈ ∈

   ,            (4) 

4/ The environmental impact of transportation tETT  
The global warming impact related to both biomass supply and fuel 
distribution depends on the use of different transport means fuelled 
with fossil energy, typically either conventional oil-based fuels. The 
resulting GHG emissions of each transport option depend on both 
the distance run by the specific means and the freight load 
delivered. As a consequence, the emission factor represents the total 
carbon dioxide emissions equivalent accordingly: 

ttttttt ETVETUETWETDETBETAETT +++++=          (5) 
where,  

( ) tQIADGEFTMETA
Ii Gg Ff Ll

igftlgflilt ∀=∑∑∑∑
∈ ∈ ∈ ∈

   ,  is environmental 

impact of transportation biomass [ 1
2   −− deqCOkg ]; 

( ) tQBADFEFTBETE
Ff Cc Bb

fcbtfcbbt ∀= ∑∑∑
∈ ∈ ∈

   ,  is environmental impact 

of transportation bioethanol from zones Ff ∈  to Cc∈  where 
∑∑
∈ ∈

=
Ii Pp

ifcbptfcbt QBPQB  [
1

2   −− deqCOkg ]; 

( ) tQDADDEFTBETD
Dd Cc Bb

dcbtdcbbt ∀= ∑∑∑
∈ ∈ ∈

   ,  is environmental 

impact of transportation gasoline from zones Dd ∈  to Cc∈ ; 
( ) tQWADWEFTRWETW

Ff Ww Mm
fwmtfwmmt ∀= ∑ ∑ ∑

∈ ∈ ∈

   ,
 

is environmental 

impact of transportation solid wastes from zones Ff ∈  to Ww∈ ; 
( ) tQUADUEFTRUETU

Gg Uu Ee
guetgueet ∀= ∑∑∑

∈ ∈ ∈

   ,  is environmental 

impact of transportation straw from zones Gg∈  to Uu∈ ; 
( ) tQVADVEFTRVETV

Gg Vv Zz
gvztgvzzt ∀= ∑∑∑

∈ ∈ ∈

   ,  is environmental 

impact of transportation wheat-corn from zones Gg∈  to Vv∈ ; 
5/ Total GHG emissions from utilization solid wastes tESW  

tESW
QW

QBPSW
ESW

Ff Ww Mm
fwmt

Ii Ff Cc Bb Pp
ifcbptip

t ∀














 −
=
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∑∑∑∑∑

∈ ∈ ∈

∈ ∈ ∈ ∈ ∈ , ,         (6) 
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6/ GHG emissions from bioethanol and gasoline usage in 
vehicle operations tECAR   

tQDECGQBECBECAR
Dd Cc Bb

dcbt
Ff Cc Bb

fcbtt ∀+= ∑∑∑∑∑∑
∈ ∈ ∈∈ ∈ ∈

   , ,     (7) 

4.1.2. Model of total cost of a IBSC 
The annual operational cost includes the biomass feedstock 
acquisition cost, the local distribution cost of final fuel product, the 
production costs of final products, and the transportation costs of 
biomass, and final products. In the production cost, we consider 
both the fixed annual operating cost, which is given as a percentage 
of the corresponding total capital investment, and the net variable 
cost, which is proportional to the processing amount. In the 
transportation cost, both distance-fixed cost and distance-variable 
cost are considered. The economic criterion will be the cost of 
living expenses to include total investment cost of bioethanol 
production facilities and operation of the IBDS. This price is 
expressed through the dependence [8] for each time interval Tt∈ : 

tTLTTAXBTTCTPCTICTDC tttttt ∀−+++=    ,           (8) 
where  

tTDC  Total cost of a IBSC for year [ 1 $ −year ]; 

tTIC  Total investment costs of production capacity of IBSC 
relative to the operational period per year [ 1 $ −year ]; 

tTPC  Production cost for biorefineries [ 1 $ −year ]; 

tTTC  Total transportation cost of a IBSC [ 1 $ −year ]; 

tTTAXB  A carbon tax levied according to the total amount of 2CO  
generated in the work of IBSC [ 1 $ −year ]; 

tTL  Government incentives for bioethanol production and use; 

1/ Model investment costs for biorefineries by year tTIC   
A rational IBSC planning over the time is based upon the 
assumption that once a production facility has been built, it will be 
operating for the remaining time frame.  

( ) tZCostTIC
Ff Pp

pft
F
pftt ∀= ∑∑

∈ ∈

   ,ε            (9) 

where tε  is calculate by equation (10): 

( )t
t ς
ε

+
=

1
1            (10) 

Capital cost of biorefinery for each region is determined by the 
equation: 

FfPpCostMCost p
t

f
F
pf ∈∀∈∀= , ,cos ,         (11) 

2/ Total production cost model of IBSC tTPC  [
1 $ −year ] 

Total production cost term, tTPC  consists of biomass cultivation 

tTPA , bioethanol production costs tTPB  and production cost for 
gasoline tTPD  as follows for each time interval t : 

tTPDTPBTPATPC tttt ∀++=  , ,         (12) 
where the components of (12) are defined according to the relations: 
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3/ Total transportation cost model tTTC  [ 1 $ −year ] 
With regard to transports, both the biomass delivery to conversion 
plants and the fuel distribution and transport of diesel to blending 
terminals are treated as an additional service provided by existing 
actors already operating within the industrial/transport 
infrastructure. As a consequence, tTTC  is evaluated as follows: 

tTTCDTTCBTTCATTC ttt ∀+++=  ,          (13) 

where, ( ) tQIUTCTTCA
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ilIA  and ilIB  is fixed and variable cost for transportation biomass 
type Ii∈  and ( bOA , bOB ) is fixed and variable cost for 
transportation bioethanol. 
The biomass transportation cost igflUTC  is described by Börjesson 

and Gustavsson [9], for transportation by tractor, truck and train 

fcbUTB . They are composed of a fixed cost ( ilIA , bOA ) and a 

variable cost ( ilIB , bOB ). Fixed costs include loading and 
unloading costs. They do not depend on the distance of transport. 
Variable costs include fuel cost, driver cost, maintenance cost etc.  
4/ Government incentives for bioethanol production cost 
model tTL , [ 1 $ −year ] 

( ) tQBINSTL
Ff Cc Bb

fcbttftt ∀= ∑∑∑
∈ ∈ ∈

   ,α          (14) 

5/ A carbon tax levied cost model tTTAXB , [ 1 $ −year ] 
Many countries are implementing various mechanisms to reduce 
GHG emissions including incentives or mandatory targets to reduce 
carbon footprint. Carbon taxes and carbon markets (emissions 
trading) are recognized as the most cost-effective mechanisms. The 
basic idea is to put a price tag on carbon emissions and create new 
investment opportunities to generate a fund for green technology 
development. There are already a number of active carbon markets 
for GHG emissions [10]. 

( ) tCTEITTAXB COttt ∀=    ,
2

α           (15) 

4.2. Restrictions 
Plants capacity limited by upper and lower constrains 
Plants capacity is limited by upper and lower bounds, where the 
minimal production level in each region is obtained by: 
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Constraints balance of bioethanol to be produced from biomass 
available in the regions 
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A condition that ensures that the total amount of solid waste 
generated by all bio-refineries can be processed in the plants built 
for this purpose 
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A restriction that ensures that the amount of solid waste processed 
at the plant is within its production capacity 
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Logical Constrains 
• Restriction guarantees that a given region Ff ∈  installed 

power plant with Pp∈  for bioethanol production. 
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and for a utilization systems of solid wastes (21): 

tw
ZWF

ZW

Ss
swt

Ss
swt

,   ,
1

1
∀








≤

≤

∑

∑

∈

∈
         (22) 

• Limitation ensure the availability of at least one connection to a 
region of bioresources and region for biofuel 
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• Limit which guarantees that each region will provide only one 
plant with a biomass type Ii∈  
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• Limitation of assurance that at least one region f  is connected 
to a solid waste utilization plant located in region Ww∈  
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∈ ∈                          

(26) 

• Condition ensuring that the solid waste produced from a given 
bio-refinery will be processed in only one of the plants for use 
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• Condition ensuring that a plant used in a given region will be 
connected to at least one plant in which solid waste is generated 
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Transport Links 
Restrictions on transportation of biomass are 
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Mass balances between bioethanol plants and biomass regions 
The connections between bioethanol plants and biomass regions: 
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Mass balances between bioethanol plants and customer zones 
( ) tcQEBQB ct
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Energy Restriction 
• limitation ensuring that the overall energy balance in the region 

is provided 
∑∑∑
∈∈∈
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• limitation ensuring that each region will be provided in the 
desired proportions with fuels 

tcYOENOKQEBENB ct
mix
ctct ,, ∀=          (33) 

4.3. Economic objective function 
Objective function associated with the minimization of the 
economic costs includes all the operating costs of the supply chain, 
from the purchase of biomass feedstock to transportation of the final 
product, as well as the investment cost of biorefineries [11]. The 
costs of the supply chain are: the cost of raw material, the transport 
of raw material to the facilities, the cost of transport to the 
biorefineries, the cost of transformation into bioethanol and the cost 
of final transport to the blending facilities. The economic objective 
is to minimize the total annual costs. The terms of the cost objective 

corresponding to the annual operation costs of the IBSC are 
described in the following equation: 

( )∑
∈

=
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5. Optimization problem formulation  
The problem for the optimal design of a IBSC is formulated as a 
MILP model for the objective function of Minimizing cost. 
The task of determining the optimal location of facilities in the 
regions and their parameters is formulated as follows: 
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The problem is an ordinary MILP and can thus be solved using 
MILP techniques. The present model was developed in the 
commercial software GAMS [12]. The model chooses the less 
costly pathways from one set of biomass supply points to a specific 
plant and further to a set of biofuel demand points. The final result 
of the optimisation problem would then be a set of plants together 
with their corresponding biomass and biofuel demand points. 
6. Discussion and conclusion 
This paper studies the interactions among biofuel supply chain 
design, agricultural land use and local food market equilibrium. The 
study has been focused on the eco comparable behavior of the 
stakeholders in the biofuel supply chain incorporating them into the 
supply chain design model. The model includes the problem of crop 
rotation and solid waste utilization. The model is believed to be 
important for practical application and can be used for design and 
management of similar supply chains. 
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Abstract: Energy and exergy analysis of sea water pump which is used for the main condenser cooling at lower steam propulsion system 
loads on conventional LNG carrier is presented in this paper. By using the measured variables from the exploitation, it is presented different 
influences of pump used power on cumulative energy and exergy power inputs. Energy and exergy pump power losses are reverse 
proportional, while pump energy and exergy efficiencies are directly proportional to increase in pump load. The highest obtained pump 
energy efficiency amounts 59.61 %, while the highest obtained pump exergy efficiency amounts 60.25 %. From the viewpoint of efficiencies 
and power losses, it will be optimal that analyzed pump operates at the highest possible loads. 
 
Keywords: ENERGY EFFICIENCY, ENERGY POWER LOSSES, EXERGY EFFICIENCY, EXERGY DESTRUCTION, SEA WATER PUMP 
 
1. Introduction 
     
    Steam propulsion systems are dominant propulsion systems of 
LNG carriers [1]. Such steam propulsion systems have many 
components, not only for ship propulsion, but also for electricity 
and heat production [2]. One of the constituent components of such 
marine steam propulsion system is main condenser. Main condenser 
is cooled with sea water, while the condenser cooling system can be 
performed in two different ways. First one is cooling with the sea 
water pump (or more of them) only. Second is combination of 
cooling with sea water pump at the low steam system loads [3], 
while on the high steam system loads (at high ship speed) sea water 
pump is switched off and condenser cooling is performed with the 
scoop. The scoop is a tube mounted under the ship and it leads sea 
water directly to main condenser cooling tubes. Condenser cooling 
with a scoop is very dependable on ship current speed so it cannot 
be performed under optimal ship speed, defined with scoop 
producer specifications. 
    In this paper is analyzed sea water pump from a conventional 
LNG carrier, which uses main condenser cooling with sea water 
pump at low and with scoop at high steam system loads. Main 
characteristics of the LNG carrier in which steam propulsion system 
is mounted analyzed sea water pump are presented in Table 1.  
 
Table 1. Main characteristics of the LNG carrier 

Dead weight tonnage 84,812 DWT 
Overall length 288 m 
Max breadth 44 m 
Design draft 9.3 m 

Propulsion turbine Mitsubishi MS40-2   
(max. power 29.420 kW) 

Turbo-generators 2 x Shinko RGA 92-2  
(max. power 3.850 kW each) 

 
    The main goal of this paper is to perform analysis of sea water 
pump during its operation from the aspect of energy and exergy. It 
was investigated the influences of pump driving power on energy 
and exergy pump inputs and it was performed analysis of pump 
energy and exergy power losses, for the entire pump operation 
range. Based on a measured data from ship exploitation, it was 
observed the change in pump energy and exergy efficiencies from 
the lowest to the highest pump load. 
 
2. Sea water pump energy and exergy analysis 
 
2.1. General equations for energy and exergy analysis 
 
    The first law of thermodynamics defined energy analysis of any 
steam system component [4]. Mass and energy balance equations 
for a standard volume in steady state disregarding potential and 
kinetic energy can be expressed according to [5]: 
 

∑=∑ OUTIN mm             (1) 
 

ININOUTOUT hmhmPQ ⋅∑−∑ ⋅=−           (2) 
 

    Energy power of a flow for any fluid stream can be calculated 
according to the [6] by using the equation:  
 

hmE ⋅= 
en            (3) 

 

    Energy efficiency may take different forms and types. Usually, 
energy efficiency can be written as [7]: 
 

inputEnergy
outputEnergy

en =η           (4) 

 

    Second law of thermodynamics defines exergy analysis [8]. The 
main exergy balance equation for a standard volume in steady state 
is [9]: 
 

Dex,ININOUTOUTheat EmmPX  +∑ ⋅−⋅∑=− εε         (5) 
 

    where the net exergy transfer by heat ( heatX ) at the temperature 
T is equal to [10]: 
 

Q
T
TX  ⋅∑ −= )1( 0

heat           (6) 
 

    Specific exergy was defined according to [11] by an equation: 
 

)()( 000 ssThh −⋅−−=ε           (7) 
 

    The total exergy of a flow for every fluid stream can be 
calculated according to [6]: 
 

[ ])()( 000ex ssThhmmE −⋅−−⋅=⋅=  ε          (8) 
 

    Exergy efficiency is also called second law efficiency or 
effectiveness [12]. It can be defined as: 
 

inputExergy
outputExergy

ex =η           (9) 

 

2.2. Sea water pump efficiencies and losses (energy and 
exergy) 
 
    Analyzed sea water pump is used in LNG carrier steam 
propulsion system for the main condenser cooling at low propulsion 
system loads. Main condenser cooling on this LNG carrier is 
performed in two ways: at low propulsion system loads (at low ship 
speed) main condenser is cooled with pump, while at high 
propulsion system loads (at high ship speed) main condenser is 
cooled with the scoop. According to producer specifications [13], 
main pump characteristics are: 
 - Pump maximum capacity: 6000 m3/h 
 - Pump maximum delivery height: 13 m 
 - Standard pump operation revolutions: 390 rpm 
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    Power for sea water pump operation, in each operating point, is 
calculated according to producer specifications [13] by using sea 
water volume flow at the pump inlet. Sea water volume flow can be 
calculated by using measured sea parameters at the pump inlet: 
temperature, pressure and mass flow. Pump used power (P) is 
approximated by using sixth degree polynomial: 
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        (10) 

 
    where pump used power P is obtained in (kW) when in equation 
(10) is placed sea water volume flow at the pump inlet V in (m3/h). 
 
    For the analyzed sea water pump, all necessary operating points 
were presented in Fig. 1. The required specific enthalpies and 
specific entropies as well as other thermodynamic properties were 
calculated from measured pressures and temperatures for each fluid 
stream by using NIST REFPROP software [14]. 
 

 
 

Fig. 1. Sea water pump symbol with marked inlets (inputs) and 
outlet (output) 

 
    Mass, energy and exergy balances for the analyzed pump, 
according to Fig. 1, are: 
 
Mass balance: 
 

21 mm  =                                                                                         (11) 
 

Energy balance: 
 

- Energy power input (only sea water flow): 
 

11swIN,en, hmE ⋅=                                                                             (12) 
 

- Energy power input (cumulative): 
 

PhmE +⋅= 11cIN,en,                                                                        (13) 
 

- Energy power output: 
 

22OUTen, hmE ⋅=                                                                             (14) 
 

- Energy power loss: 
 

2211OUTen,cIN,en,PLen, hmPhmEEE ⋅−+⋅=−=                             (15) 
 

- Energy efficiency [15]: 
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Exergy balance: 
 

- Exergy power input (only sea water flow): 
 

11swIN,ex, ε⋅= mE                                                                             (17) 
 
 
 
 

- Exergy power input (cumulative): 
 

PmE +⋅= 11cIN,ex, ε                                                                       (18)
 

  
 

- Exergy power output: 
 

22OUTex, ε⋅= mE                                                                             (19)
 

  
 

- Exergy power loss (exergy destruction): 
 

2211OUTex,cIN,ex,Dex, εε ⋅−+⋅=−= mPmEEE                              (20)
 

  
 

- Exergy efficiency [16]: 
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    Ambient conditions during measurements were: 
 
    - pressure:  p0 = 0.1 MPa = 1 bar, 
    - temperature:  T0 = 25 °C = 298.15 K. 
 
3. Measurement results and measuring equipment of 
the analyzed sea water pump 
 
    Measurement results for sea water pump during pump operation 
are presented in Table 2. Pump operating parameters were presented 
in relation to propulsion propeller speed. Propulsion propeller speed 
is directly proportional to steam system load - higher propulsion 
propeller speed denotes a higher steam system load and vice versa. 
It also should be noted that the sea water pump load is directly 
proportional to steam system load, during the entire pump operating 
time. 
 
Table 2. Measurement results for sea water pump during its 
operation 
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0.00 30 0.1 1120106 30.003 0.223 

25.58 22 0.1 1346990 22.002 0.221 

34.33 22 0.1 1795986 22.002 0.217 

41.78 22 0.1 1795986 22.002 0.218 

53.50 22 0.1 2244983 22.002 0.214 

56.65 18 0.1 2471535 18.001 0.212 
 
    The measurement results were obtained from the existing 
measuring equipment mounted on the pump inlet and outlet. All 
measuring equipment is tested and calibrated by producers. List of 
all used measuring equipment is presented in Table 3. 
 
Table 3. Used measuring equipment for the pump analysis 

Sea temperature  
(pump inlet and outlet) 

Greisinger GTF 401-Pt100 
- Immersion probe [17] 

Sea pressure 
(pump inlet and outlet) 

Yamatake JTG940A - 
pressure transmitter [18] 

Sea mass flow (pump inlet) 
Promass 80F - Coriolis 
Mass Flow Measuring 
System [19] 

Propulsion propeller speed Kyma Shaft Power Meter 
(KPM-PFS) [20] 
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4. Results of pump energy and exergy analysis  
 
    At each operating point of the analyzed sea water pump is 
calculated sea volume flow, an essential element for pump used 
power calculation. Sea water volume flow is calculated for the 
pump inlet by using measured sea temperature and pressure along 
with measured sea mass flow, Table 2.  
    Fig. 2 presents the change in sea water volume flow at the pump 
inlet for each pump (steam system) load during pump operation. 
Increase in pump load causes a continuous increase in sea water 
volume flow from the lowest value (1125 m3/h at propulsion 
propeller speed of 0.00 rpm) to the highest value (2475 m3/h at 
propulsion propeller speed of 56.65 rpm). 
 

 
 

Fig. 2. Change in sea water volume flow at the pump inlet for 
various pump loads 

 
    Pump used power is calculated from the sea water volume flow at 
the pump inlet, according to equation (10). As presented in Fig. 3, 
pump used power change has the same trend as sea water volume 
flow. At the lowest load (0.00 rpm of the propulsion propeller) 
pump uses power of 122.77 kW, while at the highest load (56.65 
rpm of the propulsion propeller) pump uses power of 127.85 kW. 
As expected, sea water pump used power increases during the 
increase in pump (steam system) load. 
 

 
 

Fig. 3. Change in a pump used power for various pump loads 
 

    Energy power input and output of the analyzed pump in each 
observed operating point is presented in Fig. 4. According to 
equation (13), cumulative energy power input is a sum of only sea 
water flow power input and pump used power. At each pump 
operating point, pump used power influence on cumulative energy 
power input is very small, the dominant element of the cumulative 
energy power input is sea water flow energy power input. Only sea 
water flow energy power input amounts from 99.64 % to 99.78 % 
of cumulative pump energy power input. 
    In the entire pump operating range, cumulative energy power 
input amounts from 34686 kW up to 57732 kW, while energy 
power output amounts from 34608 kW up to 57676 kW. Energy 
power loss in each observed pump operating point is the difference 
between cumulative energy power input and energy power output. 
By taking into account the amount of cumulative energy power 
input and output, energy power loss for the observed pump will 
have small values in each operating point, which will not exceed 85 
kW. 
 

 
 

Fig. 4. Change in pump energy power input and output for various 
pump loads 

 
    Fig. 5 presents change in sea water pump energy power losses 
and energy efficiency. At the lowest pump load (0.00 rpm of the 
propulsion propeller) energy power loss is the highest and amounts 
82.32 kW. Pump energy power losses continuously decrease during 
the increase in pump load and the lowest energy power loss was 
obtained at the highest pump load (56.65 rpm of the propulsion 
propeller) and amounts 51.64 kW.  
    The lowest pump energy efficiency was obtained at the lowest 
pump load and amounts 32.95 %, while the highest pump energy 
efficiency was obtained at the highest pump load and amounts 
59.61 %. From Fig. 5 can be seen that pump energy efficiency 
continuously increases during the increase in pump load. 
 

 
 

Fig. 5. Change in pump energy power loss and energy efficiency for 
various pump loads 

 
    Change in pump exergy power input and output is presented in 
Fig. 6. Pump used power has a strong influence on pump 
cumulative exergy power input. Only sea water flow exergy power 
input amounts from 16.12 % to 30.52 % of cumulative pump exergy 
power input for all pump operating points except for one at the 
highest pump load. It can be concluded that pump used power has a 
strong influence on pump cumulative exergy power input, while its 
influence on cumulative pump energy power input is low, Fig. 4.  
    For the whole sea water pump operating range, cumulative pump 
exergy power input amounts from 147.50 kW up to 367.64 kW, 
while pump exergy power output amounts from 69.15 kW up to 
316.82 kW. 
 

 
 

Fig. 6. Change in pump exergy power input and output for various 
pump loads 
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    The change in sea water pump exergy power losses (exergy 
destruction) and exergy efficiency is presented in Fig. 7. The lowest 
pump exergy efficiency was obtained at the lowest pump load (0.00 
rpm of the propulsion propeller) and amounts 31.31 %, while the 
highest pump exergy efficiency was obtained at the highest pump 
load (56.65 rpm of the propulsion propeller) and amounts 60.25 %. 
    At the lowest pump load exergy destruction has the highest value 
and amounts 84.33 kW. Pump exergy destruction continuously 
decreases during the increase in pump load and the lowest exergy 
destruction was obtained at the highest pump load and amounts 
50.83 kW. 
 

 
 

Fig. 7. Change in pump exergy destruction and exergy efficiency for 
various pump loads 

 
5. Conclusions 
 
    The paper presents energy and exergy analysis of sea water pump 
which is used for the main condenser cooling at lower steam 
propulsion system loads on conventional LNG carrier. 
    By using the measured variables from the exploitation, it can be 
concluded that pump used power has a strong influence on pump 
cumulative exergy power input, while its influence on pump 
cumulative energy power input is minor, for the whole observed 
pump operation range.   
    Pump energy power losses and exergy destruction are reverse 
proportional to pump load. Increase in pump load also causes a 
continuous increase in both energy and exergy efficiencies. The 
highest pump energy efficiency amounts 59.61 %, while the highest 
pump exergy efficiency amounts 60.25 %. Increase in both 
efficiencies (and decrease in both power losses at the same time) 
will be possible if the pump operates at the highest possible loads, 
higher that presented ones from LNG carrier exploitation. 
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NOMENCLATURE Greek symbols: 
 ε                  specific exergy, kJ/kg 
Abbreviations: η     efficiency, - 
LNG         Liquefied Natural Gas  
 Subscripts: 
Latin Symbols: 0                    ambient state 
E             stream flow power, kJ/s c                    cumulative 
h              specific enthalpy, kJ/kg D                   destruction 
m             mass flow, kg/s or kg/h en                   energy 
 p              pressure, MPa ex                   exergy 
P               power, kJ/s IN                  inlet 
Q              heat transfer, kJ/s OUT              outlet 
s               specific entropy, kJ/kg·K PL                  power loss 

heatX        heat exergy transfer, kJ/s sw                  sea water 
 T               temperature, °C or K  
V              volume flow, m3/h  
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Abstract. The tools for statistical expert evaluation of the influence of alloy composition elements on pre-selected quality indicators are 
described in order to improve the mechanical properties of the products through the prism of project management. Through the defined 
approach, it is possible to define a composition providing relatively best meanings of the values of the selected mechanical indices. 
 
KEY WORDS. SIMULATION, ANN, MODELING, OPTIMIZATION, METALLURGICAL DESIGN.  
 

1. Introduction 
 
At the design stage, the material selection process reflects a 

whole strand of material science. The traditional alloy development 
strategy consists of producing multiple samples with varying 
composition and variations in chemical composition and 
processing mode to define an alloy with better properties [1]. This 
approach, known as “trial-error” leads to high experimental costs 
[2]. In most cases, experimental research may be difficult, too long 
and unacceptably expensive. An alternative effective approach is 
the use of previous experience data processed into a statistical 
model based on a large amount of data associated with 
composition, processing and properties. Compared to physical 
models, the advantage of statistical models lies in their ability to 

obtain complex informative in a peculiar and effective way even 
when there are no well-established physical theories and models 
[3], [4].  

We develop a system of methods for modeling the properties 
and optimization of the composition of different alloys. This paper 
attempts to point to a number of examples with the formulations of 
which, from various daughter projects, it is possible to develop 
further and improve the original idea developed in [7]. The 
formulated task stems directly from the subject of material science 
and it is already implemented for alloys of iron [7], titanium [9] 
and magnesium [9] base. In this regard, the graphical visualization 
of the basic problems of the material science – the basis of the 
projects for research of the relationship between properties and 
structure – is depicted in Fig. 1. 

 

 
Fig.1. Relationship between the elements of the problems and the projects from material science. 

 
 

The number of all parameters in the project is 
determined by the sum of the two sets of parameters (the 
parameters for the type, the number and the quantity of the 
alloying elements and the parameters of thermal, physical or 
mechanical impact). 

The right task examines the impact of these 
parameters to synthesize new materials and in the inverse task 
and a defined and known application or characteristic values of 
the exploitation behavior, a rational type of material is 
determined with its composition and processing parameters. 

The numeric metallurgical design is not only 
designing in the base of allying elements by type, number and 
quantities but also taking into account their synergistic effect. It 
is necessary to select such a synergistic effect by a combination 
of elements in which the more expensive elements are in 
smaller quantities. Along with the accomplishment of this task, 
the metallurgical design has to fulfill the desired compromise 
between the properties of the product, depending on the 
processing parameters. These several groups of parameters 
should form the overall processing and composition parameters. 
The complexity of the so formulated problem lies in the large 
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number of input parameters and in the fact circumstance that 
the chemical composition participates implicitly via the 
synergistic effect in the system “composition – processing – 
structure – properties – price. 

Alloy composition design and optimization of process 
parameters are directly related to resolving the trade-off 
between measured values relative to defined selected quality 
indicators for a set of materials in a surveyed group or class. 

The process system also optimized the technological 
parameters of the processes, such as ionization, pouring, post-
casting, as well as casting and thermal treatment of aluminum 
wheels. 

With the quoted system, there have been optimized 
also the technological parameters of the processes such as 
ionization, plastering, post-casting, as well as casting and 
thermal treatment of aluminum wheels. 

 
2. Classification of Material-Science 

Projects  
The pursuit of strengthening in defining the specific 

purpose of a project in the field of material science is associated 
with its uniqueness. In this subject area, in the development of 
projects arising from the main task and also from “studying the 
relationship between the influence of chemical composition and 
heat treatment on mechanical properties in order to search for 
new applications”, the projects have a unique effect because – 
as a result of the optimization – a new innovative solution is 
usually obtained (Fig.1).  

The specificity of these tasks is associated with a 
certain complex of properties, which analyzes several criteria 
(different qualitative indicators, which are most often 
contradictory in character), and the optimization of which 
determines solutions that are inherently effective. This goal is 
defined in the literature as the SMART goal, and the meaning 
of this abbreviation is described and explained in more detail in 
the table below. 

Table 1. Defining the SMART-goal  abbreviation 
 

S Specific 
M Measurable 
A Achievable 
R Realistic 
T Timed 

 
The specificity of such projects is a consequence of 

the subject matter of the material science from which the basic 
relationship “structure-properties” derives. For the definition of 
qualitative indicators (most often mechanical characteristics) 
there are standardized methodologies that guarantee a 
measurable quality result. Many examples from our previous 
experience prove that the objectives of such a project are 
achievable. They depend on the database used, and the result of 
the project is to apply authoring methods that can determine 
chemical compositions outside the database to exceed the 
mechanical performance of the database. In this sense, the 
purpose of the project is realistic. 

Determining the project over time depends on the 
volume of tasks set such as the size and the number of research 
quantities, and the organization of the implementation of the 
key activities. The main focus of this organization is at the 
stage of experimental testing of the prescribed compositions, 
which are determined by the application of the methodology as 
optimal. 

Since the process of formulating the goal is not an 
easy process, there are projects that start with an undefined 
purpose. There is a certain categorization in this sense, which is 
presented in Fig. 2. It – besides an established or unsettled 
SMART goal – has also been implemented through known and 
unknown methods and technologies that will be implemented 
during the implementation of the project. 

 

 
Fig.2. Classification of projects for clarified goals and used 

technologies 
 
 “Closed” projects are standard and routine projects. 

They are most likely to be successful and their performance is 
associated with the least risk. However, in any organization 
there is a “narrow” place, shaped as a project where the goal is 
difficult to be determined and the technology for its solution is 
unknown. 

 

 
Fig.3. Specifying the classification from Fig.1 for projects in the 

field of material science 
 
In this sense, the project team has never solved such 

problems, and these projects are called “open” because the issue 
is open to both the goal and the technologies and methods to be 
used. The organization balances its activity by accepting to 
develop both “open” and “closed” projects. “Closed” projects 
are implemented in a short-term perspective, but similar 
projects are also being implemented by competitors so they are 
not very lucrative. 

Fig.3 presents a specific application of the above 
Classification for Material Science projects to elucidate the 
structure-property relationship in order to provide a more 
rational application. 

In the discovered project of the type described, there 
is a partial requirement for the material group and the conditions 
for the operational work in which the workpiece/product will 
work are known. If it is on a metal base, it is possible to apply a 
solution theoretically developed by the cited project, consisting 
of the following: 

The existing system of numerical methods, by means 
of which it is possible to determine optimal thermal processing 
compositions and parameters, associated with a pre-search 
complex of properties. Various iterations, specifying shape and 
size, are performed with CAD / CAE system calculations. The 
search object in the project does not appear in the CAD system 
database. The calculations are performed with the material 
closest to the research class. On the basis of the strength 
calculations the complex of properties is determined. If there is 
no standardized test in the set of properties, a methodology is 
developed and experimental research is performed. Project 
calculations provide optimal formulations for the desired 
complex of properties. These compositions are validated as 
being appropriate after an experimental check. Following the 
verification, the database can be supplemented with the newly 
defined compositions. 

The existing system of numerical methods, by means 
of which it is possible to determine optimal thermal processing 
compositions and parameters, associated with a pre-search 
complex of properties. In various iterations, specifying shape 
and dimensions, calculations for the strength are performed with 
the CAD/CAE system. The material being searched for in the 
project is not included in the CAD system database. The 
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calculations are performed with the material closest to the 
research class. On the basis of the strength calculations the 
complex of properties is determined. If there is no standardized 
test in the set of properties, a methodology is developed and 
experimental research is performed. Project calculations 
provide optimal formulations for the desired complex of 
properties. These compositions are validated as being 
appropriate after an experimental check. Following the check, 
the database with the newly defined compilations can be added. 

The Project Life Cycle is related to the full set of 
stages (phases) of the project, the definition and number of 
which define the technology of production and the control 
needs of the organizations involved in the project. 

 “Open” and “closed” projects differ in their lifecycle 
approaches. Each project is fragmented in steps. Defining the 
lifecycle of the “closed project” bears the name “waterfall”, 
because the tasks are done in a top-down sequence and it 
resembles a cascade of water. 

The example of the “closed” project authorizing the 
classical task “chemical composition – property” according to 
an approved methodology of the tested indicator is defined by 
the following phases of the “waterfall” life cycle: 
1.Start the project. 
2. Collecting existing experience, described by experimental 
data, expressing the relationship between the different chemical 
elements of the alloy and the  
3.Data processing to obtain a regression [ model ] or neuronal 
model. 
4. A single-criterion optimization of the  derived model, 
resulting in a composition, guaranteeing an optimal value of the 
studied property. 
5.Experimental examination of the theoretically determined 
composition. 
6.Final of the project with a specified optimal chemical 
composition. 

 
The definition of the waterfall life cycle model is 

related to the definition of the main project parameters (content, 
time, price cost and thus it determines the start of the project. 
Planning takes place for each project, and some of the phases 
can be run in parallel. The model is effective when it has a high 
degree of certainty. 

 
However, the algorithm for “open” projects is 

[somewhat] different. The first necessary condition is to take 
steps to clarify the goals and technologies under which these 
projects will be implemented. However, this condition is not 
always possible to fulfill in conditions of great uncertainty and 
a constantly changing external environment. In this case, the 
“waterfall” life cycle ceases to work. If it is applied, time and 
resources may be lost and when the project finishes, it can be 
ascertained that the results obtained are not needed by our 
applicant. 

For open projects where there is a large uncertainty, 
an iterative life cycle model is being developed. This model 
involves breaking the content of the project into small 
iterations. The end of each iteration is controlled by the 
applicant who has a feedback on the execution of the 
corresponding intermediate state. Then work continues and 
begins the next iteration, which in a certain sense is another 
mini project at the end of which a feedback from our applicant 
is expected again. 

The result of the last stage may be unsatisfactory, 
which means it is possible to go back [with] a step back before 
proceeding with the new iteration. After a certain number of 
iterations, the applicant is fully satisfied with the outcome and 
this determines the end of the project. This result is ensured at 
all stages of the project. The end of the project was unknown 
and it was determined in the course of the work. The great 

advantage of the iterative approach is to work with a large 
variability in the external environment. 

The iterations ensure the improvement of the resulting 
product in the course of the project. Planning is performed only 
for the upcoming iteration. The disadvantage of the iterative 
approach is that re-expenditures are incurred for the individual 
iterations of the project itself. The team performs planned 
actions, some of which the applicant in the process of work may 
not accept, as a result, and then go another way. 

The example of an iteration from the defined in Fig. 2 
“open” project is limited to the following: 

1. Sequential gradual clarification of the influence of  
individual elements of the chemical composition on the 
investigated properties. Determining the synergistic effect of the 
specified elements and selecting a combination that contains 
smaller quantities of costly elements. This synergistic effect 
should relate to the properties of the entire explored complex. 

This example is typical for the application of the 
iterative life cycle, because the simulation uses the idea of a 
“trial-error” method to elucidate the effect of a combination of 
individual elements on a sought-after complex of properties. 
 
3. Tools Used to Implement Material Science 
Projects 

In the process of a numerical experiment, the solutions 
determining the predictive potential of the regression and neural 
models in the multi-criteria optimization of a number of 
properties are compared in varying the percentage of the 
alloying elements or the processing parameters. 

The recommended tools are looking for and finding 
convergent and compromising solutions in the presence of 
diversity and heterogeneity of the output data. This is also done 
for the contradiction of the requirements to the designed objects. 
The influence and the interaction between the alloying elements 
and their synergistic effect related to the properties of the alloys 
and in particular their strength and performance properties are 
monitored. 

The methodology of the research project consists of 
the following stages: 

- Preliminary statistical analysis of the research data 
with visualization of the dependencies between 
observed quantities. This includes the determination 
of the basic (descriptive) statistical characteristics, the 
presence of a correlation of the parameters of the 
experimental studies. 

- Simplification of the dependencies between the 
participating in the alloy chemical elements and its 
mechanical properties using neural models.  

The most important task at this stage is to find an 
opportunity to find a possible relation between the independent 
parameters and the dependent characteristics in the 
experimental research. The statistical analysis allows determine 
the uncorrelated input parameters from the experiment that can 
be used to construct a regression model – the percentage of 
elements in the composition of the alloy under consideration. 
The limited number of observations sometimes does not make it 
possible to draw conclusions on the statistical distribution of the 
observed variables. 

Then with these problems with the construction of the 
statistical models, approximating the influence of the predictors 
on the values of the result quantities, most often of Rm and A, 
there is a need to seek the modeling of the studied relationships 
with other means. To solve the specific  problem, the most 
commonly used approach is the use of neuronal models of the 
“multilayer perceptron” (MMP) type. This approach is not a 
novelty, but it proves to be too effective in cases where classical 
statistical methods do not work. It allows for the compilation of 
approximation models in cases where the relations between the 
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observed values are considerably more complex and sometimes 
implicit. 

In general, neural models are not related to statistical 
techniques, but they are regarded as self-contained outcomes of 
machine learning. However, many authors note the 
computational similarity of these models with the methods of 
statistical analysis. It is possible to use the Automatic Neural 
Network of the popular statistic package Statistica. It enables an 
experiment with more than 2000 models for each of the 
approximate searches, the selection being made according to 
the value of the correlation coefficients between the observed 
and the calculated result values (respectively for the learning, 
the test and the validation sets). 

The analysis of the results of the approximation with the 
fixed neuronal models can be supplemented by a sensitivity 
analysis. The latter shows the relative importance of the 
predictors in the formation of the values of the resultant 
variables. There is a significant influence of the predictor is if 
its value is greater than 1. 

Following these statistical techniques, it is recommendable 
to use a Pareto front, which is an established traditional method 
in multi-criteria research. It makes it possible to assess the 
appropriateness and the expected effect of combining different 
preferences regarding the significance of the physico-
mechanical parameters of the material, such as the tensile 
strength Rm and the relative elongation A. The classical 
formulation of the task of building a set of non-dominated 
solutions for the multi-criteria selection has the following 
appearance:  

- Basic optimization task - presented in the following 
form: 

)),(),...,(),(max( 21 xfxfxf m               (1) 
where: 
 

)(),...,(),( 21 xfxfxf m  are the private 
optimization criteria (physico-mechanical characteristics of the 
material); 

),...,,(,2, 21 xxxxmRDx n =≤⊂∈     (2) 
are the conditions defining the decision domain D of 

the solution vector x=(x1,x2, …, xn). In the specific  problem the 
definition area is set in the form of interval limits: 

 
 

,,..,1  ,],[: nkRhlxD kkk =⊂∈                 (3) 
where lk and hk are respectively the lower and upper  

bounds of the change interval of each of the arguments 
(percentage of the chemical element in the material) 

- The relation of dominance between a pair of solutions 

x(1) and x(2) ( )2()1( xx  ) - is expressed as follows: 
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The dominance of x(1) versus x(2) exists when at least 
one of the criteria has strict inequality (with the indicated 
orientation) for the two alternative solutions, and for the other 
criteria is in effect non-steady inequality (or at least equality) . 

The Pareto- optimal set is a set of solutions 

DP ⊂*  that are not dominated by any element of the D set. 
The Pereto-front can be graphically displayed in the space of 
the considered criteria fi(x). 

The implementation of this experimental-
computational approach requires the preliminary study research 

of the experimental data in order to obtain approximating 
quantitative relationships between them and subsequently to 
include the established dependencies in a suitable optimization 
algorithm. 

The steps involved in conducting the research are as 
follows: 

-  Creation  of approximation models linking the 
parameters of the alloy composition with the resulting 
physico-mechanical parameters;  

- Selection of a suitable algorithm for building a Pareto 
front; 

- Incorporating the aproximation models into the 
algorithm and realization as a programming tool. 

All numerical approaches for the metallurgical design are 
set out in [7] 
 
4. Conclusion 
 

An approach has been described to offer a realistic 
opportunity to significantly reduce the cost and time to predict 
chemical concentrations for multiple properties of a class of 
alloys and technological processes so that under new conditions 
these materials have better properties. The obtained results  
from our previous research have shown that the proposed 
methodology can be fully used to determine the essential 
relations between the extreme values of the mechanical 
parameters of the investigated alloys. 

Any addition to the experimental measurement database 
would allow the software model to be refined and further refine 
the results. The proposed approach and established 
dependencies can be used in engineering practice. 

 
References: 
 
1. Campbell C.E., G.B. Olson, “System design of high 

performance stainless steels I, Conceptual and 
computational design”, Journal of Computer-Aided 
Materials Design 2001, 7:145-17 

2. Vitos L., P.A. Korzhavyi and B. Johansson, "Stainless 
steel optimization from quantum mechanical 
calculations", Nature Materials 2003, 2:25-28  

3. Jones, J. , MacKay, D. J. C., "Neural Network 
Modeling of the Mechanical Properties of Nickel Base 
Superalloys", 8th Int. Symposium on Superalloys, 
Seven Springs, PA, eds. R. D. Kissinger et al., 
published by TMS, 1996, pp. 417-424.  

4. Fujii, MacKay, D. J. C. and Bhadeshia, H. K. D. H., 
"Bayesian neural Network Analysis of Fatigue Crack 
Growth Rate in Nickel-Base Superalloys”, ISIJ 
International, Vol. 36, 1996, pp. 1373-1382.  

5. Borst R. de, “Challenges in computational materials 
science: Multiple scales, multi-physics and evolving 
discontinuities”, Computational Materials Science 
2008, 43:1-15 

6. Fischer C.C, K.J. Tibbetts, D. Morgan and G. Cedar, 
"Predicting crystal structure by  merging data mining 
with quantum mechanics", Nature Materials 2006, 
5:641-646  

7. Tontchev N. Materials science, Effective solution and 
technological variants. Lamber, 2014. 

8. Razmov Т., D. Dimitrov , Laboratory Exercise and 
Course Design on "Project  Management" - Third 
Edition, Todor Kableshkov University of Technology, 
2012. 

9. https://www.researchgate.net/profile/N_Tontchev/contr
ibutions 
 

 

151



ELECTRIC POWER SYSTEMS MODELING AND EDUCATION: HYDRO POWER 
STATIONS MODELING FRAMEWORK 

 
M.Sc. Trashlieva V. 1, M.Sc. Radeva T. PhD.1 

Department of Electrical Power Engineering – Technical University of Sofia, Bulgaria 

vesselina.trashlieva@gmail.com 
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1. Introduction 
The unit commitment problem is the procedure for defining the 

optimal engagement of the units and a plan for optimal operation of 
the plants in an Electric Power System (EPS). The solution of this 
problem involves two things: the determination of the operating and 
reserved units and the output power of each operating unit (an 
economic dispatch)[1]. The cost function represents in most of the 
cases a striving to minimize the total operating and production costs 
while strictly respecting the balance between consumption and 
production, the reliability and security requirements, according to 
the constraints arising from the generating units themselves. Due to 
the nature of the different power stations, often the optimization 
problems involving the operation of both hydro-power and thermal 
power plants are subjected to a separate class of problems solved in 
EPS, called optimal hydro-thermal coordination. 

2. The HPS and PHPS 
Hydro power stations (HPS) use water as a primal source to 

produce electric power. The cost of water is negligible smaller 
related to the price for fuels used by the conventional thermal power 
plants. Water, however, is also a limited resource meaning that the 
available quantities for the individual planning periods must be used 
wisely. HPS are the most widely used plants for electricity 
generation from renewable energy sources, accounting for 16% of 
global electricity production by 2010, and is projected to grow by 
an average of 3.2% annually over the next 25 years [2,3]. HPS are 
used in over 150 countries where China leads with 721 TWh in 
2010. There are four HPS with a capacity over 10 GW worldwide. 

Since the output level of a hydropower plant depends on the 
water supply and head, the costs curves are nonlinear as well as in 
the conventional thermal power stations. The advantages that the 
HPP provide for the balance of the EPS are not limited only to the 
possibility of rapid change of their working outputs and fast 
automated start and stop. Although this flexibility is the main factor 
determining HPS as peak power plants. HPS also have very low 
operational (production-dependent) costs, as there are virtually no 
costs of purchasing and supplying fuel, and the aforementioned 
operating costs are related to the cost of providing ancillary 
services, operating and maintenance. Fixed costs, however, include 
the return of investments for construction and modernization, 
depreciation of facilities, insurance, etc. Sometimes such fixed costs 
might be significant, especially for brand new installations. HPS 
have a very long life cycle and do not require large operating labor 
costs as HPS are operated automatically. Water dams on the other 
hand are multifunctional facilities, which are used for the drinking 
water and domestic water supply purposes, irrigation, industrial 
water supply, fish-breeding, aquaculture, etc. besides for electricity 
production purposes (according to most legislations electricity 
production is of lowest priority among other water purposes). 
Regarding construction costs, for a hydropower plant the building 
of the water collection system and its derivative is more expensive 
than the actual construction and installation of the water turbines. In 

fact, all deficiencies of HPS are mainly related to water collection 
and accumulation installments, not to the installed electricity 
generation apparel. Among the disadvantages the following are 
often stated: ecosystems damages, habitat fragmentation, land 
losses in the construction process of large reservoirs, congestion of 
large areas of land, forests and territories with rich soils, need for 
relocation of people, reorganization of road infrastructure, flows 
reduction, methane emissions of rotting organisms and flows risks. 
Since there is no fossil fuel combustion HPS are considered with no 
direct carbon dioxide production, except the relatively small 
quantities produced the construction phase. However, these 
quantities remain negligible compared to thermal plants.  

The electricity production of HPS is determined by the available 
inlet water quantities. If there is a possibility of accumulation 
(sufficient useful volume of the water tank), the HPS can produce 
enough power when needed (under circumstances of electric power 
shortage). In Bulgaria HPS are mainly used as peak, balance and 
also accumulation capacities. Pump-storage hydropower plants 
(PHPS) are capable to accumulate the processed by a water turbine 
quantities (in the presence of a lower reservoir) and are used for 
balancing loads, being practically the most flexible and 
multifunctional elements of the EPS. During high load periods, 
PHPS operate as generators producing the famine power for the 
system's balance. During low load periods when the reduction of the 
power outputs of other generating units is practically impossible, 
PHPS operate in pumping mode like controllable loads by feeding 
the excess power to the pumps draining water from the lower into 
the upper reservoir. In addition to importing the required extra load 
into the system, they accumulate part of the surplus electricity, 
which can be later injected during the peak periods at a higher price. 
This reversible cycle (turbine-pump, load-generator) helps 
preventing frequent start-stop and the needs for frequent changes in 
the working levels of nuclear and thermal units. 

The operation of PHPS is effective if the income of the 
operation of the plant is positive. This income is mainly determined 
by the difference between the sold electricity that is produced and 
the purchased electricity that is consumed by the pumps [4]. From a 
financial point of view, the accumulation process is an expense with 
a future return. If the accumulated energy is not realized in the 
future at better prices (this condition guarantees a positive revenue), 
these costs will also include the costs of lost financial benefits as the 
unit was idle and waited for the respective better financial period. 
Thus, in the end, the electric power accumulation may prove 
technically necessary and even crucial from the point of view of the 
EPS balance but economically unprofitable for the PHPS owner. 
Sometimes some water wastes from the upper reservoir might be 
required in order to provide for further load leveling. Energy 
storage is economically justified when the cost of the electricity 
used by the pumps is lower than the electricity generated and sold, 
taking into account the accumulation-generation cycle losses. 
System load demonstrates daily, weekly and seasonal changes that 
have to be followed by the power plants. A system operator having 
a  PHPS accumulate the cheaper energy produced during low load 
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periods and deliver it to the grid during the peak periods when the 
process is cost-effective. If there is an opportunity to accumulate 
energy (large dams are built), generation may be postponed. This is 
not a "surplus" energy storage. This power can be used in the 
balancing market later. Power plants using renewables (except HPS 
of stored water) can not generally accumulate their primary source 
and by using their current availability they usually increase the EPS 
balancing problems [5-7]. 

With the increase in penetration of power stations using 
renewable power sources as wind and sun (also considered as  
stochastic power plants), PHPS become an indispensable element in 
the balance management of EPS, that present a buffer to reconcile 
the inconsistency of the renewable generation and load curves. In 
this paper, some attention is paid to the operation optimization of 
HPP and PHPS as balancing capacities and a means of minimizing 
total costs in the EPS[8-14]. 

3. Modelling interconnected HPS and PHPS   
 The modeling of the operation of the HPS and PHPS requires 

modeling of the plant's curve and associated water volumes. Some 
HPS operate in a cascade mode, i.e. their work is interconnected 
(consecutive and dependent) within a given terrain. So despite that 
the cost of the primary energy carrier for HPS is negligible, it is also 
necessary to model the "stock" of water availability. Water 
reservoirs may be of a complex purpose or electricity production 
only. The water reservoirs also imply a certain cycles for the water 
levels management (daily, seasonal, yearly) associated with the so-
called water allowances. The inclusion of HPS and PHPS in the 
EPS optimization leads to two events: HPS allow for peak shaving 
to be adjusted, but also lead to the addition of additional constraints 
and variables for modeling the work of water power plants. The 
curve of water waste for a HPS is a function of the water quantity Q 

fed to the turbine:
,

( )
k j

P f Q= . 

Nomenclature for HPS and PHPS: 

r - reservoirs  

k - power stations (HPS and PHPS) 

min max

, ,,r Usable r UsableV V - minimal and maximal usable water reservoir r 
volume  

Vr,j - water reservoir r volume at the end of the time interval j  

Fr,j  - water flow in r during a unit interval  j  

Rr,j  - unprocessed water from r in a unit interval j. Unprocesses 
water quantity includes controllable water release as well as 
uncontrollable losses such as evaporation. 

PPk,j - power used by the pumps of k  in a unit interval j 

PHk,j - power produced by the turbines of k in  j  

Pmin
P,k , Pmax

P,k - minimal and maximal pump capacity of k 

Pmin
H,k , Pmax

H,k  - minimal and maximal generating capacity of 
plant k 

φHk и φPk  - water consumption (m3/MWh) for plant k in both 
generation and accumulation mode  

wk,j - artificial binary variable for the operation mode of a PHPS 
k. wk,j = 1 if the mode is pumping in j 

The operational curve of a HPS with neglecting the water head 
may be expressed via the following linear functions:  

QHk,j = φHkPHk,j (1) - processed water quantity by the turbines of 
plant k in a unit interval  j    

QPk,j = φPkPPk,j  (2) - processed water quantity by the pumps of 
plant k in a unit interval j   

The output level of all units / plants must be within the 
technological limits:  

Pmin
H,k ≤ PHk,j ≤ Pmax

H,k   and Pmin
P,k ≤ PPk,j ≤ Pmax

P,k (3) 

When modeling the PHPS operation, it is necessary to introduce 
restrictions for non-simultaneous operation of pumping and 
production capacities for each PSHP in a single interval: 

max

, ,
0

Pk j k j Pk
P w P− ≤  and ( ) max

, ,
1 0

Hk j k j Hk
P w P−− ≤   (4) 

The volume of each reservoir in every unit interval must be 
within the actual water level limits:  

Vmin
r,Usable ≤ Vr,j ≤ Vmax

r,Usable   (5) 

Values for the first (j=1) and last interval (j=jmax) might be 
provided for the water level maintenance cycle: 

Vr,j=1 = Vr,1  and  Vr,j = jmax = Vr,N  (6) 

General form of the water balance constraints: 
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, where Гfrom and Пfrom are the sets ot plants (with their 
pumps and turbines)that drain water from r during j. Гin and Пin 

are the sets of plants that feed in water in r during j. So ,
in

jR
ρ

ρ
∈

∑  is 

the sum of controlled water wastes associated with the current 
reservoir r (both in and out) (see figure below).  
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In a short-term planning (day, week) of HPS and PSHP 

operation, water balance equations bring more security than 
complexity in the model, whereas in a medium-term planning (e.g. 
a year) the modeling of cascade-connected water reservoirs with 
complex purposes will increase complexity of the model and its 
size. Different purposes and usage of water volumes may be 
modeled with so-called quotas. When a large dams with yearly or 
seasonal water level management is available, a long-term strategy 
for the possible use of water needs to be applied. 

Water balance constraints are build for each interval and each 
reservoir, i.e. their number depends on the number of unit intervals 
in the planning horizon. The cycle mater management implies the 
existence of a certain relationship between the functional 
dependencies at the beginning and end of the planning horizon. In 
other words, if modeling of water volumes is performed for a period 
of one year and the single interval's duration is 1 hour, for each 
reservoir, 365x24 or a total of 8 760 variables have to be introduced 
as well as 8 760 of water balance equations, and the constraints (6) 
must be respected for each equalization cycle. 
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For large reservoirs with annual management cycle this 
complication can be avoided by using long-term quotas i.e. by 
adding availability of water quantities by months, seasons, and even 
annually. This will result in the introduction of significantly fewer 
constraints. In the case of cascade-coupled different water volumes, 
the constraints of the upper and lower reservoirs (8) will keep the 
levels of the large tanks within their respective limits. 

( )1 max

1 1 1

, , , ,
, , , ,

1 /
z z z

r r r r

r r r r

Hk j Hk j Pk j Pk j
k j k j k j k j

zQ Q F V

Q Q Q Q

−

− + −

≤ + + −

− + + −∑ ∑ ∑ ∑   (8) 

, where z

rQ  is the water volume in m3 in reservoir r at the end 

of sub-period z, z
rF  is the flow in the reservoir during the sub-

period and ( ) max
1 /

z

r rzF V+  models the available water quantities 
for the whole sub-period.  

The expression 1 1 1

, , , ,
, , , ,

r r r r

Hk j Hk j Pk j Pk j
k j k j k j k j

Q Q Q Q− + −
− −+ +∑ ∑ ∑ ∑  

models the operation of the pumps and turbines fed by and feeding 
in the reservoir r using the respective processed water quantities for 
the whole sub-period z. Thus, if a one-year horizon is considered for 
1 hour single interval duration  and seasonal plant operation is 
modeled, the water balance constraints for a reservoir r are reduced 
to four from the value 8 760. If an annual quota is used and seasonal 
interconnectivity is not required (or they are reported with similar 
indicators in terms of inflows, outflows and maximum volume), the 
constraint (8) will be only one. Thus, in an optimization problem for 
an optimal hydro-thermal coordination in which several cascades 
are modeled and the included water reservoirs are of a different 
purpose, volume, and management cycle it is possible to model the 
work of all hydro-power plants in the medium-term planning 
horizon and this is done without the addition of redundant 
complexity in the model  only by using the appropriate 
generalization technique. Small reservoirs in the cascades are 
modeled by water balance equations of type (6) and (7), and the 
larger ones - with inequalities of the type (8).  

4. Conclusion 
The general idea of linear programming modelling of hydro-

power plants is given including both turbines and pumps (if 
available), the importance of pump- hydro stations in power balance 
as well as the specific constraints deriving from the nature of hydro-
power generation. Interconnected water reservoirs bring additional 
complexity and specifics in the optimization modelling. This 
modelling framework may be used for HPS forecasting, ED or in 
combination with the thermal framework for optimal coordinated 
work in an EPS with HPS integration. When the hydro-thermal 
coordination involves the optimization of PHPS a mixed-integer 
programming model is required. Some generalisation techniques are 
proposed for model size reduction that may be handy in many cases 
of optimization modelling.   
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Abstract: The paper considers the problem of modeling agent’s choice, which allows explaining made decisions, as well as 

predicting possible options. The approach is based on the ideas of a subjectively rational choice. The subjectively rational choice 

supposes that a choice motivation is determined by external and internal factors. Internal factors represent the interests of a subject 

induced by his needs and ethical system he follows. External factors are induced by accepted obligations. The agent can estimate his 

satisfaction with the current goal-seeking state situation. The estimation might lead to changing a structure of interests, so the agent can 

choose it. The paper shows that when making  decisions the agent uses three sets of alternatives as follows: controlling, structural and 

identification. This supposes the existence of three virtual sides, which choose relevant alternatives. The selection rules for such 

alternatives depending on subject’s awareness of the situation and the structure of his interests are formed by finding a compromise.  
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1 Introduction 

Agent's behavior control, when the agent has mentality and will, 

has become possible after appearing of decision-making models, 

which take into account his subjective understanding of a choice 

situation. These models helped estimating control efficiency before 

controlling [3]. It should be noted, that a decision-making process 

was an uncontrolled factor in a normative decision-making theory. 

The development of the idea of subjective rational choice [3] 

helped to:  

1) explain decision-making by a subject in specific situations;  

2) predict possible reactions of the other subject in various 

situations (for a decision-maker);  

3) solve a problem of active prediction when a control side 

creates an appropriate image of the future for a controlee.  

A subjective rational choice supposes that the choice motivation 

is determined by external and internal factors. Internal factors reflect 

subject’s interests, which are induced by his needs and an ethical 

system. External factors are connected with obligations. Affective 

evaluation of the level of subject’s satisfaction of current choice 

situation, as shown in [4], might lead to changing the structure of 

subject’s interests, so he is able to choose it. Subject’s preferences in a 

selection process reflect his interests, thus we can determine a number 

of G alternatives of a preference structure (structural alternatives 

according to [1]).  

2 Background assumptions 

1. Subject’s choice is based on his view of a choice situation.  

2. The components of his view reflect various aspects of 

understanding choice situation by the subject and create an 

information structure of representations. Many optional 

representations will be X.  

3. For many surrounding conditions S a set of observed 

surrounding conditions meets the condition  XS , i.e. 

subject’s view might include an objective part, as well as a phantom 

one.  

4. The subject chooses structural alternatives depending one 

valuation of the level of satisfaction of choice situation property 

values.  

5. Formation of the view is based on the procedures of 

perception, awareness and analysis according to subject’s cognitive 

capabilities.  

According to the abovementioned assumptions, the subject uses 

three sets of alternatives in decision-making: control C (modes of 

action), structural G and identification X. Therefore, it is possible to 

assume the existence of three virtual sides, which choose 

corresponding alternatives. A choice rule for such alternatives 

depending on understanding of the surrounding and the structure of 

interests by a subject will be called strategies here.  

Let us assume that decision-making has several cyclical steps, 

and modes of action are chosen at each step n = 1, 2, ... from the set 

C depending on the view of surrounding conditions хX. This is 

due to the fact that a joint over conscious (intuitional) and conscious 

(formal) analysis of surrounding conditions allow firstly accepting a 

vaguely realizable decision in multiple iterations, then more clear 

and grounded decision. There are also some restrictions CxC to 

allow the choice of alternatives depending on the vision of 

surrounding conditions хX. Process dynamics in subject’s 

surrounding is out of reach for direct perception, therefore its 

representations are formed using identification with the idea of 

choosing a vision alternative depending on the observed conditions. 

Here there are restrictions XsX to allow representations as 

identification alternatives depending on the observed conditions 

sS.  

Proceeding from these assumptions, according to [1], we 

introduce the strategy determinations.  

A single-valued transformation   : XC so that (x)Cx, хX, is 

called a choice or control function; an ordered set (1, ..., n) 
n
1  

is 

called a choice strategy on the length horizon n<; lim }{ 1
n  = 

n
1
 

when n is a strategy directed to achieving a local ideal, which 

determines subject’s reason for existence.  

A single-valued monotone transformation   : S  X so that 

(s)Xs, sS, is called an identification function; an ordered set (1, ..., 

n) 
n
1 is called an identification strategy on the length horizon n<; 

a consecutive order  

{
n
1 , n = 1,2,...}is called an identification strategy on the limited 

horizon. Due to the fact, that the subject tends to forming useful 

vision, so there is lim }1{ n  =  при n. 

As the sets S and Х meet the condition |S| > |Х|, therefore a 

single-valued transformation : SX causes separation of the set S on 

subsets 

.,})(:{)(1 XxSxsSsx  
 

Subsets XxSx  ,)(1
are associated sets, i.e. any 

element s )(1 x uniquely determines appropriate representation 

хX. Therefore, it can be said that subsets XxSx  ,)(1

form classes of equivalent representations. It allows using the 

methods of the fuzzy sets theory to formalize subject’s 

representations, e.g. as described in [4].  

A structure alternative Gn  chosen at the moment n is a 

structure choice at n-th step of decision-making; an ordered set

n
n 1

)
1

...,,( 
 

is a structure choice strategy on a decision-

making horizon of the length n<; a consecutive order {
n
1 , n = 1, 

2, ...} is a structure choice strategy on the limited horizon. As the 
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subject tends to the correspondence between its structure of 

interests and requirements of the accepted ethical system, so there is 

lim }1{ n  =  when n. 

3 A decision-making model with changing preference 

structure 

According to [4] a selection criteria for a control strategy have 

the meaning of a desired specific value of a purposeful condition 

based on the result with formalization, which has the formula for 

the utility function Eg(CSX) that depends on the structure 

alternative gGs on a parameter. As the control process starts with a 

certain situation хX, then the criterion )1|
1

( nn
nE  will also 

depend on the situation хX as from the initial condition. A number 

of situation X is finite, so the criterion )1|
1

( nn
nE  will be 

definitely represented by a vector in the space RX of the dimension 

|Х|. Its parts will be written as Xxxnn
nE  ),)(1|

1
( . 

According to the choice result, the subjects uffers  emotionally, so 

the quality of the structure choice strategy 
n
1  

should be described as 

a criterion meaning “choice results satisfaction”. Therefore, the 

quality of the structure
n
1  

is natural to describe by a folding of an 

expected utility vector 
XRn

nnE  )1|( in a certain 

composite function  
1: RXR  . Then a strategy quality 

criterion 
n
1


 
might be written as

1))1|
1

(()1|
1

( Rnn
nEnn

n
 .

 

The subject associates its representation quality with evaluation 

of possibilities of achieving desired conditions when controlling 

cC, as well as with the possibility of extending the number of С 

by including efficient alternatives. The paper [6] uses the terms of 

the linguistic variable “utility”, which are based on the values

)1|
1

(
nn

nE  , as a representation estimation criterion. In these 

conditions utility estimates will depend on control strategies 
n
1 , a 

structure choice 
n
1 as on postulated conditions. The “utility” 

criterion will be labeled as follows )1,1|1( nnn
n  . As 

identification starts with a certain state sS, this criterion will 

depend on the state sS, assigned as the initial condition. Here the 

set of states S is finite, so the identification criterion will be 

represented by a vector )1,1|1( nnn
n  in the space RS of the 

dimension |S|.  

In a goal-seeking state situation of the quality of control 

strategies and structure choice is described by criteria

XRnn
nE  )1|

1
( and

1)
1

|1( Rnn
n

 respectively. They 

have a meaning of specific value by a result and satisfaction with 

choice results. The identification strategy quality is described by the 

criterion
SRnnn

n  )1,1|1( , which has a meaning of 

representation utility to achieve desired states. The use of 

introduced criteria assumes determination of corresponding 

information structures or models that allow making an appropriate 

choice. 

Let us assume the existence of an information structure of 

representations I, which reflects subject’s knowledge and 

experience on: modes of action (control), his own interests and 

preferences, dynamics of surrounding transition into different states. 

Therefore, it is likely that there is a structural transformation of this 

structure into an information structure, which enables creating a 

specific value criterion )1|
1

( nn
nE 

 
and a domain model. Let us 

call such transformation a “specific value transformation”, and the 

induced information structure will be called “information structure 

of a specific value of a goal-seeking state situation by a result” and 

designated as U= U(I).  

In a similar way, if there is a structural transformation of the 

structure I into an information structure, which enables creating an 

identification criterion )1,1|1( nnn
n  and identification 

procedure models, then we will call such transformation 

“identification transformation” and designate it as R, аn induced 

information structure will be called “identification information 

structure” and designated as R= R(I).  

Subject’s representation about a goal-seeking state situation is 

subjective and qualitative, based on observations and analysis of the 

surrounding transition process affected by control cC into various 

states sS. Let us indicate the rule of such transition using

)|( CSSqg 
 

from CS  into S. Actually, the subject for 

estimation of possible result value uses the model )|( CXXQg 
 

from CX   into X constructed by identification strategy results 
n
1 . When constructing we take in to account control strategies

n
1 , 

a structure choice 
n
1 , or it is defined by such strategies. It means 

that a transformation of the operational function )|( CSSqg 
 
into 

function of subject’s understanding of the surrounding processes 

)|( YXXQg  is possible only in the aposterior mode depending 

on used strategies (
n
1 ,

n
1 ,

n
1 ). Such transformation and 

construction of the desired specific value criterion )1|( n
nE 

 
is 

possible when “utility” information structures are formed 

successively depending on used strategies. This condition is written 

as ,...2,1),)(1,1,1(  nInnnUnU As this condition is 

necessary for forming the desired utility criterion and a domain 

model, so it should be pointed out every time it is used. Note that 

the criterion )1|
1

( nn
nE 

 
tacitly depends on the identification 

strategy 
n
1  

due to introduction an induced structure Un into the 

choice model. As it was stated above, the criterion

1)
1

|1( Rnn
n

 of the structure choice quality is determined by 

a criterion folding  
XRnn

nE  )1|
1

( . Generality of 

information structure of their formation allows writing  
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To construct identification criterion we need to use a specific 

function, which would have a meaning of “utility”. For this purpose 

it is necessary to construct verbal estimates on the values of a 

function )( YXSE g  . A required transformation exists and 

might be performed in the aprior mode (i.e. before choosing 

decisions). Such transformation is determined by the subject as 

regard to a fuzzy measure, which might be constructed when the 

defined function is )|( CSSqg 
 

from CS  into S. As its 

analogue has a form of )|( CXXQg   in subject’s mind, and he 

can define it in a unique manner in the information structure I, 

therefore, there is no need in additional transformations. 

“Representation utility” function construction depletes a necessary 

structural transformation. We will call it identification structural 
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transformation and define as R. The induced information structure 

will be called “Representation utility” information structure and 

defined as R = R(I).  

Taking into account these reasons an identification criterion is 

written as follows:  











)(

)1,1|1(

IRR

nnn
n  

The induced definitions and constructions show that quality 

criteria for strategies are different and interdependent. Therefore the 

choice problem has game meaning and is reduced to searching as 

table compromise between aiming at maximizing desired specific 

value of a goal-seeking state by a result and minimizing possible 

loss due to wrong actions. Such compromise is called balance.  

It should be noted that the information structure

))(1,1,1( InnnUnU  , which is a base for the criterion 

))
1

|1(( nn
nE

n
 , must be formed consequently depending on 

used strategies. Thus, required balances will be interdependent not 

only at each step n = 1, 2, ...  of forming decisions, but they will 

also depend on the decisions chosen at the previous steps. 

Considering this fact, it is natural to call balances dynamic.  

The triple of strategies {

o
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o
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o
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are called dynamic balances.  

According to the abovementioned assumptions, the number of 

cycles that form decisions is unlimited. Therefore, dynamic 

balances must be meaningful, including the situation when n.  

For this purpose, it is natural to require fulfillment of the 

following additional conditions:  

1) when n strategy quality criteria must tend to specific 

limits;  

2) such limits cannot depend on the initial conditions.  

As criteria are not assigned in an explicit form, then realization 

of these properties is not explicit. It requires as signing necessary 

properties and then indicating criteria in the explicit form, which 

satisfies these properties.  

According to the induced assumptions, quality criteria of 

stationary strategies 
nnn  ,, when n have limits. Therefore 

the triple of stationary strategies (

оoo
  ,, ) is called stationary 

balances if there are limits that meet the conditions:  
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As a result, the content of the choice modeling problem consists 

in finding a compromise between aiming at achieving a maximal 

desired specific value by   a result and minimal loss from wrong 

representations taking into account their mutual dependence. 

According to the equilibrium solution principle, compromise must 

be “un improvable” equally by all parts of interests.  

When achieving such compromise it is fair to say that subject’s 

interests are materialized with “the best result”. Provided that 

dynamic balances meet the requirements of asymptotic stationary, it 

is also fair to say that subject’s interests are materialized with “the 

best result” on the unlimited horizon, including n. It follows that 

dynamic balances determine the meaning and the method of 

interests materializing with “the best result”. Thus, dynamic 

balances naturally determine internal aim when making decisions.  

4 Information structures in decision-making  

The formal descriptions introduced determine not only the 
conditions of decision-making, but also proper a priori information 
carriers. Together, they form a set of the following formal 
properties: 

S is an environment state set; (S) is a priori possibility 

distribution for a state set; X is a situation set; X
s

X  

stands for the limitations determining the presence of the “right” 

ideas as diagnostics alternatives depending on sS states; C is a 

control alternative set; С
x

С  means control alternative 

feasibility limitation depending on хX  situations; G is a structural 

alternative set; )|( СSS
g

q   is a transitional function of СS to 

S; ))(( XSС
g

E   stands for the utility function representing a 

priori preferences for сС alternatives depending on sS states, 

хX situations and gG structural alternatives. 
This set defines an a priori information structure which is to be 

set according to decision-making rules.  
The peculiarity of conditions of an information structure is that 

it is supposed to include a task of both states and situations, the 
choice of control actions depending on situations which, being 
qualitative characteristics, representing relationship to a state, are 
inaccessible for direct observation and need preventive 
maintenance. 

Under these conditions, the regularity of situation dynamics 
cannot be set a priori. Therefore, decision-making rules suggest 
posing the laws of dynamics states only, defined by the 

)|( СSS
g

q  transition function from СS  to S. In this sense, 

information given a priori is minimal. 
In the conditions of a priori information deficiency, the 

minimum structure can be incomplete. Then it is necessary to 
introduce plausible assumptions (in the form of hypothesis setГ) 
which would allow formulating a problem definition as some 
approach of the initial task [2]. Let us assume, for example, that in 

the basic information structure transfer function )|( СSS
g

q  is 

not given, but there is set of hypotheses Г of it. Then technically it 

can be assumed that transfer function )|(
),(

XSS
g

q 


depends 

on some  parameter getting values from given set Г, but the true 
value of the parameter is unknown. 
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It is obvious that it will also demand the choice of the, in a 
sense, “best” hypothesis of a transitional function. At the same time 
expanded information structure completeness can be observed only 
according to final results of the problem research. 

5 Game approach to formalization of the choice 

problem 

Assumptions of the choice specify the existence of two aspects 
of an agent's interests, one of which is determined by the bias in the 
management of a desirable object evolution, and the other - by the 
choice of a preference structure. The purposeful control concept 
defines the third aspect of interests associated with the need for the 
diagnostics of the situation depending on the observed condition. In 
compliance with these three aspects three sets of alternatives are to 
be assigned: set C– action modes, set G - structural alternatives and 
set X - diagnostic alternatives.  It is also assumed to assign the 

utility function )( XSС
g

E   and the transient function 

)|( СSS
g

q  of СS to S. Assigning these objects suggests the 

possibility of forming the qualitative mode choice criterion as 
postulated by the situational control concept that makes sense of 
expected utility and the purposeful state situation model choice 
quality criterion that concerns the risk. These criteria are obviously 
different and in a way interdependent. The natural presumption is 
that in order to choose structural alternatives the corresponding 
quality criterion may be introduced. It differs from the rest of the 
criteria and in some way is dependent on the choice of other 
alternatives. It is commonly known that in similar conditions the 
problem of mode choice has a gaming intension [2]. Then each set 
of alternatives can be formally linked with a party concerned (a 
player), whose interests are related to the choice of alternatives 
from the corresponding set of alternatives according to their 
individual quality criterion. Within a set of alternatives every party 
has the freedom of choice. Since interests of each party represent a 
certain component of agent’s interests, parties are to comply with 
the common to them agent’s interests, when selecting alternatives. 
Therefore the problem of mode choice acquires a gaming content in 
relation to corporate interests [6], and the subject of interest plays 
the role of a center. He can accept the proposed trade-off alternative 
if it is hardly possible to improve it without infringing at least one 
component of interests. The compromise that meets this 
requirement will be called a "corporate stable equilibrium." 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Conclusions 

The paper considers a decision-making model for an agent, who 

can form internal aim and uses subjective representations on a 

choice situation. 

It is shown that the aim of choice is to maximize a specific 

value of the choice situation by a result. The choice result is 

determined by agent’s representations on the choice situation and 

on his own interests. When making a decision the agent uses three 

sets of alternatives: controlling C (mode so faction), structural G 

and identification X. Therefore, it is possible to assume the 

existence of three virtual sides, which make a choice of 

corresponding alternatives that are balanced strategies. 
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Abstract: An approach for creation of biophysically based models for the steady state current of cyclic processes is investigated. When the 
process (like chemical reactions) can be described by a system of linear ordinary differential equations, an analytic expression for its steady 
state exists. The analytic expression is especially simple for the current of single cycle processes. In biologic context, concentrations of many 
substances change in a very restricted (patho)physiological range. This allows neglecting some terms of the analytic expression and thus 
obtaining biophysically based models that are both simple and adequate for description of currents produced by enzymes, pumps or 
transporters. The approximations obtained could be reduced to the existing empirical models. A clear way of expanding a specific empirical 
model for obtaining the desired quality and range of validity is also represented. The described approach is general and can be useful for 
creating biophysically based models of other types of processes. 

KEYWORDS: MATHEMATICAL MODEL, CYCLIC PROCESSES, STEADY STATE CURRENT, ENZYME, TRANSPORTER, PUMP 

1. Introduction 

To construct an empirical model of some process one has to fit the 
parameters of a predefined function to some available experimental 
data [1]. One could construct many functions that are close to each 
other for some range of data. The choice of a suitable function is 
complex and requires taking into account specific information. The 
range of possibilities spans from a lucky guess to a detailed study of 
the underlying processes. A comparison of various alternative 
models may illustrate the advantages and the drawbacks of different 
approaches. The purpose of this paper is to illustrate important 
aspects of model creation on the example of the most studied 
chemical cyclic process – the Na+/K+ ATPase (NKA).  

2. Analysis of existing NKA models 
2.1. Empirical models 

Cyclic processes are abundant in biologic environment. Actions of 
enzymes, transporters, pumps are all cyclic process. All of them 
collect some resources, perform the appropriate actions, release the 
products and then they are ready to start again thus forming a cycle. 
Typically, one is interested in the cumulative effect of many cycles. 
As a result, the steady state current or at least the average turning 
rate is used to characterize the cycle. The first great success was 
description of the steady state enzyme reaction rate – v, as a 
function of substrate concentration – [S], performed by Michaelis 
and Menten (1913) [2] and represented by eq. (1).  

v = d[P]
dt

= [S]∗Vmax
[S]+Km

     (1) 

where Vmax is the maximal reaction rate, [P] is the product 
concentration, 1/Km is the substrate’s affinity.  

The Michaelis – Menten relation becomes a basis for many 
empirical models of protein kinetics. The models of DiFrancesco 
and Noble  [3] eq. (2) and of Luo and Rudy  [4] eq. (3) are those for 
NKA. The Luo and Rudy model has become the standard model of 
choice for NKA [5-12]. Empirical equations like eq. (2) and (3) are 
simple, easy to use and to calculate. Unfortunately it is not clear 
when the approximation is valid, and how to modify the equation to 
expand the range of validity. 

Ipmp = P0
[Ko ]

[Ko ]+pko
[Nai ]

[Nai ]+pnai
   (2) 

Ipmp = P0
[Ko ]

[Ko ]+pko
1

1+�pnai
[Nai ]�

1.5 ∗  

∗ 1

1+0.1245e−0.1FV
RT +0.0365σe−

FV
RT

    (3) 

where P0 is the maximal current, σ = 1
7

(e
[Nao ]
67.3 − 1), [Ko], [Nai] and 

[Nao] are external potassium, internal and external sodium 
concentrations, respectively; pko and pnai are corresponding 
affinities; V is membrane potential; F and R are the Faraday and 
universal gas constants, T is the absolute temperature. 

2.2. ODE models 

An approach to modeling the processes that is alternative to creation 
of empirical models is based on studying and description of the 
underlying chemical reactions. The chemical reactions are usually 
described as series of transitions between (often unknown) states. 
Let us denote the probability of the i-th state by [Ti]. Each transition 
between the states i and j, is described by a rate constant – αi,j. This 
results in a system of linear ordinary differential equations (ODE) 
that potentially fully describes the reaction – eq. (4).  

𝑑𝑑[𝑇𝑇𝑖𝑖]
𝑑𝑑𝑑𝑑

= ∑ 𝛼𝛼𝑖𝑖 ,𝑗𝑗𝑗𝑗 [𝑇𝑇𝑗𝑗 ]      (4) 

To perform direct numerical integration one must provide all the 
rate constants that describe transitions between the states.  

For cyclic processes it is beneficial to distinguish forward rate 
constants (αi,j) and backward rate constants (βi,j). For NKA, there 
are at least 30 rate constants (15 forward and 15 backward ones) 
[13]. However, only some of them have been estimated [14-18]. 
The most common approach used in this case is the reduction of the 
number of states in the cycle  [13, 19, 20]. Initially, Chapman et al. 
[21] constructed a 6-state cycle; however, even in this case, some of 
the 12 rate constants had to be guessed [21]. Later, a complete set of 
rate constants was obtained for a 4-state NKA cycle only [13, 19, 
22].  
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The rate constants have a close relation with the thermodynamic 
force that drives the reaction [23, 24]. For the rate constants that 
form a complete cycle one could write:   

α1,2α2,3…αn−1,n αn ,1

β1,2β2,3…βn−1,n βn ,1
 = exp(Y/RT) = eX         (5) 

where Y is the total, associated with the transported substances free 
energy. Further for clarity we would redefine X=Y/RT and would 
name X as total (driving) force.  

To compensate simplifications, the reduction of the number of 
states in the cycle should be accompanied by more complex 
expressions used to define individual rate constants. Attempts were 
made to increase complexity of the 4-state NKA model as the 

simplified models faced problems to reflect inter-tissue and inter-
species differences [19, 20]. 

2.3. Analytic models 

In the steady state conditions a system of differential equations is 
transformed into a system of algebraic ones. This allows an exact 
analytic description of the steady state [23-25]. Some models are 
based on this observation [26-29]. 

 The steady state current for a cyclic process looks like rational 
function with two terms above and n2 terms below the line, where – 
n is the number of the cycle states. For a 3 – state cycle system the 
solution is like eq. (6): 

_________________________________________________________________________________________________________________ 

Ist =
α1,2α2,3α3,1−β1,2β2,3β3,1

�α2,3α3,1+α3,1β1,2+β1,2β
2,3
�+�α3,1α1,2+α1,2β2,3+β2,3β3,1�+�α1,2α2,3+α2,3β3,1+β3,1β1,2�

     (6) 

The general solution for an n-state cycle [23, 24] is a direct 
expansion of eq. (6): 

Ist =
α1,2α2,3…αn−1,n αn ,1−β1,2β2,3…βn−1,n βn ,1

�α2,3…αn−1,n αn ,1+α3,4…αn ,1β1,2+(n−2) other  terms  in  a group �+(n−1) other  groups
    (7) 

Where, Ist as well as the rate constants have dimension of s-1. 
_________________________________________________________________________________________________________________ 

Unfortunately the rate constants in eq. (7) are still mainly unknown. 
The first approach to this problem is to reduce the number of states 
in the cycle to 2-6 and then to solve the system of ODE analytically. 
So obtained approximation is further transferred into an analytical 
function of concentrations and potential [26-28]. 

Another approach to the problem is also possible [29]. Instead of 
decreasing the number of states and complicating the individual rate 
constants, one could do just the opposite. That is to simplify 
individual rate constants by using the maximal number of states the 
transporter can occupy. Then, according to the mass action law, 
those rate constants would have a linear dependence on 
concentrations:  

𝛼𝛼𝑘𝑘 = 𝛼𝛼𝑘𝑘′ [𝑆𝑆𝑆𝑆𝑘𝑘 ]     𝛽𝛽𝑙𝑙 = 𝛽𝛽𝑙𝑙′[𝑆𝑆𝑆𝑆𝑙𝑙]      (8) 

where α’k and β’l do not depend on concentrations, [Sbk] is 
concentration of the k-th binding substance, [Srl] is concentration of 
the l-th released substance.  

Eq. (8) could transform the terms under the line in eq. (7) into a 
multidimensional polynomial. Then, combining equations (5, 8 and 
7) one could obtain for the current: 

Ist = eX−1
AeX +B

        (9) 

A = a0(1 + ∑ asbk ([S])
[Sb k ]

+ ∑ [Sr l ]
asrl ([S])

)  

B = b0(1 + ∑ bsrl ([S])
[Sr l ]

+ ∑ [Sb k ]
bsbk ([S])

)   

where a0, b0 have dimension of seconds, [S] represents 
concentrations of all the substances, asbk([S]), asrl([S]), bsbk([S]) and 
bsrl([S]) have dimension of concentration, X is the driving force 
[29]. For NKA the driving force would be: 

X = dGatp
RT

 + ln � [ATP ]
[ADP ][P][H]

� − 3 ln �[Na o ]
[Na i ]� + 2 ln �[Ko ]

[Ki ]� + (3zna − 2zk) FV
RT

         (10) 

We see that many different models for a single underlying process 
could be created.  

3. Discussion and recommendations 

The steady state current depends on the driving force X, and 
concentrations of the related substances (eq. 9). Specific 
approximations would be appropriate in various conditions.  

The processes where the driving force is close to zero would be 
reversible processes, where current could change direction. For 
them small changes in concentrations could cause large relative 
changes in the driving force X (eq. 10) and thus in the current. As a 
result, the effect of the driving force on the current could be 
significant for reversible processes and should be explicitly present 
in the model.  

For irreversible processes the size of the driving force is significant 
(|X|>>0). Then the effect of the driving force on the current would 
be small (eq. 9). As a result it is often neglected like in the cases of 
empirical models described above (eq. 2, 3).  

The driving force calculation should not be a problem. An explicit 
presence of the driving force in eq. (9) guarantees that the direction 
of the current would always be correct. So models that explicitly 
represent the effect of the driving force would have potentially 
larger range of validity.   

 In biologic environment, the concentrations of many substances 
change in very restricted ranges. This could be combined with the 
observation that the reaction rate in the Michaelis – Menten relation 
(eq. 1) has a weak sensitivity to the substrate concentration. The 
rate is 0.1Vmax when [S] = Km/9, and it is 0.9Vmax when [S] = 
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9Km. In other words an 81-fold increase in substrate concentration 
is required for increasing the rate from 10% to 90% of the limit 
[30]. So by neglecting the affinities to substances whose 
concentrations vary significantly less than 81 times, only a small 
error would be introduced in a model for the steady state current 
(eq. 9). If only substances, whose concentrations vary within narrow 
ranges, are used in the cycle, the current could often be described by 
a single parameter – its maximal turning rate. This is usually treated 
as an oversimplification. Therefore, in such cases, the models like 
those described by eq. (2) and eq. (3) are used, where contributions 
of the most significant terms are present and contribution of all 
other terms is neglected.  

Concentration of some other substances could vary much more 
significantly (like 81-fold or similar). That could be intracellular 
Ca++, pH or other signaling molecules. If that substance is part of 
the cycle, good reasons should be present to neglect its affinity. 
That affinity may have complex dependence on concentrations [29].  

The processes in the cycle that we have studied so far may have 
nothing common with the regulation of the cycle. For example, in 
skeletal muscles, changes in concentration of cyclic adenosine 
mono phosphate (cAMP) activates the related kinase that in turn, 
modifies NKA to augment NKA current [31, 32]. Thus to obtain a 
realistic model, one may need to consider several cycles with 
possible ligand or voltage gated transitions between them.  

A proper system of differential equations could potentially fully 
describe the chemical processes under study when the necessary 
states and rate constants are available. However obtaining the states 
and rate constants could be problematic. When all the substances 
have rather stable concentrations, the steady state current would be 
almost equal to its maximal turning rate. Finding many rate 
constants from what is essentially a single current value is an 
impossible task. To make situation even more complex external 
regulation by some signaling molecules or by membrane voltage is 
likely to be present in that case. To take information on the rate 
constants, one must perform measurements of the steady state 
current and of the concentrations of all of the involved substances 
with great precision. So obtaining rate constants to construct 
quantitative ODE model may be a very tricky task that is not always 
possible.  

In such complicated cases, when creating quantitative ODE model 
is not possible, analytic approach that lead to eq. (9) provides a 
valuable alternative. Thus equation (9), turns out to be a more 
universal candidate for a quantitative model than a system of ODE. 
Nevertheless a system of ODE is a great starting point for an 
analysis of the underlying process [29]. 

 

4. Conclusion 

Life is more complex than the steady state current of cyclic 
processes. Models for many processes have to be created. However 
creation of a useful quantitative model is not an easy task. Different 
types of models reveal different aspects of the underlying processes. 
Cyclic chemical processes are sufficiently well studied to illustrate 
many important aspects of model creation. I hope that the analysis 
represented here would be helpful in creation of new models.  
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Abstract: The effect of the exposure of biological tissues to external electric fields is still a potent source of controversy. This work 

addresses the diffusion of ions under the effect of an of an external DC electric field. This was done by studying the diffusion coefficient D as 

an indicating parameter for such effects. The work was based on a stochastic computer simulation in which the tissue was considered as a 

matrix containing the elements under study. The size of the matrix was up to 30,000 × 30,000. A two-dimensional honey comb cellular 

pattern was simulated such that it allowed six maximum possible element-to-element communications. The effect of vacancy concentration 

and annealing time were tested firstly in the absence of electric field. Then different values of the electric field were applied. Moreover, 

different vacancy concentrations were studied under the effect of the electric field. The results showed that the ionic penetration increases 

proportionally with the strength of the electric field as well as the percentage of the available vacancies in the host medium.  

. 

Keywords: IONIC DIFFUSION, BIOLOGICAL TISSUES, STOCHASTIC SIMULATIONS 

 

1. Introduction 

Many theoretical efforts have been devoted to studying 

diffusion in different media. Electric fields enhance the diffusion of 

charge carriers in disordered materials. It was shown that the 

diffusion coefficient in one-dimensional hopping depends linearly 

on the electric field, while in three dimensions the dependence is 

quadratic [1].  

Diffusion takes place in biological tissues as well. The effective 

diffusion coefficient, Deff, of salt into a biological tissue due to the 

application of an electric field at different temperatures showed an 

increase of ion transport [2]. The effective diffusion coefficients of 

K+ and Cl− ions are appreciably reduced in narrowing the channel 

in the cell membrane when subjected to an external field. The extent 

of the reduction is similar for both the anionic and cationic species 

[3]. 

Diffusion in the extracellular space (ECS) is constrained by the 

volume fraction, hence a modified diffusion equation was proposed 

to govern the transport behavior of many molecules in the brain [4]. 

Liu and Shi [5]  developed two-dimensional and three-

dimensional FEM model to study the transport of ionic species in an 

externally applied electric field. They found that more chlorides are 

driven out of samples with increasing direct current density and 

treatment time. 

In the present work we introduce a stochastic model to follow 

and determine the diffusion coefficient of an ionic tracer through a 

biological tissue. Hence, the effect of the application of an external 

DC field on the diffusion and the penetration depth of these ions in 

biological tissue is studied. 

 

2. Computer Model 

The present model simulates the ionic diffusion under the 

following assumptions: A part of the biological tissue is represented 

as a 2D matrix of sizes up to 30,000 × 30,000 elements. Each 

element represents either a host particle, a vacancy or a tracer ion. 

The diffusants (tracers), are considered as positive ions. 

At zero time, the diffusants occupy the first row of the matrix 

and are in a continuous flow; each particle that leaves the surface 

into the matrix is replaced by another one. The rest of the matrix is 

either occupied by the host elements (biological cells) or with 

vacancies that are randomly distributed throughout the matrix. The 

characteristics of each element are represented by one byte which 

contains information of the type (host, vacancy or tracer), spatial 

location and the time elapsed since diffusion starts. The biological 

tissue could be simply modeled as a close-packed spherical array of 

cells as shown in Fig. 1. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The six neighbors’ structure in a hexagonal matrix 

modelling a biological tissue. The middle black element is the 

tracer with six neighboring vacancies represented by red circles. 

 

Since the diffusion process follows a random walk procedure, in 

the present model the tracer ion diffuses through the vacancies 

available in the nearest sites such that the jump follows a random 

choice of the accessible vacancies. The effect of the electric field is 

represented as a controlled bias in the jump direction. The field 

direction affects the randomization process of jumping so that along 

the direction of the field there is a higher probability than other 

directions. Fig. 2 shows a visualization of the system under 

consideration, for both cases of free diffusion and the diffusion 

under the effect of a DC electric field. 
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Fig. 2. The diffusion process (a) in the absence of external field 

and (b) under the effect of DC electric field. The traces are 

represented by the larger circles.  

 

Hence the concentration c(x,t) of the ions/tracer after a 

certain time t and a location x is obtained from the following 

 
𝑐(𝑥, 𝑡) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 × 𝑒

−𝑥2

4𝐷𝑡  

 

 

The mean squared radius of the diffusion pattern is represented 

by: 

< 𝑅2 >=∑
𝑅𝑖
2

𝑁
⁄

𝑁

𝑖=1

 

where N is the number of jumps and Ri is the individual 

displacement. 

The diffusion coefficient  D can be calculated from the 

slope of < 𝑅2 > versus the annealing time t:  

𝐷 = < 𝑅2 >
4𝑡⁄ . 

The concentration is calculated by sectioning the matrix 

to a certain number of rows and calculating the number of the tracer 

ions in each section.   As the thickness of the layers becomes 

smaller, the accuracy of the penetration profile which describes the 

diffusion increases. Plotting the logarithm of the concentration c(x,t) 

against 𝑥2 for different time steps and different vacancy 

concentrations is used to obtain the diffusion coefficient D 

according the equation 

𝑆𝑙𝑜𝑝𝑒 = −1
4𝐷𝑡⁄ . 

The annealing time is taken as the total number of iterations 

which is varied up to 500,000 time steps. The vacancies are 

randomly distributed, and their concentration is varied from 5% to 

80%. 

 

 

 

3. Results 

Firstly, the diffusion pattern is investigated in the absence of an 

external field and assuming that all the sites are vacant. Figs. 3 and 

4 show the relation of the mean squared displacement, <R2>, and 

the diffusion coefficient, D,  as a function of time. 

 

 

Fig. 3. Variation of the mean squared radius and time steps in 

the case of free diffusion. 

 

Fig. 4. The diffusion coefficient with time steps. 

 

In both figures, the classical pattern of the random walk 

diffusion in the absence of external field is preserved. The diffusion 

coefficient increases linearly with annealing time.  The penetration 

depth < 𝑅2 > of the tracers is studied in the presence of randomly 

distributed vacancies of different ratios in a biological tissue. Fig. 5 

shows the increase in the penetration distances of the tracers with 

annealing time at a vacancy concentration of 50%. In this figure the 

time steps are increased up to 1.2 millions so that the asymptotic 

level of the curve is obtained; at this level the penetration distance is 

about to reach the boundaries of the matrix. 

        (a)                                                     (b) 

DC Electric field 
Tracer layer 
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Fig. 5. The variation of penetration distance (arbitrary units) 

with the annealing time. 

 

Fig. 6 show the mean penetration distance with vacancy 

concentration.  It is obvious that at low vacancy percentage up  to 

20% , the tracers hardly  invade the host  matrix. Then,  < 𝑅2 > 

increases almost linearly.   Similar behavior is observed when the 

diffusion coefficient is plotted versus the vacancy concentration. 

Fig. 7 illustrates this relation in absence of external field and for a 

fixed annealing time. 

 

Fig. 6. The variation of the penetration with vacancy 

concentration. 

Fig. 7. The variation diffusion coefficient with vacancy 

concentration. 

 

The diffusion of positive ions in a biological host under the 

effect of DC electric field is then examined for different field 

strengths, different annealing times and varying vacancy 

concentrations. Considering the matrix having a 90% vacancy and 

the DC electric field, EF, is increasing gradually (EF=0 % , 10%, 

and 70%), the diffusion pattern of the tracer in the host matrix is 

illustrated in Fig. 8. We infer that the concentration of the diffused 

ions travels deeper as a result of increasing the electric field 

strength. 

 

Fig. 8. Penetration profiles for ions in a 90% vacant matrix 

under the effect of direct electric field for different strengths, 

namely, EF=0 %, 10%, and 70% and for constant annealing time. 
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Fig. 9 illustrates the increase in the diffusion coefficient with 

the strength of the external field at a constant vacant percentage and 

for the annealing time. 

 

Fig. 9. Variation of diffusion coefficient with electric field 

strength. 

 

 

4. Discussion and Conclusion 

In the present work we have considered the profile of ionic 

diffusion in a biological tissue under the effect of  DC electric 

fields. Initially, in the absence of an electric field and the vacancies 

occupy 0-30% of the host tissue, we found that the penetration of 

diffusing ions and the diffusion coefficient doesn’t increase much. 

As the percentage of vacancies increases more than 30%, the 

penetration of the diffusing ions and the diffusion coefficient 

increase linearly with the vacancies concentration.  

Preliminary results showed that when the matrix is 50% vacant, 

as the EF increases the penetration increases up to a point after 

which it decreases again. This happens because there is no much 

space for the movement of the ions, they are hindered by the matrix 

structure. As the percentage of vacancies increases the penetration 

of the diffusants ions increases. This increase is accelerated with the 

applications of an external field EF. The positive ions have more 

space and more probability to jump forwarded aided by the applied 

field. 

In conclusion the present work introduces a stochastic model 

that tackles the problem of ionic diffusion in a biological tissue. 

Emphasis is given to the effect of both the existence of different 

percentage of vacancies available for random jumps and the effect 

of an external DC field of different strengths. 
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