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COMPARISON OF THE RESULTS OBTAINED BY PSEUDO RANDOM NUMBER 
GENERATOR BASED ON IRRATIONAL NUMBERS 
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Abstract: Pseudo-random number generators (PRNG) based on irrational numbers are proposed elsewhere. They generate random 
numbers using digits of real numbers which decimal expansions neither terminate nor become periodic and practically their decimal 
expansion has infinite period. Using that algorithm, we generate sequences of random numbers and then we check their randomness with 
statistical tests from Diehard battery. Our main idea is to check is there a difference in the randomness of the generated sequences if digits of 
any irrational non- transcendental number (like √2,√3,√5, …  )  are used versus  the case when digits of a transcendental number (like π or 
e) are used. In our experiments we use about 3·107 digits of a given non-periodic irrational or transcendental number. Many experiments
were done and all generated sequences by proposed PRNG based on irrational numbers passed the Diehard tests very well. We may
conclude that there is not a significant difference in the randomness of the generated sequences in the both cases (irrational non-
transcendental versus irrational transcendental number).

Keywords: PRNG, IRRATIONAL NUMBERS, TRANSCENDENTAL NUMBERS, STATISTICAL TESTS, DIEHARD BATERY, 
RANDOMNESS 

1. Introduction
Pseudo-random number generator (PRNG) is an algorithm

which generates a long sequence of numbers r1, r2, … which are 
elements of a given set of numbers and the distribution of generated 
numbers r1, r2, …  is supposed to be uniform.    

A sequence of obtained random numbers r1, r2, …  should have 
two important properties: uniformity (i.e., they are equally probable 
everywhere) and independence (i.e., the current value of a random 
variable  does not depend on the previous values).  

In practice, we cannot construct an ideal PRNG, since the way 
we are building the mechanism is not a random one, but in fact it is 
completely determined by an initial value. This affects the 
uniformity and independence of the produced sequences and r1, r2, 
… and that is why the word "pseudo" is used and we have to 
measure the randomness of the obtained sequences.  

A good random number generator should have some additional 
qualities as large period and small order computational complexity.  

This paper is organized as follows. In Section 2 we give a 
background and overview of related works. In Section 3 we explain 
basic ideas for construction of our generator of pseudo random 
numbers [2], basic principles for usage of statistical tests from 
Diehard battery and then we present the algorithm for the generator. 
The obtained results are given in Section 4. In Section 5, some 
conclusions are made.   

2. Background and overview of related works
In this section we present some historical facts recall on

L'Ecuyer (2017) in [4] about PRNGs which use irrational numbers. 

The inspiration for using successive digits of π, e or any other 
transcendental number in order to generate  a random number 
sequence is an old idea.  

For example, Metropolis et al. (1950) in [6] succeeded to 
compute 2000 decimals of π and e and confirmed that these 
sequences pass elementary statistical tests. This testing was 
extended to the first 10000 decimals by Pathria (1962) (in [7]) and 
to 100000 decimals by Esmenjaud-Bonnardel (1965) (in [3]), and 
all of these sequences very well pass elementary statistical tests.  

Till now, many sequences of digits of π  have been obtained and 
tested and many papers have discussed this idea. The world record 
in 2016 was 22 459 157 718 361 decimal digits of π, computed in 

about four months by Peter Trueb using an algorithm of 
Chudnovsky and Chudnovsky (1989) (in [1]), Bellard’s formula, 
and the Y-Cruncher multi-threaded software (Yee, 2017) (in [9]). 
However, to give good reason that the successive digits of π (or any 
other given irrational number) in a given base b can be taken as 
random sequence, it should be good to know that this sequence of 
digits is uniformly distributed in base b, i.e., that each of the b 
possible digits appears with frequency 1/b (on average) in the 
infinite sequence. For π, practical counting over several digits 
suggests that this is true, but there is no known proof of it.  

However, the property of uniform distribution of the digits of 
any given irrational number is not sufficient; we need to have the 
uniform distribution of the pairs, triplets, and so on. 

In the latest years, there are some trials to design a PRNG using 
digits of any irrational number since irrational numbers have 
decimal expansions that neither terminate nor become periodic, 
practically their decimal expansion has infinite period. In [8], 
Rogers and al. (2015) proposed an algorithm for pseudo-random 5-
digit numbers using the digits of π  and made some visual and 
statistical analyses for goodness of proposed generator.  

In [2], the author proposed a new algorithm for generating 
pseudo-random numbers using digits of any irrational number. The 
randomness of obtained sequences of numbers is checked by some 
statistical tests and the test results are very well. 

In this our paper, the main work is: using algorithm proposed in 
[2], to check is there a difference in the  randomness of the 
generated sequences, if digits of any irrational non- transcendental 
number (like  √2,√3,√5, …  or the golden ratio 𝜑𝜑 = 1+√5

2
 ) are used 

versus  the case when digits of a transcendental number (like π or e) 
are used. 

3. PRNG based on digits of irrational numbers

3.1 The main idea in the algorithm– n-tuples 
We will explain the ideas for designing a PRNG using digits of 

an irrational number ([2]), by example digits of π. In this example, 
we will use sequential n-tuples, for example 10-tuples of digits from 
the decimal expansion of π. Using some database we will take l 
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digits of π. In the next step, decimal 10-digit number from every 10-
tuple is generated. 

If we take the obtained 10-digit number (which is obtained 
directly from the 10-tuple) then its value is in the range 0 <= 
number <1010 and we need to check if the number is greater than 
max (maximal allowed generated number). If it is true, we have to 
omit the obtained number and continue with checking the next 10-
tuple. The 10-tuples are taken without overlapping.  

But, we will improve the previous idea if we scale the obtained 
10-digit number (which is obtained directly from the 10-tuple) from 
the range  0 <= number <1010 in the range 0 <= number < 232. In 
this way, there is no need to check if the scaled number is greater 
than max. Note that if the sequence of generated number is uniform 
then the scaled sequence will be uniform on the set {0,1,…,max}. 

These steps from the last idea will be repeated until we obtain l 
numbers. 

 

3.2 Input parameters and the algorithm  
In order to produce different sequences, each time when we 

started generating of a new sequence, we must initialize the 
beginning pointer to an arbitrary digit of the chosen irrational 
number. The position of the beginning pointer will be an input 
parameter. Also, the input parameter will be the length n of digits 
(n-tuples) for generating of each number in the sequence (in the 
previous example, we choose n = 10). Let stress that we compute 
the digits of any irrational number using package Mathematica. 

Algorithm 
  [1] Choose an irrational number which digits will be used for 

generating random numbers. 

 [2] Set the length n of digits for generating of each number in 
the sequence, the position s of the beginning pointer (the first digit 
where the generating starts), the length l of generated sequence and 
the maximum max of the generated numbers. 

 [3]  Let counter=0. 

 [4] Until counter <=l do 

 [4.1] Use slice size of n digits to generate a number r.  

 [4.2] Scale 𝑟𝑟 ← � 𝑟𝑟
10𝑛𝑛−1

∙ 𝑚𝑚𝑚𝑚𝑚𝑚�. 

 [4.3] Put pointer position s ← s + n. 

 [4.4]  counter = counter + 1. 

We will notice that software realization of this algorithm and 
many experiments were done using package Mathematica. 

 

3.5. Diehard tests 
Nowadays there are a lot of tests for randomness and all of them 

measure the difference between the generated pseudo-random 
sequences and the theoretically supposed ideal random sequence. 
We say that a PRNG passes a test if the random sequences produced 
by that PRNG pass the test with a probability near to 1. We can 
classify PRNGs depending of the tests they have passed. So, for 
obtaining a better classification we should have many different 
tests. 

Over several years, George Marsaglia [5] has developed 
Diehard tests as a battery of statistical tests for measuring the 
quality of a random number generator.  This battery was published 
in 1995. It consists of 15 statistical tests, and it is a comprehensive 
set of statistical tests for PRNG and serves as some kind of litmus 
for checking and certification of PRNG. If a PRNG passes Diehard 
statistical tests, then it can be used in deeper scientific researches. 

The Diehard battery consists of Birthday Spacings Test, 
Overlapping 5-Permutation Test (OPERM-5), Binary rank tests, 
31× 31 Binary Matrix, 32 × 32 Binary Matrix, 6 × 8 Binary Matrix, 
Bitstream Test, Test OQSO (Overlapping quadruples sparse 
occupancy test), Test DNA, Count the 1's Test for specific bytes, 
Parking test, Minimum Distance Test, 3D Spheres Test, Squeeze 
Test, Overlapping Sums Test, Runs Test and Craps Test. 

We will note that the most of the tests in Diehard return a p-
value, which should be uniform on [0,1) if the input file contains 
truly independent random bits. Those p-values are obtained by p = 
F(X), where F is the assumed cumulative distribution function of 
the sample (random variable X) – often normal. But that assumed F 
is just an asymptotic approximation, for which the fit will be worst 
in the tails. Therefore p < 0.025 or  p > 0.975 means that the PRNG 
has "failed the test at the 0.05 level". 

 

4. Results obtained from Diehard tests and 
discussion  

Diehard tests have requirements with precise format of the 
numbers whose randomness they test. Explicitly, the file of the 
numbers should be a binary file of a hexadecimal integer 
nonnegative numbers with approximately 11 MB size. There should 
be ten numbers in each row, about 2 870 000 numbers in the file 
and the maximum number in the file should be max = 232 − 1. 

As we mentioned previously, some of Diehard tests give p-
value, and some of them are performed several times and the result 
from these tests is the ratio of the number of passed tests and the 
total number of tests. Therefore, we presented the results in 
separated tables depends on the kind of test output. 

In the next tables we will present some of the obtained results of 
Diehard tests applied to the sequences generated by our proposed 
algorithm in [2].  

In Table 1, we present the percentage of passed Diehard test for 
14 sequences generated by our PRNG using different irrational 
numbers or same irrational number with different initial pointer s or 
with different initial length n. The bold line in the table separates 
the sequences obtained from the digits of non-transcendent 
irrational numbers from them obtained from the digits of 
transcendent irrational numbers. Note that almost all sequences pass 
more than 90% of the Diehard test. Exception is only the sequence 
obtained using the digits from the sin 1, where the percentage of 
passed tests is between 80%and 90%, but it is satisfactory.  

 
Table 1 Success of Diehard tests 

Irrational 
number 

Seq. 
number n s 

Time for 
sequence 

generation (in 
sec.) 

Success 
of 

Diehard 
tests 

ϕ Seq. 1 10 1 630 91 % 
√2 Seq. 2a 10 2 670 99 % 
√2 Seq. 2b 10 1 678 98 % 
√3 Seq. 3a 10 6 636 97 % 
√3 Seq. 3b 12 2 653 92 % 
√7 Seq. 4a 10 6 654 99 % 
√7 Seq. 4b 10 3 662 91 % 

sin 1 Seq. 5a 10 2 351 85 % 
sin 1 Seq. 5b 10 4 478 87 % 
sin 1 Seq. 5c 9 4 529 86 % 
π Seq. 6 10 8 485 94 % 
e Seq. 7a 10 2 586 90 % 
e Seq. 7b 10 1 577 94% 

ln 2 Seq. 8 10 3 627 95 % 
 

In Table 2 and Table 3, we present the results from Diehard 
tests obtained from sequences generated from the digits of non-
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transcendent numbers. In Table 2, we give the results of Diehard 
test which output is p-value and in Table 3, the results when the 
output is the ratio of the number of passed tests and the total 
number of tests. The red (bold) values in the tables mean that the 
sequence does not pass the corresponding test.  

 

Table 2: Results from Diehard tests applied on the sequences generated by 
PGNG when irrational number is non-transcendental. Obtained  p-values 
are presented 

Seq. 
name 

Seq. 
1 

Seq. 
2a 

Seq. 
2b 

Seq. 
3a 

Seq. 
3b 

Seq. 
4a 

Seq. 
4b 

Irr.  
number ϕ √2 √2 √3 √3 √7 √7 

 p-value 
Birthday 
Spacings 

test 
0.10 0.87 0.37 0.40 0.23 0.15 0.34 

OPERM-
5 

0.15 
0.14 

0.82 
0.12 

0.08 
0.57 

0.91 
0.80 

0.29 
0.70 

0.31 
0.72 

0.93 
0.49 

Binary- 
31 test 0.34 0.85 0.78 0.32 0.68 0.32 0.73 

Binary- 
32 test 0.79 0.36 0.32 0.86 0.64 0.72 0.46 

Binary-
6x8 test 0.89 0.971 0.54 0.82 0.83 0.57 0.09 

Count-
Stream 

test 

0.55 
0.68 

0.91 
0.28 

0.64 
0.68 

0.24 
0.23 

0.36 
0.28 

0.52 
0.50 

0.23 
0.70 

Parking 
test 0.48 0.30 0.73 0.30 0.18 0.38 0.977 

Minim.  
Distance 

test 
0.99 0.09 0.82 0.57 0.004 0.51 0.32 

3D 
Spheres 0.88 0.96 0.74 0.92 0.28 0.47 0.15 

Sqeeze 
test 0.004 0.71 0.14 0.45 0.53 0.96 0.17 

O-SUM 
test 0.42 0.31 0.50 0.03 0.30 0.48 0.26 

Run test 

0.12 
0.80 
0.39 
0.86 

0.85 
0.69 
0.19 
0.27 

0.96 
0.14 
0.34 
0.61 

0.12 
0.02 
0.82 
0.40 

0.47 
0.68 
0.78 
0.40 

0.80 
0.52 
0.87 
0.91 

0.65 
0.31 
0.82 
0.56 

Craps 
test 

0.49 
0.81 

0.92 
0.24 

0.26 
0.41 

0.24 
0.03 

0.39 
0.92 

0.75 
0.30 

0.99 
0.24 

 

Table 3: Results from Diehard tests applied on the sequences generated by 
PGNG when irrational number is non-transcendental. No. of passed tests / 
No. of total tests are presented 

Seq. 
name Seq. 1 Seq. 

2a 
Seq. 
2b 

Seq. 
3a 

Seq. 
3b 

Seq. 
4a 

Seq. 
4b 

Irr. 
number ϕ √2 √2 √3 √3 √7 √7 

 No. of passed tests / total tests 

Bit 
stream 

test  
20/20 19/20 20/20 19/20 20/20 20/20 20/20 

OPSO 23/23 22/23 18/23 21/23 17/23 21/23 22/23 

OQSО 26/28 28/28 28/28 28/28 25/28 25/28 28/28 
DNA 
test 31/31 28/31 28/31 31/31 30/31 30/31 31/31 

Count 
Bytes 
test 

23/25 23/25 22/25 23/25 24/25 24/25 24/25 

 

 

From the last two tables, we can conclude that the generated 
sequences passed almost all Diehard tests.  

 

In Table 4 and Table 5, we present the results from Diehard 
tests obtained from sequences generated from the digits of 
transcendent irrational numbers.  

 

Table 4: Results from Diehard tests applied on the sequences generated by 
PGNG when irrational number is transcendental. Obtained p-values are 
presented 

Seq. 
name 

Seq. 
5a 

Seq. 
5b 

Seq. 
5c 

Seq. 
6 

Seq. 
7a 

Seq. 
7b 

Seq. 
8 

Irr. 
number sin 1 sin 1 sin 1 π e e ln 2 

 p-value 
Birthday 
Spacings 

test 
0.40 0.05 0.17 0.56 0.03 0.08 0.24 

OPERM-
5 

0.98 
0.94 

0.05 
0.73 

0.20 
0.99 

0.68 
0.32 

0.95 
0.27 

0.19 
0.99 

0.57 
0.49 

Binary-
31 test 0.33 0.66 0.41 0.77 0.49 0.81 0.99 

Binary-
32 test 0.60 0.61 0.62 0.65 0.72 0.32 0.64 

Binary-
6x8 test 0.18 0.22 0.89 0.55 0.31 0.16 0.14 

Count-
Stream 

test 

0.40 
0.26 

0.01 
0.34 

0.87 
0.03 

0.43 
0.31 

0.90 
0.45 

0.80 
0.51 

0.80 
0.04 

Parking 
test 0.006 0.19 0.98 0.71 0.27 0.34 0.69 

Minim. 
Distance 

test 
0.92 0.03 0.55 0.01 0.35 0.86 0.72 

3D 
Spheres 0.49 0.09 0.99 0.86 0.78 0.46 0.15 

Sqeeze 
test 0.14 0.84 0.61 0.27 0.87 0.66 0.85 

O-SUM 
test 0.99 0.003 0.36 0.31 0.61 0.52 0.82 

Run test 

0.53 
0.08 
0.97 
0.52 

0.25 
0.93 
0.39 
0.013 

0.76 
0.34 
0.84 
0.21 

0.10 
0.61 
0.13 
0.73 

0.42 
0.74 
0.97 
0.48 

0.36 
0.28 
0.39 
0.71 

0.25 
0.65 
0.44 
0.51 

Craps 
test 

0.15 
0.35 

0.05 
0.58 

0.71 
0.60 

0.45 
0.67 

0.99 
0.99 

0.86 
0.83 

0.46 
0.64 

 

Table 5: Results  from tests in Diehard battery, when irrational number is 
transcendental. Results are given with No. of passed tests / No. of total tests. 

Seq. 
name 

Seq. 
5a 

Seq. 
5b 

Seq. 
5c Seq. 6 Seq. 

7a 
Seq. 
7b Seq. 8 

Irr. 
number sin 1 sin 1 sin 1 π e e ln 2 

 No. of passed tests / total tests 
Bit 

stream 
test    

19/20 19/20 19/20 16/20 18/20 20/20 19/20 

OPSO 19/23 21/23 20/23 20/23 21/23 21/23 23/23 

OQSО 27/28 28/28 25/28 28/28 27/28 27/28 24/28 
DNA 
test 30/31 30/31 29/31 31/31 30/31 26/31 31/31 

Count 
Bytes 
test 

20/25 24/25 23/25 25/25 23/25 23/25 24/25 

 

Analyzing the results from Table 4 and Table 5, we can 
conclude that the sequences generated from the digits of 
transcendent irrational numbers also passed almost all Diehard tests. 
As we concluded from Table 1, exception is only the sequence 
obtained using the digits from the sin 1, where the results are a little 
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bit worse, but these sequences also passed more of the considered 
tests. 

5. Conclusions 
In this paper, we generate sequences using PRNG based on 

digits of different irrational numbers. Our goal is to check if the 
kind of irrational numbers (non-transcendent or transcendent) has 
influence to the randomness of generated sequences. Our 
expectations were that the transcendent numbers will give better 
results than non-transcendent ones, but the results reject our 
expectations. They confirm that almost all tested irrational numbers 
are good for using in our PRNGs and there is not a significant 
difference in the randomness of the generated sequences in the both 
cases. 
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Abstract: In this paper, we present some results of statistical processing of the results of numerical simulation of the characteristics of vision 
systems through the atmosphere obtained with the help of a special software package created by us (Gendrina I.Yu., Kvach A.S.). 
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Introduction 
Various methods of statistical research such as 

correlation-regression analysis, dynamic series, variance analysis, 
etc. in the study of vision systems are used for studying and 
subsequent prediction of the patterns of radiation transfer. We 
have conducted Monte Carlo experiments to calculate the Point 
Spread Function for linear system “underlying surface – 
atmosphere”. The one is defined as the system response to the 
input signal, representing a point mass, located at a certain point, 
and can be determined as the angular brightness distribution of 
surface-based point source measured with receiving device at the 
top of the atmosphere. Then we have attempted to apply elements 
of correlation-regression analysis for the study of the influence of 
various optical and geometrical parameters on the Point Spread 
Function. 

Vision system (VS) is understood as an observation 
scheme including the underlying surface, a "cloudy environment" 
(atmosphere), and an optical device that captures  incoming 
radiation. To study radiation transfer in such systems, the theory 
of systems and the theory of radiation transfer are traditionally 
used (Zuev V.E., Belov V.V., Veretennikov V.V.). 

The main system characteristic for VS  is the point spread 
function (PSF); it is defined as the response L  of linear system 
to the input signal, representing a point mass 

)yy()xx( 11 −δ−δ , located at a certain point )y,x( 11 :

[ ] )y,x;y,x(h)yy()xx(L 1111 =−δ−δ .  

An arbitrary object (function) )y,x(f  can be considered 
as a set of point masses. For instance: 

( ) ( ) ( ) 111111 dydxyy,xxy,xfy,xf ∫∫
+∞

∞−

+∞

∞−

−−δ= . Then, a 

result of the system impact (image) can be represented in the 
form: 

( ) ( )[ ] ( ) ( ) 111111 dydxy,x;y,xhy,xfy,xfLy,xg ∫∫
+∞

∞−

+∞

∞−

== . 

Obviously, regularities of the image distortion due to impact of 
any system can be studied by analyzing the effect of this system 
on the point spread function. 

 
The model of the atmosphere includes the following 

characteristics: the total attenuation coefficient 
( ) ( ) ( )r,r,r, asc


λσ+λσ=λσ , where scσ – the scattering 

coefficient, aσ – the absorption coefficient; )r,,(g


µλ  –  

aerosol phase function. Here ( )z,y,xr =


 – radius-vector of the 
current point in space, ),( ωω′µ


 – cosine of the scattering angle 

of radiation coming from direction ω′


, in the direction ω


, λ  –  
is the wavelength of incident radiation. 

The paper considers two models of the atmosphere: 
1. vertically bounded plane-parallel layer-homogeneous 

aerosol-molecular; 

2. vertically bounded plane-parallel aerosol-molecular, 
including overcast layer. For the cloud layer, different 
characteristics from those of the first model is assumed: 
coefficients of attenuation, absorption, scattering, and the aerosol 
phase function. 

 
1. Problem Statement and methods 

The geometric scheme of calculations is as follows: at the 
lower boundary of the atmosphere (on the underlying surface 

0=z ) there is a point source of unit capacity. At the upper 
boundary of the atmosphere ( kmz  30= ) there is an optical 
receiver that can receive scattered radiation coming from 
different directions (observation angles). The brightness of the 
scattered radiation is solution of the integro-differential transport 
equation (Marchuk G.I., Mikhailiov G.A., Nazaraliev M.A., 
Darbinjan, Kargin B.A., Elepov B.S.), which can be practically 
solved only by approximate or numerical methods. 

One of the most universal methods for solving this 
problem is the simulation method, or the Monte Carlo method. 
The basis of the Monte Carlo method is the integral transport 
equation of the second kind with a generalized kernel for the 
density of particles’ collisions (Marchuk G.I., Mikhailiov G.A., 
Nazaraliev M.A., Darbinjan, Kargin B.A., Elepov B.S.): 

∫ ψ+′′′=
X

)x(xd)x(f)x,x(k)x(f


,  ψ+= Kff  

Here  ( )ω=
 ,rx  – is the point of the phase space of 

coordinates and directions, ( )xψ  – source function, K – integral 
operator with kernel )x,x(k

 ′ : 












′−
′−

−ωδ⋅
′−π′σ

σ′τ−µ⋅σ
=′

rr
rr

rr)r(
)r())r,r(exp()(g)r()x,x(k sc











22
. 

In this paper, one of the algorithms of the Monte Carlo 
method was used - the method of local estimation (Marchuk G.I., 
Mikhailiov G.A., Nazaraliev M.A., Darbinjan, Kargin B.A., 
Elepov B.S.). 

Algorithm for local estimation consists in calculating 
following functional: 

)x,x(lQM

xd)x(f)x,x(ld),r()(J

ni

N

n
n

X
ii

i

∗

=

∗

Ω

∗∗∗

⋅=

=′′′=ωωΦ=Ω

∑

∫∫





0

(1) 

)s(
rr

)(g))r,r(exp()x,x(l ii
∗

∗

∗∗
∗ ∆

−π

µ⋅τ−
=








2
2

. (2) 

Here 
rr
rrs 




−

−
=

∗

∗
∗

, )s,( ∗∗ ω=µ


, )s(i


∆  –  is 

the indicator of region iΩ . Φ – flux of particles at given point 
∗x


. nQ – weight of the particle, )x(f


– density of collisions. 
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2. Initial data 
We will consider the process of radiative transfer through 

aerosol-molecular atmosphere, which comprises a layer overcast, 
by neglecting the reflection from underlying surface. We used the 
following data (Gendrina I.Yu., Kvach A.S.):  

1. Wavelength (mkm) in transparent windows: 0.347; 
0.530; 0.694; 0.860; 1,060; 3,390; 10.60.  

2. Lower boundary of atmosphere 0 km above Earth's 
surface, upper boundary H of the atmosphere 30 km above the 
Earth's surface.  

3. Optical thickness for a cloudless atmosphere are 
presented in Table 1. 

 
Table  1 .  Optical thickness of the cloudless atmosphere 

 
Wavelength, mkm Optical thickness 

0,347 0,228 
0,53 0,158 

0,694 0,124 
0,86 0,098 
1,06 0,092 
3,39 0,067 
10,6 0,041 

 
4. Lower boundary of the cloud layer - 1 km above the 

Earth's surface, upper boundary - 2 km above the Earth's surface. 
The optical models of the cloud layer – “haze H” and “cloud C1” 
( Deirmendjian D.) 

5. In this work, we considered Lambertian model of 
sources of radiation. In this case the density of the initial areas 

looks  like: ( )
π
µ

=ω


p  , where θ=µ arccos , θ - zenith angle 

of initial direction. 
 

3. Simulation results 
Quantitative values brightness of scattered radiation for 

the cloudless atmosphere are presented in our previous 
publication (Gendrina I.Yu., Alekseenko M. A.). Similar values 
for various models of the cloud atmosphere are given in Tables 
2,3.  

Table 2 contains the results for the brightness of scattered 
radiation for the atmosphere with a cloud layer of the "Haze H" 
type.  

Table 3 contains similar data for the atmosphere with a 
cloud layer of the "Cloud C1" type.  

These types vary in value of the average cosine of 
scattering phase function: 

( ) .dg∫
−

µµµ=µ
1

1
2
1

 

It is known that this parameter characterizes the 
elongation of aerosol phase function. For example in case 

6940,=λ mkm the average cosine amounts to 0,745 for  type 
“Haze H” and 0,857  for type “Cloud C1”. 
 

Table  2 .  Brightness of scattered radiation for the 
atmosphere with a cloud layer of the "Haze H" type,  

W/mkm ⋅m2 

 
Angles of 
reception, 
grad 

Wavelength, mkm 

λ =0,374 λ =0,530 λ =0,694 λ =0,860 
4,5 2,24E-05 1,67E-05 1,38E-05 1,13E-05 

13,5 1,09E-06 7,65E-07 6,60E-07 5,30E-07 
22,5 2,23E-07 1,83E-07 1,55E-07 1,39E-07 

31,5 8,44E-08 5,63E-08 5,54E-08 4,73E-08 
40,5 3,49E-08 2,73E-08 2,81E-08 6,65E-08 
49,5 1,86E-08 5,15E-08 1,54E-08 1,18E-08 
58,5 1,30E-08 1,10E-08 1,71E-08 7,75E-09 
67,5 1,94E-08 1,12E-08 7,95E-09 2,11E-08 
76,5 1,58E-07 2,13E-08 4,96E-09 3,68E-09 
85,5 1,20E-08 6,37E-09 1,23E-09 1,03E-09 

 
 

Table  3 .  Brightness of scattered radiation for the atmosphere 
with a cloud layer of the "Cloud C1" type,  

isotropic source, W/mkm ⋅m2 
 

Angles of 
reception, 

grad 

Wavelength, mkm 

λ =0,374 λ =0,530 λ =0,694 λ =0,860 
4,5 4,24E-07 5,01E-07 5,45E-07 5,69E-07 

13,5 1,32E-07 1,36E-07 1,01E-07 9,47E-08 
22,5 5,06E-08 4,30E-08 4,23E-08 3,50E-08 
31,5 2,29E-08 1,84E-08 1,20E-08 1,19E-08 
40,5 7,00E-09 8,43E-09 6,45E-09 5,16E-09 
49,5 3,29E-09 2,44E-09 3,10E-09 2,69E-09 
58,5 1,84E-09 1,59E-09 1,36E-09 1,39E-09 
67,5 1,17E-09 1,13E-09 7,77E-10 8,25E-10 
76,5 8,77E-10 9,73E-10 7,45E-10 5,32E-10 
85,5 1,70E-10 5,77E-10 8,95E-11 1,78E-10 

 
 

4. Statistical analysis of simulation results 
To establish functional relationship between the angular 

distribution of brightness and optical parameters, regression 
analysis was used, which is widely used to restore aerosol and 
cloud characteristics, and also to assess their effect on climate 
( Khayer M. M. et al.). The regression equation for the angular 
distribution of brightness in the aerosol-molecular and cloud 
atmosphere relatively wavelength of the incident radiation was 

obtained in the form 0
1 b
x
b

y +=  for all reception angles. 

Regression coefficients for the cloudless atmosphere are given in 
Table 4. The regression coefficients for the cloudy atmosphere 
are given in Table 5. The tables also shown coefficients of 
determination 2R . This coefficient indicates  the proportion of 
the total variation in the dependent variable y  due to variability 
of x  and characterizes the total quality of regression. The 
statistical significance of determination coefficient can be 

confirmed with the help of Fisher statistics: ( )2
1 2

2
−⋅

−
= n

R
RF . 

Here n  is the number of observations. The value F is compared 
to value 

21 k,k;Fα  from Fisher table. Here α  - the given level of 

significance, 11 =k  and  22 −= nk . 
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Table  4 .  Coefficients of the regression equation for the 
cloudless atmosphere 

 
Angles of 
reception, 

grad 

0b  1b  2R  

4,5 1,19E-05 3,25E-05 0,993 
13,5 2,31E-07 5,05E-07 0,976 
22,5 6,98E-08 1,19E-07 0,927 
31,5 3,92E-08 4,04E-08 0,784 
40,5 2,44E-08 1,51E-08 0,570 
49,5 1,39E-08 6,51E-09* 0,482 
58,5 6,82E-09 3,64-09 0,609 
67,5 2,74E-09 2,35E-09 0,771 
76,5 5,21E-10 1,23E-09 0,907 
85,5 3,00E-11 1,76E-10 0,929 

 
Table  5  Coefficients of the regression equation for the 

cloud atmosphere 
 

Angles of 
reception, 

grad 

0b  1b  2R  

4,5 3,52E-06 7,12E-06 0,985 
13,5 1,08E-07 3,63E-07 0,997 
22,5 3,63E-08 7,53E-08 0,973 
31,5 1,26E-08 2,66E-08 0,976 
58,5 3,68E-09* 4,34E-09 0,598 
76,5 -3,34E-08* 5,04E-09 0,606 
85,5 -2,37E-09* 4,50E-09 0,809 

 
We would like to present also the brightness dependence 

relatively the upper boundary of cloud. The regression equation 
in this case was obtained in a simple form: 01 bxby +=  for all 
reception angles. Regression coefficients and determination 
coefficients for the case of isotropic source, wavelength of 

3470,=λ mkm, cloud layer type of the "Haze H" and “Cloud 
C1” are given in Table 6,7. 

Table  6 .  Coefficients of the regression equation for the 
cloud atmosphere. Model «Haze H» 

 
Angles of 
reception, 

grad 

0b  1b  2R  

4,5 5,14E-07 -3,07E-08 0,990 
13,5 1,53E-07 -7,70E-09 0,975 
22,5 5,92E-08 -2,33E-09 0,851 
31,5 2,65E-08 -6,54E-10* 0,654 
40,5 7,36E-09 -1,75E-10 0,946 
49,5 3,60E-09 -6,36E-11 0,625 
58,5 2,11E-09 -5,13E-11 0,840 
67,5 1,25E-09 -2,96E-11 0,886 

 
 
 
 
 
 
 
 
 

Table  7.Coefficients of the regression equation for the cloud 
atmosphere 

Model «Cloud C1» 
Angles of 
reception, 

grad 

0b  1b  2R  

4,5 4,98E-07 -2,61E-08 0,966 
13,5 1,44E-07 -4,88E-09 0,953 
22,5 5,10E-08 -1,48E-10 0,158 
31,5 2,14E-08 7,33E-10 0,976 
40,5 6,30E-09 1,55E-10* 0,631 
49,5 3,15E-09 4,54E-11 0,882 
58,5 1,89E-09 -8,70E-12* 0,379 
67,5 1,18E-09 -7,32E-12 0,802 
76,5 1,11E-09 2,66E-11* 0,151 

 
Note. * - insignificant coefficient. 
 

Conclusions 
Statistical estimation of regression equations for 

significance was carried out on the basis of the F -test and 
estimation of the determination coefficient. With 90% 
confidence, it can be argued that the considered dependence is 
statistically significant. 

The analysis shows that between obtained angular 
distributions of intensity and wavelength ) in transparent 
windows for both cloudless and cloudy for the atmosphere, there 
is a link that can be with a good degree of accuracy to describe 
hyperbolic regression equation.  

Between the brightness and the upper boundary of cloud, 
there is a link that can be with a degree of accuracy to describe 
linear regression equation.  
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Abstract: The present work compares two different approaches, Computational Fluid Dynamics (CFD) and dispersion model, for liquid 

distribution modeling with experimental data for liquid spreading in randomly packed metal Pall rings. The used experimental data are 
obtained in a semi-industrial column with a 0.6m diameter for several packing heights and liquid loads. It is shown that the appropriate 
choice of dispersion model parameters is essential for prediction of liquid distribution. In both models some parameters are determined by 
fitting with experimental data, the remainder are calculated or taken from literature. Comparison of the two model liquid distributions with 
experimental data shows that both CFD and dispersion model are in good agreement with the experiment especially for higher packing bed, 
when the wall flow is fully developed.  
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1. Introduction  

Packed columns are widely used for separation processes 
such as rectification and absorption in chemical industry and 
environmental protection due to their high efficiency at low 
pressure drop. The recent interest is connected with technologies 
for flue gas scrubbing, heat recovery and fuel production. The 
uniform liquid distribution in the packed bed cross-section is 
crucial for the efficiency of the transfer processes. Several 
models are proposed to predict the liquid distribution in a packed 
bed starting from the random walk model of Tour and Lerman [1] 
for liquid spreading in unconfined packing with no wall effect 
and the dispersion model of Cihla and Schmidt [2] developed by 
other authors to account for the wall flow. Lately the techniques 
of Computational Fluid Dynamics (CFD) are widely employed 
for prediction of the liquid distribution by treating the packing 
bed as a porous media with permeability resistance, Yin [3], or 
by reconstructing the geometry of the packing bed and tracking 
the gas-liquid interface area. 

The present work compares results from a dispersion model 
and a CFD simulation of liquid spreading in a packed bed of 
random Pall rings. 

2. Model description  
In this part a brief concept of dispersion model equations, 

boundary conditions, and solution is presented. The full 
description is given in the work [4]. The process of flow 
distribution in a packed-bed column is described by the following 
dimensionless equation [2]: 

(1) ( ) ( ) ( )
z

zrf
r

zrf
rr

zrf
∂

∂
=











∂
∂

+
∂

∂ ,,1,
2

2
,   

where Rrr /′=  is dimensionless radial coordinate; r′ is radial 
coordinate, m; R  is column radius, m; 2RDhz = is 
dimensionless axial coordinate; D is liquid distribution 
coefficient, m; h is axial coordinate, m; 0LLf = is 
dimensionless superficial velocity; 0, LL are local and mean 
liquid superficial velocity, m3/m2s. The boundary conditions are 
the following [5]:  

(2) ( )CWfB
r
f

−=
∂
∂

− , for 1=r   

(3)   ( ) 0,
=

∂
∂

r
zrf ,  for 0=r   

where parameter B is a criterion for exchange of liquid between 
the column wall and the packing; parameter C expresses the 
equilibrium distribution of entire liquid flow between the wall 
and the packing when equilibrium state is attained ∞→z ; W is 
dimensionless wall flow.  

The equations defining these parameters are: 

(4) DRB /β=  ,     

(5) γπ 2RC = ,  

where β , - ,  and γ , 1/m2, are parameters in the boundary 
conditions.  
At 0=z the uniform initial irrigation is defined as: 

(6) ( ) 1, =zrf , for 10 <≤ r and  0=z   

There is analytical solution of the above model in the form of 
infinite series [6]: 

(7) ( )∑
∞

=

−+=
1

2
00 exp)(),(

n
nn

u
n

u zqrqJAAzrf , 

In the above expressions, uf (dimensionless), denotes the 
solution for uniform initial irrigation. The coefficients are derived 
from the expressions: 

(8)
C
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+

=
10 , 
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 ++−

−
= ,  

The dimensionless wall flow uW  is calculated from Eq. (9) and 
from the material balance: 
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(9) ( ) ( ) ( )∑
∞

=

−−
+

=
1

21 exp2
1

1

n
n

n

n
n

u
n

u zq
q
qJqA

C
W ,

  
where 10 , JJ  are Bessel functions of the first kind, zero and first 
order; nq  are the roots of the characteristic equation, following 
from boundary condition (2):

 (10) ( ) ( )[ ] ( ) 0)(//2 01 =+− nnnn qJqJBqqC    

3. Experimental data. 
Experimental data for the liquid distribution in a column 

filled with metal Pall rings, of 25 mm, used in this paper are 
taken from the PhD thesis of Yin [3]. They are obtained in a pilot 
column with 0.6m diameter, for packing heights 0.9 and 3.0 m, 
and liquid and gas loads 75.0;0,66.6;78.4;91.2 == GL kg/m2.s. 
The liquid collecting device consists of 6 segments, the initial 
irrigation is uniform.  

4. Methods of estimation and identification of 
model parameters 

In this paper we propose the following scheme for three 
parameters’ estimation/identification of the mathematical model 
described above. 

1) The value of C can be determined even if there are not 
available data for wall initial irrigation. In this case the data about 
wall flow at several packing heights for uniform initial irrigation 
are needed. We use the relation (9) in the limiting case 
when ∞→z ; as it is seen, the last term in (9) diminishes and the 
result is: 

(11)
C

W
z

u
+

=
∞→ 1

1 , 

2) In this work the value of the radial spreading coefficient D  is 
taken from the literature [7]; 

3) Then, only parameter B can be identified by non-linear 
optimization minimizing the residual variance: 

(12) ( )∑
=

−
−

=
k

i
icieiA ffn

k
S

1

22
1

1 , 

where if  
is the mean dimensionless density of irrigation in i-th 

annular section of the liquid collecting device, delimited by the 
radii 1−ir  and ( )1−> iii rrr and is determined by the expression 

(13) ( )rdrzrf
rr

f
i

i

r

rii
i ∫

−
−−

=

1

,2
2

1
2 , 

with indices “e” and “c” denoting experimental and calculated 
values of liquid density of irrigation. 

As explained above, three parameters should to be 
determined – DC, and B . In the light of experimental data used 
in this paper, for calculation of C  eq. (11) is used. Then, the 
obtained value for C is 5.95, which is very close to the value 
( 29.5=C ), obtained for ceramic Pall rings 25 mm in [4]. Here,  
the value of C is calculated from the results [3] for the wall flow 
at uniform initial irrigation for packing heights 0.9, 1.8 and 3.0 m 
at liquid load 66.6=L kg/m2.s and no gas flow, because at these 
conditions a fully developed wall flow is achieved. As it is 
recommended in [8], the value of C is better to obtain from data 
at higher packing layer, when the equilibrium between bulk zone 
and wall flow is reached. On the contrary, these authors 
mentioned, that the parameter B has to be identified/calculated 

for lower packing depths, because at higher ones it loses its 
importance.  

In this work the value of D is chosen to be m0007.0=D . 
This value is the last result [7], reported in the literature about 
metal Pall rings, 25.4 mm, and, which is more important, the 
results of Wen et al.[7] are obtained for the same packing, as in 
[3]. The previous reported data for D is that of Stikkelmann [9], 
which is about 3 times larger (0.0025m) although the method of 
calculating of D  is the same as in the work [7]. The probable 
explanation of these differences in the value of D is that a piece 
of Pall ring packing may have different geometry inside its 
cylindrical body – see [10]. The Pall rings are created in 1940 
and up to now a large number of manufacturers as well as many 
modifications of this packing type exist (Flexiring, Raflux ring, 
P-ring, Hy-pak, etc.). The cut “windows” in one packing element 
may have different width and curvature, which changes the radial 
spreading inside the packing element, and this result in a large 
variety of spreading coefficients even for the same packing 
diameter and material [11]. In [4], the reported value for ceramic 
Pall rings, 25 mm, for approximate comparison, is m0011.0=D , 
but the inside geometry of ceramic Pall rings is different from 
that of metal one.  

The only one model parameter to be identified is B . That is 
done using the minimal residual variance (12) between model 
and experimental mean dimensionless density of irrigation (13) 
in each segment of liquid collecting device (detailed procedure is 
described in [12]. The obtained value is 25=B .  

4. Comparison of liquid predictions (CFD results 
of Yin [3] and current model) with experimental 
data for metal Pall rings [3] 

In [3], the comparison between experimental and CFD data 
for liquid relative velocity is made, for packing heights H=0.9 m 
and H=3.0 m., for L=4.78 kg/m2.s and G=0.75 kg/m2.s, which is 
below the reported loading point and the influence of the gas 
phase is not significant. We compare these results with model 
solution (7) for already identified values of the parameters. The 
comparison of both model predictions - CFD and dispersion 
model from this work are presented in figures 1 and 2. 
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Fig. 1 Comparison of relative liquid velocities between dispersion model 
predictions, Yin’s CFD predictions and Yin’s experimental data: L=4.78 
kg/m2s; G=0.75 kg/m2s; for packing height H=0.9 m. 

 

As can be seen, both models describe very well experimental 
data. For lower packing height the radial profile of experimental 
data in the bulk zone are still parabolic and equalize when the 
packing height is increased. Both predictions are more accurate at 
H=3.0 m.  
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Fig. 2 Comparison of relative liquid velocities between dispersion model 
predictions, Yin’s CFD predictions and Yin’s experimental data: L=4.78 
kg/m2s; G=0.75 kg/m2s; for packing height H=3.0 m. 

 
It should be mentioned, that at both figures, model 

predictions of [3] are performed with the aid of the modern CFD 
package CFX4.2. Two of the parameters, included in the closure 
equations and relations, also were obtained by fitting with the 
experiment. They are connected with ‘liquid dispersion 
coefficient”, defined by Yin [3] for volume average concept, and 
turbulent term, included in it.   

In the case of no gas flow, in the next figures 3 and 4, the 
results of dispersion model predictions for the same heights, but 
for different liquid loads L=2.91 kg/m2s and L=6.66 kg/m2s are 
also presented. For above identified model parameters the 
coincidence between the model and experiment is quite well, 
which is additional verification of dispersion model ability to 
predict liquid spreading in packed beds.   
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Fig. 3 Comparison of relative liquid velocities between dispersion model 
predictions and Yin’s experiment: L=2.91 kg/m2.s; G=0; for packing 
heights H=0.9m (up) and H=3.0m (down). 
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Fig. 4 Comparison of relative liquid velocities between dispersion model 
predictions and Yin’s experiment: L=6.66 kg/m2s; G=0; for packing 
heights H=0.9m (up) and H=3.0m (down). 
 

5. Conclusions 
In the current work the results of dispersion model prediction 

for liquid distribution in random packing and identification 
procedure for model parameters are presented. A new formula is 
proposed for estimation of model parameter C in the case of 
uniform initial irrigation only, and experimental data for liquid 
distribution at several packing layer heights. Validation of model 
prediction for identified model parameters with experimental data 
of [3] for Pall rings, at two different packing heights and three 
liquid loads shows, that dispersion model analytical solution 
could be used successfully for fast prediction of liquid 
distribution in randomly packed beds. 

The dispersion model results are also compared with CFD 
prediction and experimental data of Yin for liquid distribution in 
a packed bed with metal Pall rings [3]. Comparison of two 
theoretical liquid distributions with experimental one show, that 
both describe very well the experimental data. 
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Abstract: In the paper a mathematical model of the non-stationary motion of a viscous liquid mixture through the vertical straight pipe of 

the circular cross section is proposed. During the model construction weak compressibility of the mixture is considered. The Navier-Stokes 
equations system is taken as a basis. Such model can be used in the description of oil motion in a vertical well. 
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1. Introduction 
The problem of the liquid mixtures (or emulsions, 

suspensions) motion is not just interesting, but also very important 
in some areas of the national economy, such as oil and gas industry. 
It is well known that during the extraction of oil it is not a “clear” 
product ascending from under the ground, but a mixture, consisting 
of oil, water and gas. In other words, we deal with the water-oil 
emulsion. 

As emulsion move up through the tubing its properties, such 
as density and viscosity, are changing. Its change is connected with 
temperature and pressure. And it is important to know the velocity 
of mixture’s ascending, of course. 

Further in the paper we use the term “liquid” instead of 
“liquid mixture” since we assume that this mixture is homogeneous 
– its components are distributed evenly in the main phase, they are 
well mixed. This is the first assumption. We have to obtain the 
mathematical model, describing the non-stationary motion of the 
weakly compressible liquid through the vertical pipe of the circular 
cross-section. 

2. The basic equations 
We take the equations of continuum mechanics as the basis [1], 

consider that there are no sources (or drains on the contrary) of the 
mass: 

 ( ) 0d
dt
ρ ρ υ+ ∇ ⋅ =

  , (1) 

 yx zd
F

dt x y z

ττ τυ
ρ ρ

∂∂ ∂
= + + +

∂ ∂ ∂

 


, (2) 

 yx z
x y z

dM
i j k

dt x y z

ππ π
ρ ρ τ τ τ

∂∂ ∂
= Π + × + × + × + + +

∂ ∂ ∂

  
     ,(3) 

 x y z
dE

t
dt x y z

υ υ υ
ρ ε τ τ τ

∂ ∂ ∂
= + ⋅ + ⋅ + ⋅ + ∇ ⋅

∂ ∂ ∂

  
   

. (4) 

Since we consider vertical motion, which is obviously due to the 
head from below, we assume that rotary motion in the liquid is 
absent hence we will not need the equation (3) further. As the first 
approximation we may assume that neither density nor pressure 
depends on temperature and hence energy change may be ignored. 
That allows us to neglect the equation (4). 

3. The construction of the mathematical model 
We introduce the Cartesian coordinate system and direct the 

axis Oz  along the pipe axis. We write the system of equations (1)-
(2) in projections onto the Cartesian axes: 

 0yx z
x y zt x y z x y z

υρ ρ ρ ρ υ υυ υ υ ρ
∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + + + + + = ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
, (5) 

 1 xyx x x x xx xz
x y z xF

t x y z x y z
τυ υ υ υ τ τυ υ υ

ρ
∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + + = + + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
,(6) 

 1y y y y yx yy yz
x y z yF

t x y z x y z
υ υ υ υ τ τ τ

υ υ υ
ρ

∂ ∂ ∂ ∂ ∂ ∂ ∂ 
+ + + = + + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

,(7) 

 1 zyz z z z zx zz
x y z zF

t x y z x y z
τυ υ υ υ τ τυ υ υ

ρ
∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + + = + + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
.(8) 

Since it is a vertical pipe, the gravity acts on the liquid (per the 
elementary volume): 0xF = , 0yF = , zF gρ= − . Next suppose that 
velocity has only the vertical component, in other words 

0x yυ υ= = . In p.2 it is said we consider that density does not 
depend on temperature. Let us clarify this assumption: let 
temperature vary with the altitude of the rise, i.e. with the change of 
the z  coordinate, and since the density depends on temperature 
(also on pressure) we have an implicit density dependence on z  
coordinate: ( )( ) ( )T z zρ ρ ρ= = . 

We write the system (5)-(8) with the assumptions described: 

 0z
z z z

ρ υυ ρ∂ ∂
+ =

∂ ∂
, ( 5′ ) 

 0xyxx xz

x y z
ττ τ∂∂ ∂

+ + =
∂ ∂ ∂

, ( 6′ ) 

 0yx yy yz

x y z
τ τ τ∂ ∂ ∂

+ + =
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, ( 7′ ) 

 1 zyz z zx zz
z g

t z x y z
τυ υ τ τυ ρ

ρ
∂ ∂ ∂ ∂ ∂

+ = − + + + ∂ ∂ ∂ ∂ ∂ 
. ( 8′ ) 

In general the stress tensor components have the following form 
[1]: 
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According to the assumptions made, the stress tensor components 
take the following form: 
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Substitute these relations in the system ( 5′ )–( 8′ ): 
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Let us turn to the cylindrical coordinates in the system ( 5′ )–( 8′ ), 
assuming in advance the cylindrical symmetry of the flow: 
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Next we add two equations ( 6′ ) and ( 7′ ): 

[ ][ ]
2

cos sin 0z p
r z r
υλ µ ϕ ϕ

 ∂ ∂
+ + − = ∂ ∂ ∂ 

. 

Since sum of bulk and dynamic viscosity coefficients cannot be 
zero, sum of sine and cosine of the same angle cannot be zero, it 
follows that  

2

0z p
r z r
υ∂ ∂

− =
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, 

or 

 
2

z p
r z r
υ∂ ∂

=
∂ ∂ ∂

. (13) 

Thus the final system of equations has the following form (we 
omit the z  index since we assume that there is only one velocity 
component): 
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z z
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∂ ∂
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r z r
υ∂ ∂

=
∂ ∂ ∂

, (13) 

 
2 2

2 2

1 1 pg
t z r r r z z
υ υ υ υ υυ ρ µ λ

ρ
  ∂ ∂ ∂ ∂ ∂ ∂

+ = − + + + −   ∂ ∂ ∂ ∂ ∂ ∂  
 .( 8′ ) 

Three equations contain three unknown functions: density ( )zρ , 

pressure ( )p z  and velocity ( ), ,r z tυ . 

4. The formulation of the corresponding 
problem and its correctness 

As noted earlier, the problem of studying the motion of a 
viscous liquid (liquid mixture) through the vertical pipe arises in the 

field of oil products extraction. It is necessary to predict the 
pressure, viscosity and velocity of the mixture that rises from the 
depth along the pipe, to understand whether, for example, pressure 
changes are so critical that it will lead to partial equipment 
destruction (the same pipe). 

For the mathematical formalization of the corresponding 
problem, it is necessary to set the initial pressure at the pipe inlet 
and pipe outlet (at the pipe outlet it is possibly constant), initial 
velocity distribution over the cross-section and initial density of the 
liquid. In time, or, in the first approximation, during the ascending 
along the change in pressure the liquid density changes, since the 
saturation of the mixture with gas increases [4,5]. 

In solving partial differential equations (systems of equations), 
the study of the correctness of the corresponding initial-boundary 
value problems for equations being solved is especially important. 
For quasilinear partial differential equations of the second order this 
analysis is not simple. For the system of equations ( 5′ ), (13), ( 8′ ), 
such a study was carried out by OA. Ladyzhenskaya [2]. The results 
are positive. 

5. The solution method 
For the initial-boundary value problem, the system of equations 

obtained in p.3 can be solved by a numerical method – the variable 
direction method [3]. According to this method, the previously 
obtained partial differential equations are replaced by difference 
relations with intermediate computation of functions on the 0.5k +
-th time layer: A similar solution has already been applied in [4]. 

6. Conclusion 
In this paper, the construction of a mathematical model 

describing the nonstationary motion of a viscous compressible 
mixture over a long vertical rectilinear tube of circular cross-section 
is considered. Such a model can be used to solve the problem of the 
movement of oil along a vertical well. A numerical method for 
solving the corresponding initial-boundary value problem is 
proposed. 
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Abstract: The basic principles of functioning of subsystems  of the information-technological complex, which is intended for the forecast of 
structure and properties of the cast metal, are presented. The basis of subsystems are mathematical and simulation models of crystallization. 
The subsystem of thermal analysis is based on mathematical models, which were developed within the framework of the dynamic theory of 
metallic castings The subsystem of modeling  of crystallization is based on a combination of mathematical models of heat conduction and 
diffusion with cellular automata. The model makes it possible to investigate in computational experiment the effect of various cooling 
conditions on the process of formation of the structure during crystallization.  The results of  computer experiment are shown. 
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1. Introduction 
One of the factors to solve the problem of improving the quality of 
castings and increasing the efficiency of foundry production is the 
availability of methods for the on-line monitoring of the melting 
process and evaluation of the melt’s state immediately before 
casting. Although the process of forming the quality of metal 
products is complex and multistage, crystallization plays a special 
role in it since it is at this stage the "primary" structure of solid 
metal is formed, which significantly influences the formation of the 
properties, which the final product must have. That is, it is 
necessary to be able to on-line check  of  the melt's state and control 
the crystallization process during the technological process of 
smelting. As one of the variants of realization of this task it is 
possible to use information-technological complex consisting of 
subsystems of computer thermal analysis [1] and of simulation 
modeling of metals’ and alloys’ crystallization [2]. Thermal 
analysis provides information on thermal effects during hardening 
of sample, which reflect the processes of formation of the cast 
metal’s structure. This makes it possible to analyze the kinetics of 
the crystallization process using data of the cooling curve and to 
predict the service properties of metals and alloys in the solid state. 
Simulation modeling makes it possible in the mode of computer 
experiment to optimize known and develop new technological 
modes for creating foundry products, which significantly reduces 
time of development and material costs, gives an opportunity to 
obtain important scientific information about the process of 
crystallization of metals and alloys under both equilibrium and 
nonequilibrium conditions (even those ones, which is difficult or 
impossible to obtain under in laboratory conditions). Simulation 
modeling makes it possible  in the mode of computer experiment to 
optimize known and develop new technological modes for creating 
foundry products, which significantly reduces time of development 
and material costs, gives an opportunity to obtain important 
scientific information about the process of crystallization of metals 
and alloys under both equilibrium and nonequilibrium conditions. 
 
2. Preconditions and means for resolving the problem 
The thermal analysis subsystem should record the change of the 
temperature of metallic material, which is in the process of 
crystallization (the cooling curve). Using the data of the cooling 
curve with the help of mathematical modeling it is possible to single 
out information on the dynamics of the crystallization process, 
which helps to predict the properties of metals or alloys in the solid 
state. Mathematical models in this case should be simple, since the 
calculations based on them must be performed in the computer for 
the minimum possible time [3]. Similar models are proposed in the 
framework of the dynamic theory of hardening of metallic castings 
[4]. Based on these models, a technique for computer thermal 
analysis is proposed, which simulates differential thermal analysis 
using the hardware of simple thermal analysis. The application of 
this technique significantly increases the sensitivity of the method, 
as well as the reliability of the forecast of the structure and 
properties of the metal in the solid state. 

In the process of developing of a subsystem of simulation modeling 
of the formation of the structure of metallic materials during their 
crystallization, problems arise due to the complexity of the 
mathematical formulation of the problem. At the same time, studies 
of cellular automata have shown the principal possibility of their 
use for modeling of similar processes [5]. However, the rules for 
cellular automata’ operation of are usually given without connection 
with real physical processes. In this paper we propose a simulation 
model of crystallization, which is based on combination of 
mathematical models of heat conduction and diffusion with cellular 
automata. At that, the external cooling conditions and composition 
of the liquid metal or melt at a certain point determine the possible 
state (liquid or solid) of the corresponding cell of the cellular 
automaton. 
 
3. Structure and capabilities of the models  
3.1. The subsystem of computer thermal analysis 
Mathematical difficulties which arise while creating mathematical 
models of crystallization can be significantly reduced if we consider 
the case of solidification of a body whose temperature gradient 
across its volume can be neglected. In the method of thermal 
analysis, which is used in this work, portions of metal or metal 
alloys which have small dimensions and cylindrical shape with a 
diameter of 20 ... 40 mm are examined. Since metallic materials are 
good conductors of heat, in this case it is possible to proceed to an 
analysis of the heat balance equation for the whole sample as a 
whole [4]. Then the heat balance equation is represented as: 
                                  

dt
dQ

dt
dQ

dt
dQ Lc     += ,                                         (1) 

where 
dt
dQ  - the change in the amount of heat in the sample due to 

its release into the environment; 
dt

dQL  - change in the amount of 

heat, which is released as a result of formation of a solid phase; 

dt
dQc  - change in the amount of heat in the sample due to changes 

of the material’s temperature. 
Substituting the known relations in (1): 
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where  T(t), Tcр -  are the temperatures of the metal (of cooling 
curve) and of the environment; t - is the total time of the process; tкр 
- is the time of onset of crystallization; tтв - time of the end of 
crystallization; c, L, m0 – are, respectively, specific heat, specific 
latent heat of crystallization and portion’s mass of the material that 
is being investigated;  m(t) - is the mass of the solidified part of the 
sample to the instant t; ε - is the degree of blackness of the cooling 
surface;  σ = 5,56⋅10-8 Дж/(м⋅К4) – is the Stefan-Boltzmann 
constant. 
Equation (4) simulates the technique of differential thermal 
analysis, which has a high sensitivity of the beginning and end of 
phase transformations. During the experiment, the cooling curve 
T(t) is fixed in the computer memory. Then, its fourth degree and 
derivative are calculated. Knowing the values of the coefficients k1, 
k2, we can calculate the right-hand side of Z (t) equation (3). Before 
the beginning of crystallization and after its termination, the value 
of Z is zero. During crystallization, heat is released and the balance 
is disrupted. These changes at the points tкр and  tтв are easily 
recorded in the experiment. 
To determine the values of the coefficients k1 and k2, the initial and 
final sections of the cooling curve are used, where there is no 
release of crystallization heat and the right-hand side of equation (4) 
is zero. These sections of the cooling curve are linearized by 
dividing of both parts (4) by [T(t)-Tср] and introducing  of new 
variables: 
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Then equation (4) in these areas becomes the equation of a straight 
line: 
                                        xkky 21 += .                                      (11) 
The values of the coefficients are determined by the method of least 
squares [6]. 
Thus, this technique of computer thermal analysis uses the hardware 
part of simple thermal analysis and simulates differential thermal 
analysis. Its use in the subsystem of the computer thermal analysis 
makes it possible to analyze the kinetics of the crystallization 
process using the data of the cooling curve and to predict the service 
properties of metals in the solid state. 
3.2. The subsystem of simulation modeling 
The two-dimensional heat equation is used in the development of 
the subsystem of simulation modeling of formation of the structure 
of metallic materials during their crystallization. It assumes that 
cooling of the body comes from all four sides of the plane, and 
thermophysical characteristics of the melt (specific heat, density 
and thermal conductivity) do not depend on temperature (ie, c, ρ, λ 
= const): 
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where 
ρ
λ
c

a = - is the coefficient of thermal diffusivity; ε(x, y, t) - is 

the fraction of the solid phase in some elementary volume; Т0 - is 
the initial temperature; L - is the specific latent heat of 
crystallization; α1, α2, α3, α4 - heat transfer coefficients from four 
sides; x0, y0 - are the dimensions of the system. The last term in the 
heat equation. 
The last term in the heat equation (12) takes into account the release 
(or absorption) of heat during the phase transformation. Since a 
cellular automaton is used in the simulation model of 
crystallization, it is convenient to solve this problem numerically. 
This solution is realized by the splitting method using an implicit 
numerical scheme. 
Taking into account the need to enter the system time in the model, 
the order of calculations is organized as follows. First and foremost, 
the heat conduction problem is solved numerically, in which the 
time step determines the system time of the entire model.  At that, 
one step of the system time is the total time of observation of the 
diffusion problem. Therefore, the calculation of this task is carried 
out anew at each step of the system time. At that,  the initial 
condition changes each time: the previous solution becomes a new 
initial condition. The boundary conditions assume the absence of 
exchange of matters at the boundaries of the system: 
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where K(x,y,t) - ) is concentration of the second component in the 
melt; K0(x,y,) - is an initial concentration, which is updated at each 
step of the system time; D - is the diffusion coefficient of the 
second component of the alloy in the melt. The solution of this 
problem is completely analogous to the solution of the thermal 
problem. 
The temperature and concentration of the second component at each 
point of melt determine the size of the local supercooling, which is 
calculated as the difference of the liquidus temperature for this point 
and its temperature at a given time. Subcooling in the liquid state is 
the main driving force of crystallization. In its presence, there are 
conditions for formation of a crystal or growth of an already 
existing embryo. To calculate the presence and magnitude of 
supercooling, the linearization of the liquidus lines and of the 
solidus of the double-alloy state diagram with the eutectic is used. 
Thus, in the subsystem  of simulation modeling, mathematical 
models of heat conduction and diffusion are organized in such a 
way that it is possible to simulate various conditions of cooling 
which take place during crystallization in the technological 
processes of foundry. The simulation model itself has the possibility 
of changing the cooling conditions (reducing or increasing the 
intensity of the heat removal) directly in the course of the computer 
experiment. 
 
4. Results and discussion 
The basis for predicting of the mechanical properties of the alloys 
of the AL-Si and Al-Si-Mg systems in the cast state is that the 
temporary tear resistance σв and relative elongation δ  are mainly 
determined by the chemical composition of alloys’ main alloying 
 components (Si, Mg) and impurities, which significantly affect the 
mechanical properties of these alloys (for example, Fe). In addition, 
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Fig. 1. Macrostructure of pure aluminum, which is simulated 
at speed of cooling 5 deg/s 

 
 Fig. 2. Macrostructure of pure aluminum, simulated by an 

alternate change in the coefficients of heat transfer in the 
process of crystallization 

 
Fig. 3. Macrostructure of pure aluminum, simulated with 
asymmetric variation of heat transfer coefficients 

inherited metal’s properties and technology’s factors that are 
difficult to control (for example, overheating or modifying) can also 
change the average level of mechanical properties. The total effect 
of these factors is manifested in the thermogram in the form of a 
change in the values of recalescence during the formation of the α-
phase and the eutectic. As shown in [3], these parameters, in 
particular eutectic recalescence, correlate with the level of 
mechanical properties. Therefore, it is advisable to introduce its 
value as an additional parameter into equation of forecasting of 
mechanical properties. To create appropriate regression equations, 
experiments were performed in which content of the silicon for Al-
Si and Al-Si-Mg alloys varied from 6.1% to 11.3% and  of 
magnesium - in the range from 0.15% to 0.40%. Equations are 
obtained for the alloy of the Al-Si system, which bind the temporary 
tear resistance and relative elongation with the calculated content of 
silicon, iron, and with the value of eutectic recalescence. They have 
the following form: 
            −⋅−⋅+= FeSiв 1125,1331076,037145,14σ  
                                                

эрTFe ∆⋅+⋅− 2431,03304,9 2 ,         (24) 

               −⋅−⋅−= FeSi 7786,116663,04195,4δ  
                                              

эрTFe ∆⋅+⋅− 0283,006714,1 2 ,             (25) 

а для сплава системы Al-Si-Mg: 
 

               −⋅+⋅+= MgSiâ 05964,813723,401231,51σ  
                                              

эрTFe ∆⋅+⋅− 01782,06346,4 ,          (26) 
              +⋅−⋅−⋅−−= FeMgSi 60762,52143,03332,11175,2δ  
                                                                       

эрT∆⋅+ 0171,0 ,        (27) 

where ΔTэр - the value of the recalescence of temperature, 
determined by the cooling curve in the region of formation of the 
eutectic.  Composition of alloys is also determined by the cooling 
curve by means of the method, which is described in [3]. Fisher 
criterion was used to prove the adequacy of the models, and the 
error in forecasting of the properties was 5 ... 7%. When testing the 
subsystem of computer thermal analysis under industrial conditions, 
the equations described above showed the convergence of results 
and the accuracy of the prediction of properties at the level of 
standard methods of mechanical testing. 
The use of cellular automata greatly simplifies mathematical 
calculations while usage of the model and gives the principal 
possibility of modeling of the emerging polycrystalline structure of 
metallic materials. The influence of the external cooling conditions 
of the system under study on the functioning of the cellular 
automaton makes it possible to establish technological methods for 

obtaining various structures of solid metal. Model structures were 
obtained as a result of the computer experiment of homogeneous 
crystallization of aluminum with usage of various cooling speed 
during the process.  
With equal speed of heat removal from all sides and a cooling rate 
of 5 deg/s, a diverse granular structure of pure aluminum is formed 
(Fig. 1). There are small grains in the center, and on the sides grains' 

sizes are much larger. It can be also observed that a solid metal's 
structure is interrelated with the shape of the temperature's field 
inside the system. Figure 2 shows the structure of aluminum, which 

was obtained by repeatedly changing intensity of heat removal. At 
first, fine grains were formed at the boundaries of the system in 
conditions of high cooling rate. Then the intensity of heat removal 
from all sides was reduced symmetrically and the size of the 
growing grains increased. After some time, the cooling rate was 
increased, then reduced and then increased again As a result, the 
final structure consists of several alternating areas with different 
shapes and different average sizes of grains (Fig. 2). Complex 
aluminum structure has been obtained in which grains of different 
shapes, sizes, and orientations are observed (Fig. 3) as a result of 
varying of the cooling rate by setting asymmetrical coefficients of 
heat removal from different sides and by varying of their 
magnitude. It can be assumed that in this case the properties of the 
real metal will have anisotropy. Such regimes of crystallization are 
not easy to be realized in practice, but these experiments 
demonstrate the capabilities of this modeling subsystem. 
 
5. Conclusion 
1. Usage of mathematical models of solidification of a small portion 
of metal allows to increase the sensitivity of thermal analysis to the 
level of differential thermal analysis due to calculating of the 
sample's heat balance before, after and during crystallization. 
2. The resulting regression equations allow to predict the level of 
breaking point and relative elongation of alloys of Al-Si and Al-Si-
Mg systems using data from  the cooling curve of the thermal 
analysis with an error of 5 ... 7%. 
3. Simulation model of crystallization makes it possible to visualize 
the process of formation of the macro structure of metals under 
different conditions of crystallization,  that makes it possible, within 
the framework of a computer experiment, to develop techniques for 
management of this process to obtain the necessary properties of 
cast products. 
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4. Combination of the subsystem of simulation modeling of 
crystallization and subsystem of computer thermal analysis as part 
of the informational and technological complex significantly 
expands possibilities of controlling the cast products' quality and 
allows to obtain information by engineers-technologists both in 
applied and in theoretical aspects. 
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Abstract: The algorithm of the heavy ball method, based on the principle of symmetry, to find a global extremum is described. The 

computer simulation of the method for the three test functions (Ackley, Griewank and Schwefel) is carried out. The results of the study of the 
efficiency of this algorithm are given. The results of mathematical modeling in the graphs, describing the process of convergence of 
representative points to the global optimum point of test functions, are shown. Conclusions about the efficacy of the described algorithm 
applied to optimization problems are drawn. 
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Y.
1. Introduction 
One of the main factors that must be considered in solving the 

problems of synthesis of modern adaptive identification systems 
and information measuring systems is the inertia of the control 
object and measuring equipment. The creators of these systems use 
various optimization methods to ensure high efficiency of taken 
decisions. 

In most cases, the seeking global extremum of multiextremal 
objective functions is carried out dynamically using the heavy ball 
method. But a moving heavy ball can have both a lack of kinetic 
energy and an excess of it. In the first case, it can stop at the one of 
the local extremes, before reaching the global extremum, and in the 
second case - to jump over it. 

In the current situation, it is actual to organize the boosting of 
additional kinetic energy of the ball moving to the global extremum 
or to remove its excess. 

 
2. Analysis of the literature sources 
Today, both global optimization algorithms for solving a 

separate class of problems [1] and for more universal ones have 
been developed. When considering dynamic optimization problems, 
the relaxation method [2,3] is often applied, the realization of which 
is carried out by means of nonstationary processes that are 
described by vector differential equations of the form 

(1) ( )(2) (1)( ) ( ) 0, 0, 0;m x t r x t gradf x m r⋅ + ⋅ + = > >  

(2) ( )  0, 0.dx k grad f x k
dt

+ = >  

These processes to solve the task are eventually established. 
The equation (1) describes the heavy ball method, which (with an 
appropriate choice of the parameters m and r) is referred to methods 
of seeking for a global extremum. The relaxation method, realized 
according to equation (2), is called the steepest gradient descent 
method, it is usually referred to methods of seeking for a local 
extremum of the function. 
It is known that surface elongation of the objective function along 
one of the directions and its complex relief sharply worsens the 
effectiveness of these methods. The heavy ball method and the 
steepest gradient descent method in solving seeking global 
extremum problems, with an increase of the oscillations amplitude 
do not give a positive result, and the process of motion of the 
representing point stops at the first local extremum. 

The purpose of the article is to construct algorithms for 
seeking for a global extremum of functions based on the principle 
of symmetry of the interaction of two heavy balls and to justify the 
advantage of this algorithm in seeking for a global extremum of the 
multiextremal function in comparison with other relaxation 
algorithms. 

 
 

 

3. Results and discussion 
The problem of seeking for the minimum of a multiextremal 

function can be solved by using the concept of symmetry, which has 
proven itself in such one-dimensional optimization methods such as 
methods of dichotomy, Fibonacci and golden section. In these 
methods, two representative points move symmetrically to the 
extremum of the function, significantly reducing the interval of 
uncertainty (localization). 

Let us consider multidimensional methods improving process 
of function extremum seeking by applying the concept of symmetry 
[4,5]. 

Let us represent the expression of a downward-convex 
function f(x) (х is a vector argument), which extremum is sought, in 
the form 

(3) ( ) ( ) ( ) ( ) ( )( )0.5 Tf x x x Q x x f x f x= − − + + , 

where Q is a positive definite symmetric matrix. 
Then, replacing one of the vectors x with the vector y and the 

other with the vector z in the expression (3), we obtain an auxiliary 
function 

(4) ( ) ( ) ( ) ( ) ( ) ,, 0.5 TF y z y z Q y z f y f z 
  

= − − + +  

the extremum of which will take place under the condition that 
y=z=x*, where x* is the value of the vector argument at which the 
function f(x) takes an extreme value. 
The motion to a minimum of the auxiliary function F (y, z) is 
ensured as a result of a simultaneous coherent change of vector 
arguments y and z by any of the known extremum seeking 
algorithms. 

The algorithm (1) of a heavy ball method [6.7] when working 
with an auxiliary function F(y,z) will be such as 

(5)

( )

( )

2 ,
0,2

2 ,
0.2

F y zd y dym r
dt ydt

F y zd z dzm r
dt zdt

∂
+ + =

∂

∂
+ + =

∂

 

It should be noted that for the extremum seeking of the 
auxiliary function (5), both continuous and discrete algorithms of 
several converging points can be used. This allows them to 
overcome local extremes. 

Let us consider the efficiency of the heavy ball method, based 
on the principle of symmetry, on the example of three standard test 
functions: Ackley, Griewank and Schwefel [8]. 

The Ackley function (Fig. 1, a) has many local extremums 
near the global optimum. On the interval [-7; 3], the function takes a 
minimum value at the point 0, where x=0 and corresponds to the 
following description 
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. 

Then the auxiliary symmetric function F(y,z) according to the 
equation (4) for the Ackley function (6) will have the following 
form: 

(7)
2

2 2 ,
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and the corresponding algorithm (5) for the function (7) 

(8)
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Fig.1. Graphs illustrating the process of the global extremum 

seeking of a function with use of the concept of symmetry: a - the 
type of the Ackley test function; b - solution of the system (8) 

 
Fig.2. Graphs illustrating the process of the global extremum 

seeking of a function with the use of the concept of symmetry: a - 
the type of the Griewank test function; b - solution of the system 

(11) 
 

For the solution of the system (8) initial conditions were set: 
y1(0) = – 5,z1(0) = 2 and the following parameters were chosen: a 
mass of a heavy ball m = 1.5, damping coefficient r = 2 and q = 2. 
Fig. 1(b) shows the result of the solution of the system (8), which 
describes the process of convergence of the representative points to 
the point of the global optimum (х* = 0). The following values are 
obtained: y1 = 0.000002 and z1 = -0.001472. The solution of the 
problem (6) with the usual heavy ball method according to the 
expression (1), with constant values of the parameters m and r, gave 
the following results: x = - 4.9862 (from the initial point x (0) = -5) 
and x = 1.9745 (from the point x (0) = 2). 

There are many local minimums in the Griewank function 
(Fig. 2, a). On the interval [-50; 100], the function takes a minimum 
value at the point 0, where x = 0 and has such description 

(9)
2

( ) 1 cos
40001 1

nn x xi if x
ii i

 
= + −∑ ∏   

 = =
. 

Then the auxiliary symmetric function F(y,z) for the Griewank 
function (9) is written so 

(10) 
2 2

2

( , ) 0.5(2 cos( )
4000 4000

cos( )) 0.5 ( )

y zF y z y

z q y z

−= + − +

− + −

, 

and the corresponding algorithm (5) for the function (10) 

(11)
( )

( )

1 2

1
2 2 1 1 1

1 2

1
2 2 1 1 1

( ) ;
1( ) 0.5sin( ) ,

4000

( ) ;
1( ) 0.5sin( ) .

4000

y t y
r yy t y q y z y
m m

z t z
r zz t z q z y z
m m

 ′ =

  ′ = − − − + +    


′ =


  ′ = − − − + +   

 

For the solution of the system (11) initial conditions were set: 
y1(0) = – 47, z1(0) = 53 and the following parameters were chosen: a 
mass of a heavy ball m = 7, damping coefficient r = 1 and q = 2. 
Fig. 2(b) shows the result of the solution of the system (11), which 
describes the process of convergence of the representative points to 
the point of the global optimum (х* = 0). The calculated values 
were: y1 = - \0.000254 and z1 = -0.000862. The solution of the 
problem (9) with the usual heavy ball method according to the 
expression (1) gave the following results: х = –43.9603(from the 
initial point x (0) = -47) and x = 50.2403 (from the point x (0) = 53). 

The Schwefel function (Fig. 3(a)) as well as the two above-
mentioned functions, has a local minimums near global optimum. 
On the interval [-500; 500], the function takes a minimum value at 
the point 0, where x = 420 and corresponds to the following 
description 

(12)
1

( ) 418.9829 ( sin( ))
n

i i
i

f x n x x
=

= ⋅ + − ⋅∑ . 

For the Schwefel function (12), the auxiliary symmetric function 
F(y,z) will be 

(13)
2

( , ) 0.5(2 418.9829 sin( )

sin( )) 0.5 ( )

F y z y y

z z q y z

= ⋅ − −

− + −
, 

and the corresponding algorithm (5) for the function (13) 

a 

b 

a 

b 
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(14)

( )

( )

1 2

1 1 1

2 2 1 1 1

1

1 2

1 1 1

2 2 1 1 1

1

( ) ;

0.5sin( )
1( ) ,cos( ) sign( )

4

( ) ;

0.5sin( )
1( ) .cos( ) sign( )

4

y t y

q y z y
ry t y y y ym m

y

z t z

q z y z
rz t z z z zm m

z

 ′ =

  − − −
  
  ′ = − − ⋅  −
    


′ =


  − − −
 
 ′ = − − ⋅
 −
   

 

For the solution of the system (14) initial conditions were set: 
y1(0) = –200,z1(0) = 480 and the following parameters were chosen: 
a mass of a heavy ball m = 57.8, damping coefficient r = 0.67 and 
q = 2. Fig. 3(b) shows the result of the solution of the system (14), 
which describes the process of convergence of the representative 
points to the point of the global optimum (х* = 420).The following 
values are obtained: y1 = 420.0194 and z1 = 420.0862.The solution 
of the given problem (12) by the heavy ball method according to the 
equation (1) from the initial point x (0) 0= -4.5 did not give a 
positive result, the representing point completed its motion at x = -
124.8345, from the point x (0) = 3.75 the global optimum point is 
found with a low accuracy x = 420.8741. 

 
Fig.3. Graphs illustrating the process of the global extremum 

seeking of a function with the use of the concept of symmetry: a - 
the type of the Schwefel test function; b - solution of the system (14) 

 
Let us analyze the work of the heavy ball method by comparing it 
with the method of coordinate descent and the gradient method with 
a constant step, applying the concept of symmetry to them. 
The algorithm of the steepest gradient descent method of when 
working with ,( )F y z is: 

(15)
( ) ( ) ( )

( ) ( ) ( )

0,5   ,

,

0 0

0,5   , 0 0

dy kQ y z k grad f y y y
dt
dz kQ z y k grad f z z z
dt

= − − − =

= − − − =
0 0.y z≠  

In contrast to the differential equation (1), which may be 
represented as a system of two first order differential equations and 
which describes the motion of one representative point, the 
algorithm (15) describes the energy interaction of two 
representative points. These points form a single system. 
Let us study the work of the principle of the concept of symmetry 
by applying it to a function: 

(16) 2( ) ( ) cos(2 ) ,f x k x a c x bπ= ⋅ − − ⋅ +  

the graph of which is shown in Fig.4(a). It can be seen from Fig. 
4(a) that the function under consideration has local extremums, 
which are located near the global extremum, which is at the point 
with the coordinate x = 4. 

 

 
Fig. 4. a - the graph of the function (16); b - the process of motion 

of the representative points to the global extremum according to the 
algorithm of the heavy ball method, c – according to the gradient 

method. 
Using equation (4), for the function (16), we obtain the auxiliary 
function ,( )F y z : 

(17)
( ) ( ) ( )

] ( )

2 2, 0,5 cos(2 )

2cos(2 ) 2 0.5 .

F y z k y a c y k z a

c z b q y z

π

π

= − − ⋅ + − −

− ⋅ + + −

 

The motion to the minimum of the function f(x) of two 
representative points with the initial values of the coordinates y = 0 
and z = 10, belonging to the initial function (16), in accordance with 
the algorithm of the heavy ball method is shown in Fig. 4(b), of the 
gradient method - in Fig. 4(c). 
To minimize the function (17) we`ll apply the following methods: 
coordinate descent, gradient method with constant pitch and heavy 
ball method. Lines of the function level (17) with the motion path of 
representative points to its minimum, in accordance with the 
algorithms of the abovementioned methods (with 0.2,k = 4,a =

3,b = 2,c = and 1q = ) are presented in Fig. 5-7. 

a 

b 

a 

b 

c 
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Fig. 5. Graphical illustration of the movement to a minimum by the 

coordinate descent method 

 
Fig. 6. Graphical illustration of the movement to a minimum by the 

gradient method with constant pitch 

 
Fig. 7. Graphical illustration of the movement to a minimum by the 

heavy ball method 
When the amplitude is increased in methods of coordinate descent 
and gradient descent with a constant pitch, the representative points 
end their motion in local extremums (y = 6.8420 and z = 2.1491 - 
coordinate descent method, y = 4.1595 and z = 4.6124 - gradient 
descent method with constant pitch). In the heavy ball method the 
process of motion of the representative points ends at the point of 
the global optimum x* = 4. The calculated values were: y = 4.0006 
and z = 3.9973, with a mass of heavy balls m = 2.3 and a damping 
factor r = 2. 

4. Conclusion 
The work of the algorithm of the modified heavy ball method, based 
on the principle of symmetry was investigated. The results of the 
research showed that for the test functions of Ackley, Griewank and 
Schwefel the seeking for a global extremum of a function using the 
usual heavy ball method does not give a positive result. However, 
the application of the concept of symmetry to the algorithm of the 
heavy ball method gave the desired result: the algorithms converge 
over time to the global minimum of multiextremal functions. When 
the amplitude of the oscillations of the multiextremal function (16) 
is increased, gradient methods of zero and first order are unsuitable 
for seeking for the global extremum of the function, since the 
representative points terminate at local minima. In addition, the 
considered algorithm of the heavy ball method with the application 
of the symmetry principle has good operability and high accuracy. 
Thus, the parallelization of the process of seeking for an extremum 
of a function based on the use of the concept of symmetry with 
regard to optimization problems will subsequently yield a number 
of positive results for estimating unknown parameters of objects in 
solving the problems of metrology of dynamic measurements and 
the synthesis of adaptive identification systems. 
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STABILITY ANALYSIS AND SIMULATIONS OF BIOREACTOR MODEL WITH 
DELAYED FEEDBACK 
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Abstract: We consider a well known mathematical model of continuous methane fermentation, consisting of two nonlinear ordinary 
differential equations and one algebraic equation for the gaseous output. The model involves one microbial population and one substrate. 
We propose an output feedback including a discrete delay and use it for asymptotic stabilization of the model. Feedback control of 
bioreactor models provides many advantages in operating a plant, mainly by increasing its efficiency. We also propose a numerical model-
based extremum seeking algorithm for maximizing the biogas (methane) flow rate in real time. Numerical simulations using this algorithm 
are included. The simulations are implemented in the Python programming language which is recently recognized as a powerful modern 
general purpose object-oriented language. 

Keywords: BIOREACTOR MODEL, DELAY FEEDBACK CONTROL, EXTREMUM SEEKING ALGORITHM 

 

1. Introduction 
We consider a well known mathematical model of the 

continuous methane fermentation, consisting of two nonlinear 
ordinary differential equations and one algebraic equation 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘1𝜇𝜇(𝑠𝑠)𝑥𝑥 + 𝑢𝑢(𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = (𝜇𝜇(𝑠𝑠) − 𝛼𝛼𝛼𝛼)𝑥𝑥

 (1) 

with gaseous output 
 𝑄𝑄(𝑠𝑠, 𝑥𝑥) = 𝑘𝑘2 𝜇𝜇(𝑠𝑠)𝑥𝑥, (2) 

where 𝑥𝑥 = 𝑥𝑥(𝑡𝑡) and 𝑠𝑠 = 𝑠𝑠(𝑡𝑡) are state variables, 𝑥𝑥 is biomass 
concentration [g/dm3], 𝑠𝑠 – substrate concentration [g/dm3], 𝑢𝑢 –
dilution rate [day -1], 𝑠𝑠𝑖𝑖𝑖𝑖  – influent substrate concentration [g/dm3],  
𝑘𝑘1 – yield coefficient [-], 𝑘𝑘2 – coefficient [(dm3)2/g], 𝑄𝑄 – methane 
gas flow rate [dm3/day]. The parameter 𝛼𝛼 ∈ (0, 1) represents the 
proportion of bacteria that are affected by the dilution; 𝛼𝛼 = 0 and 
𝛼𝛼 = 1 correspond to an ideal fixed bed reactor and to an ideal 
continuous stirred tank reactor, respectively. The dilution rate 𝑢𝑢 is 
considered as a control variable. The model function 𝜇𝜇(𝑠𝑠) 
represents the specific growth rate of the biomass. 
 

Assumption A1. We assume that 𝜇𝜇 is defined for 𝑠𝑠 ∈ [0, +∞), 
𝜇𝜇(0) = 0 and 𝜇𝜇(𝑠𝑠) > 0 whenever 𝑠𝑠 > 0, 𝜇𝜇(𝑠𝑠) is continuously 
differentiable for all 𝑠𝑠 > 0. 

We propose here an output feedback including a discrete delay 
and use it for asymptotic stabilization of the dynamic model (1). 
Feedback control of bioreactor models provides many advantages in 
operating a plant and is used to increase its efficiency. On the other 
hand, there is always a time delay between input and output 
measurements in industrial and biological systems [4]. 

We make the following assumption. 

Assumption A2. Assume that lower bounds 𝑠𝑠𝑖𝑖𝑖𝑖−  and 𝑘𝑘2
− for the 

values of 𝑠𝑠𝑖𝑖𝑖𝑖  and 𝑘𝑘2 respectively, and an upper bound 𝑘𝑘1
+ for the 

value of 𝑘𝑘1 are known. 

Denote for simplicity 

 𝛽𝛽− = 𝑘𝑘1
+

𝑘𝑘2
− 𝑠𝑠𝑖𝑖𝑖𝑖

−  .  

Define the following feedback control law: 

 𝑘𝑘(𝑠𝑠, 𝑥𝑥) = 𝛽𝛽𝑘𝑘2𝜇𝜇(𝑠𝑠)𝑥𝑥 with 𝛽𝛽 ∈ (𝛽𝛽−, +∞).  

Replacing in the model (1)–(2) 𝑢𝑢 by the feedback  

𝜅𝜅(𝑠𝑠(𝑡𝑡 − 𝜏𝜏 ), 𝑥𝑥(𝑡𝑡 − 𝜏𝜏 )), 

where 𝜏𝜏 > 0 is a discrete delay, we obtain the following control 
system: 

   

  

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘1𝜇𝜇�𝑠𝑠(𝑡𝑡)�𝑥𝑥(𝑡𝑡)

+𝛽𝛽𝑘𝑘2𝜇𝜇�𝑠𝑠(𝑡𝑡 − 𝜏𝜏)�𝑥𝑥(𝑡𝑡 − 𝜏𝜏)�𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠(𝑡𝑡)�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝜇𝜇�𝑠𝑠(𝑡𝑡)�𝑥𝑥(𝑡𝑡)

−𝛼𝛼𝛽𝛽𝑘𝑘2𝜇𝜇�𝑠𝑠(𝑡𝑡 − 𝜏𝜏)�𝑥𝑥(𝑡𝑡 − 𝜏𝜏)

 

(3) 

 

(4) 

Choose some β ∈ (β−, +∞) and let 

 𝑠̅𝑠 ≔ 𝑠𝑠𝑖𝑖𝑖𝑖 −
𝑘𝑘1

𝑘𝑘2𝛽𝛽
 (5) 

Obviously, 𝑠̅𝑠 belongs to the interval (0, 𝑠𝑠𝑖𝑖𝑖𝑖  ). Define 

𝑥̅𝑥 ≔
1

𝛼𝛼𝛼𝛼𝑘𝑘2
 (6) 

It is straightforward to see that the point 
𝑝̅𝑝𝛽𝛽 ≔ (𝑠̅𝑠, 𝑥̅𝑥)  

is an equilibrium point for (3)–(4). 
 

2. Stability analysis of the model 
Assumption A3. We assume that the following inequalities 

hold true 

𝜇𝜇(𝑠𝑠−) < 𝜇𝜇(𝑠̅𝑠) < 𝜇𝜇(𝑠𝑠+) 

for each 𝑠𝑠− ∈ (0, 𝑠̅𝑠) and 𝑠𝑠+ ∈ (𝑠̅𝑠, 𝑠𝑠𝑖𝑖𝑖𝑖 ). 

Assumption A3 is technical. It is always fulfilled when the 
function 𝜇𝜇(𝑠𝑠) is monotone increasing (like the Monod specific 
growth rate, see Section 4). If the function 𝜇𝜇(𝑠𝑠) is not monotone 
increasing (like e. g. the Haldane law) then the point 𝑠̅𝑠 (i.e. 𝛽𝛽) has to 
be chosen in a proper way in order to satisfy Assumption A3. 

Below we present a result about the local asymptotic stability of 
the equilibrium point 𝑝̅𝑝𝛽𝛽  with respect to the parameters of the 
closed-loop system (3)–(4).  Denote for simplicity: 

𝑏𝑏 = 𝑘𝑘1𝑥̅𝑥𝜇𝜇(𝑠̅𝑠)𝜇𝜇′(𝑠̅𝑠) 

𝑑𝑑 = 𝜇𝜇(𝑠̅𝑠)�
1
𝛼𝛼 𝜇𝜇

(𝑠̅𝑠) − 𝑘𝑘1𝑥̅𝑥𝜇𝜇(𝑠̅𝑠)�  

where the coefficients 𝑏𝑏 and d depend on the parameter 𝛽𝛽, since 𝑠̅𝑠 
and 𝑥̅𝑥 are functions of 𝛽𝛽, see (5) and (6). 

Theorem 1. 

 (i) If 𝑏𝑏 ≥ 𝑑𝑑 then the equilibrium point 𝑝̅𝑝𝛽𝛽  is locally asymptotically 
stable for any value of the delay 𝜏𝜏 > 0. 
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(ii) If 𝑏𝑏 < 𝑑𝑑 then there exists a delay 𝜏𝜏0 > 0 such that the 
equilibrium point 𝑝̅𝑝𝛽𝛽  is locally asymptotically stable for all values 𝜏𝜏 
of the delay such that 𝜏𝜏 < 𝜏𝜏0; the equilibrium is locally unstable if 
𝜏𝜏 ≥ 𝜏𝜏0, and a Hopf bifurcation occurs at 𝜏𝜏 = 𝜏𝜏0. 

The proof of the theorem is rather long and will not be 
presented here due to the restricted paper length. The proof is based 
on some ideas from [3], [5] and [6].  

We suppose that in the cases when the equilibrium point 𝑝̅𝑝𝛽𝛽  is 
locally asymptotically stable then it is also globally asymptotically 
stable. The computer simulations confirm that assumption (see 
Section 4). Proving global stability of 𝑝̅𝑝𝛽𝛽will be a subject of further 
studies. 

3. Maximizing the biogas production via extremum 
seeking 

Consider the equation (2) describing the process output, i.e. the 
methane (biogas) production. In this section we shall shortly present 
a numerical extremum seeking algorithm (ESA), cf. [1]–[2], to steer 
and stabilize the dynamics (3)–(4) towards a steady state, where 
maximum methane flow rate 𝑸𝑸𝒎𝒎𝒎𝒎𝒎𝒎 is achieved. For that purpose we 
compute 𝑸𝑸 on the set of all equilibrium points, parameterized with 
respect to 𝜷𝜷. Denote the so obtained function by 𝑸𝑸(𝜷𝜷), where 
𝜷𝜷 ∈ (𝜷𝜷−, +∞). The function 𝑸𝑸(𝜷𝜷) is called input-output static 
characteristic of the model. Assume that the function 𝜷𝜷 → 𝑸𝑸(𝜷𝜷), 
𝜷𝜷 ∈ (𝜷𝜷−, +∞), is strongly unimodal, i.e. there exists a unique point 
𝜷𝜷𝒎𝒎𝒎𝒎𝒎𝒎 ∈  (𝜷𝜷−, +∞) where 𝑸𝑸(𝜷𝜷) takes a maximum, 𝑸𝑸𝒎𝒎𝒎𝒎𝒎𝒎 =
𝑸𝑸(𝜷𝜷𝒎𝒎𝒎𝒎𝒎𝒎 ), the function strongly increases in the interval 
(𝜷𝜷− ,𝜷𝜷𝒎𝒎𝒎𝒎𝒎𝒎 ) and strongly decreases in (𝜷𝜷𝒎𝒎𝒎𝒎𝒎𝒎 , +∞). 

Let 
𝒑𝒑𝜷𝜷𝒎𝒎𝒎𝒎𝒎𝒎 = (𝒔𝒔�𝒎𝒎𝒎𝒎𝒎𝒎,𝒙𝒙�𝒎𝒎𝒎𝒎𝒎𝒎) 

be the steady state where 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚  is achieved. Our goal is to stabilize 
in real time the system (3)–(4) towards this (unknown) equilibrium 
point 𝑝𝑝𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚  and therefore to the maximum methane flow rate 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 .  

The main idea of  ESA is the following: we construct a 
sequence of points 𝛽𝛽1 , 𝛽𝛽2, …, 𝛽𝛽𝑛𝑛 , … from the interval (𝛽𝛽−, +∞), 
each 𝛽𝛽𝑗𝑗  being in the form 𝛽𝛽𝑗𝑗 = 𝛽𝛽𝑗𝑗−1 ±  ℎ, ℎ > 0, and such that the 
sequence �𝛽𝛽𝑗𝑗 � tends to 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 . Then by computing and comparing 
the values 𝑄𝑄(𝛽𝛽1),𝑄𝑄(𝛽𝛽1), …, 𝑄𝑄(𝛽𝛽𝑛𝑛), …, we achieve the desired 
equilibrium point 𝑝𝑝𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚  and thus 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 . 

In the computer implementation ESA is carried out in two 
stages. In the first stage, “rough” intervals [𝛽𝛽] and [𝑄𝑄] are found 
which enclose 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚   and 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚  respectively; in the second stage, 
the interval [𝛽𝛽] is refined using an elimination procedure based on 
the golden mean value (or Fibonacci search) strategy. The second 
stage produces the final intervals [𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 ] = [𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚− ,𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚+ ] and 
[𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 ]  such that 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 ∈ [𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 ], 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 ∈ [𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 ] and 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚+ −
 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚− ≤ 𝜀𝜀, where the tolerance 𝜀𝜀 > 0 is specified by the user. 

The ESA was firstly developed for the model (3)–(4) with τ = 0, 
cf. [1], [2].  Now the algorithm is modified for the delayed model 
and is implemented in the object-oriented language Python. 
Nowadays, this programming language has become an integral part 
of scientific and engineering computing due to the vast abundance 
of open source libraries and interfaces to major software tools. 

4. Numerical Simulation 
In the simulation process we consider the Monod specific 

growth rate 

𝜇𝜇(𝑠𝑠) =
𝑚𝑚1𝑠𝑠
𝑘𝑘𝑠𝑠 + 𝑠𝑠 , 

where 𝑚𝑚1 is the maximum specific growth rate of the 
microorganisms [1/day] and 𝑘𝑘𝑠𝑠  is the saturation constant [g/dm3]. 

We use the following numerical values for the model 
parameters (cf. [1] and the references therein): 

 𝑘𝑘1 = 27.4,  𝑠𝑠𝑖𝑖𝑖𝑖 = 3, 𝑚𝑚1 = 0.4, 𝑘𝑘𝑠𝑠 = 0.4, 𝛼𝛼 = 0.5, 𝑘𝑘2 = 75.  

With 𝑘𝑘1
+ = 27.6, 𝑠𝑠𝑖𝑖𝑖𝑖− = 2.8 and 𝑘𝑘2

− = 74.8 we obtain that 
𝛽𝛽− = 𝑘𝑘1

+

𝑠𝑠𝑖𝑖𝑖𝑖
− 𝑘𝑘2

− ≈ 0.1318. Therefore the parameter 𝛽𝛽 varies in the 
interval (0.1318, +∞). 

For the above parameter values, the input-output static 
characteristic 𝑄𝑄(𝛽𝛽) is strongly unimodal and takes its maximum for 
𝛽𝛽 = 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16355 (see Figure 1), thus 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 = 3.21376, 
𝑠̅𝑠𝑚𝑚𝑚𝑚𝑚𝑚 = 0.76619 and  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16305. 

 
Fig. 1. The input-output static characteristic 𝑄𝑄(𝛽𝛽) 

 

4.1. Simulation of the global dynamics behavior 
First we shall demonstrate numerically the stability of the 

system (3)–(4) towards the equilibrium point 𝑝̅𝑝𝛽𝛽  for different values 
of the delay 𝜏𝜏 and the parameter 𝛽𝛽. 

(i) 𝛽𝛽 = 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16355  

For this value of 𝛽𝛽, the inequality 𝑏𝑏 > 𝑑𝑑 is fulfilled. According 
to Theorem 1, the equilibrium point (𝑠̅𝑠𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚 ) =  (0.76619 ,
0.16305) is stable for any 𝜏𝜏 ≥ 0 as it can be seen in the Figures 2 
to 4 for the following values of  the delay:  τ = 1, τ = 5 and τ = 15. 

 
Fig. 2.  𝛽𝛽 = 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16355, 𝜏𝜏 = 1: 

Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠𝑚̅𝑚𝑚𝑚𝑚𝑚  and  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚   respectively 
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Fig. 3.  𝛽𝛽 = 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16355, 𝜏𝜏 = 5: 
Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠𝑚̅𝑚𝑚𝑚𝑚𝑚  and  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚   respectively 

 

Fig. 4.  𝛽𝛽 = 𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 = 0.16355, 𝜏𝜏 = 15: 
Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠𝑚̅𝑚𝑚𝑚𝑚𝑚  and  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚   respectively 

(ii) 𝛽𝛽 = 1.0 

Here 𝑏𝑏 < 𝑑𝑑 is valid. In this case 𝜏𝜏0  =  4.70326, 𝑠̅𝑠  =
 2.63467 and x̄ = 0.02667. According to Theorem 1, the 
equilibrium point (𝑠̅𝑠 , 𝑥̅𝑥) is stable for any 𝜏𝜏 < 𝜏𝜏 0 and 
unstable for any 𝜏𝜏 ≥ 𝜏𝜏 0; this is demonstrated in Figures 5 
to 8 when the delay takes the values  τ = 1, τ = 4.5, τ = 5 
respectively. 

 
Fig. 5.  𝛽𝛽 = 1, 𝜏𝜏 = 1: Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠̅ and 𝑥̅𝑥  

 

Fig. 6.  𝛽𝛽 = 1, 𝜏𝜏 = 4.5: Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠̅ and  𝑥̅𝑥  

 

Fig. 7.  𝛽𝛽 = 1, 𝜏𝜏 = 5: Time evolution of  𝑠𝑠 and 𝑥𝑥 towards 𝑠𝑠̅ and  𝑥̅𝑥  

 

Fig. 8.  𝛽𝛽 = 1, 𝜏𝜏 = 5: A trajectory in the phase plane  (𝑠𝑠, 𝑥𝑥) 
Existence of a periodic solution as a result of Hopf bifurcation  

 
The graphic visualizations (see Figures 2 and 5), as well as other 
simulations, that are not presented in the paper, show that for a 
delay 𝜏𝜏 = 1 [day] the dynamics is stabilized approximately within 
10 days, which is practically reasonable for the modeled process. 
Increasing the delay leads to the appearance of damped oscillations 
and the time for the solution stabilization increases (see Figures 3 
and 6 for 𝜏𝜏 = 5 and 𝜏𝜏 = 4.5 respectively). For extremely large (and 
practically unusual) value of the delay (𝜏𝜏 = 15 [days] in Figure 4), 
as well as for 𝜏𝜏 ≥ 𝜏𝜏 0 (e.g. τ = 5 [days] in Figures 7 and 8) 
sustainable oscillations do occur. 
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4.2. Simulation results from the extremum seeking 
algorithm 

The numerical results from the extremum seeking algorithm 
(ESA) are visualized in Figures 9 to 12 for small values of the delay 
τ = 1 and τ = 3. 

 

Fig. 9.  𝜏𝜏 = 1. Visualization of the numerical results from the ESA. 
Time evolution of  𝑠𝑠, 𝑥𝑥 and 𝑄𝑄 towards  𝑠𝑠𝑚̅𝑚𝑚𝑚𝑚𝑚 ,  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚  and 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚  

 

Fig. 10.  𝜏𝜏 = 1. Visualization of the numerical results from the ESA. 
A trajectory in the phase plane  (𝑠𝑠, 𝑥𝑥). 

 

Fig. 11.  𝜏𝜏 = 3. Visualization of the numerical results from the ESA. 
Time evolution of  𝑠𝑠, 𝑥𝑥 and 𝑄𝑄 towards  𝑠𝑠𝑚̅𝑚𝑚𝑚𝑚𝑚 ,  𝑥̅𝑥𝑚𝑚𝑚𝑚𝑚𝑚  and 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚   

 

Fig. 12.  𝜏𝜏 = 3. Visualization of the numerical results from the ESA. 
A trajectory in the phase plane  (𝑠𝑠, 𝑥𝑥). 

5. Conclusion 

In this paper we investigate a nonlinear functional-differential 
model of an anaerobic bioreactor with methane (biogas) production, 
involving one microbial population and one substrate. The 
stabilization of the model solutions is carried out by a feedback 
control low involving one discrete time delay. We have established 
local asymptotic stability of the system dynamics towards a 
previously chosen equilibrium point as well as bifurcations of this 
equilibrium with respect to the time delay. The numerical 
simulations suggest that in the cases when the equilibrium point is 
locally asymptotically stable it is also globally stable. This allows 
us to apply a numerical model-based extremum seeking algorithm 
for stabilizing the dynamics towards the equilibrium point where 
maximum production of methane is achieved. The facilities of the 
algorithm are illustrated numerically as well. 
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Abstract: 3D printing also called Layer based technology, Freeform fabrication, Additive manufacturing or Rapid Prototyping 
technologies has undergone significant development over the last decades. The growth is related to the expansion of the range of materials 
used, application areas, and range of possible sizes from nanometer to tens of meters as well as increasing machine accessibility. There is a 
growing consensus that 3D printing technologies will be at the heart of the next major technological revolutions. At present there are some 
technological specifics and associated difficulties in 3D printing one of which is the accuracy of the manufactured product. Research in this 
area would allow modelling of 3D printing processes. 

The article describes the possible types and sources of inaccuracies in 3D printing processes. The various types of test pieces used in 
practice are examined to quantify the errors in shape and sizes after building. Test pieces with predefined discrete points and methodology 
are provided to calculate inaccuracies. The results are presented in the terminology of “linear” and “shear” deformations. This gives 
opportunity to determine the variations in the shape and dimensions of the parts built by 3D printing. On the basis of the discreet results 
obtained, the possibility of 3D printing process modelling is discussed and presented. 

Keywords: 3D PRINTING, ACCURACY, MODELLING, TEST PART, GRID METHOD 

 

1. Introduction 
Additive Manufacturing (AM or commonly known as 3D 

printing and before that rapid prototyping - RP) undergone 
significant development during the past decades in terms of 
production volume and technological achievements. However the 
AM industry only began to grow substantially after 2009 probably 
because the last major AM patent for Fused Deposition Modeling 
(FDM) expired in 2009. This way 3D printers could be produced 
without infringing on intellectual property, creating a newfound 
interest and investment in 3D printing [1]. This is particularly valid 
for the introduction of affordable consumer 3D printers into the 
general market on the basis of so-called RepRap (affordable open 
source replicating rapid prototyper).  Hence the main drivers for the 
rapid growth are the reduction in cost to access the technology, an 
increase in applications [2] as well as expanding of the range of 
materials used and printed dimensions. Additive manufacturing has 
been called a disruptive technology [3] that will fundamentally 
influence many processes in production. Predicting of the future of 
AM on economic and social implications is constantly on the focus 
of the researchers [4, 5] and companies [6]. There is a growing 
consensus that 3D printing technologies will be one of the next 
major technological revolutions [7]. 

Although AM is a breakout technology, the implementation of 
it is still in infancy. There are numerous challenges in applying AM. 
One major obstacle is lower accuracy relative to other technologies 
[2]. The errors in sizes and shapes of produced component reflect 
various reasons during the build up stage. A possible general 
classification of error sources common for most popular AM 
processes comprises the following [8]: errors caused by laser 
scanning system; errors caused by material shrinkage; errors caused 
by spot size and heat effected zone; errors caused by Computer 
Aided Design (CAD), tessellation and slicing; random errors. The 
thermal nature of most of the process leads to shrinkage, distortion 
and warping of the built part. All of these factor can contribute to 
significant errors in the final component. Therefore it is especially 
important to perform an accuracy analysis that systematically 
reveals the type of errors, their sources and magnitudes, so that 
improvements in the production practice can be implemented. If 
enough data about accuracy of a given process is gathered, the 
process can be modeled in terms of its accuracy performance. 

2. Prerequisites and means for solving the problem 

The manufacturing parameters in AM have great significance 
on the part integrity, strength, density, surface quality and shrinkage 
for different processes and materials. The analysis of process 
parameters is therefore one of the main streams of RP research. 

Once an optimum set of parameters are established they are kept as 
a material’s “profile”. In particular cases of unexpected changes to 
part quality, adjustments to the parameters can be made according 
to the experience of the machine operator or platform manufacturer 
recommendations. In most cases of AM it is practical to set the 
build parameters for optimum part strength, surface quality and 
build time. On this basis the accuracy in size and shape of the part 
can be targeted by applying scaling factors, beam offset 
compensation, part orientation and arrangement in the building 
chamber. As the manufacturing conditions at different areas of the 
build chamber vary, the overall accuracy of the process or platform 
is not uniform. The research in [9, 10] (Fig. 1) shows that the 
temperature variations of a SLS machine are considerable. It can be 
expected that the differences in shrinkage to room temperature and 
the ultimate accuracy of the build part will reflect these variations. 

 

 
a) 

 
b) 

Fig. 1. Temperature distribution in the part bed - a) reported by 
[9] and b) reported by [10]. 
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Essentially the practice of accuracy research in AM requires the 
building of various test parts or series of parts and evaluating the 
differences between their nominal and actual dimensions and 
shapes. Linear and angular dimensions, point’s coordinates and 
surface roughness are the basic entities that are used to assess part 
geometry. 

The elements that distinguish between different methodologies 
for accuracy studies of RP processes are test parts and the related 
measured geometrical entity. The most common types of test pieces 
can be classified as: pyramids (staircase); specifically designed 
parts; real parts. Typical examples of these are shown in fig. 2. 

 

 

 

Pyramid (staircase) 
[11] 

 
 

 

 

Specifically 
designed part [12] 

 
 

 

Real parts [13] 

 

 
Fig. 2. Typical examples of test parts. 

One of the drawback of all test pieces is that they don't cover 
entire surface of the part bed. Additionally they usually cross areas 
with different temperatures or with other manufacturing variations. 
As a result a continuous distribution of accuracies cannot be 
achieved. In case of the most popular type of test part - pyramid, the 
methodologies for accuracy investigation are based on 
measurements of the staircase dimensions and calculation of the 
material shrinkage in x, y or z direction. The measurements mi are 
shown on fig. 3. 

 
Fig. 3. Lengths and directions for measurements of pyramid 

shape test part. 

The idea of such measurements is usually to determine the 
difference between the nominal dimension ln and the final 
dimension lf  (produced by the machine) usually called the error 
(E): 

𝐸𝐸 = 𝐿𝐿𝑓𝑓 − 𝐿𝐿𝑛𝑛  
The distribution of the errors E varies over the part bed defined 

as a plane (x, y). Geometrically the error is a function of two 
variables x and y: 

𝐸𝐸 = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) 
As illustrated in fig. 3, the direction in which the pyramid stairs 

advance is the "actual direction" defined by the angle α: 
𝛼𝛼 = tan−1 �

𝑤𝑤
ℎ� 

This may not necessarily be the "desired direction" for 
investigation. Failure to observe this correctly can result in 
misleading directional results, particularly if z direction is 
investigated by vertical pyramid - fig. 4. 

 

 

 

Vertical 
pyramid 

 
Fig. 4. Vertical pyramid for z accuracy investigation. 

The most common approach of using the pyramid type of test 
piece is to compare the nominal (as in CAD model) and actual size 
of the steps as shown in fig. 5 [14]. The comparison of the results in 
coordinates "nominal dimensions - actual dimensions" is 
represented by an interpolation graph which slope is interpreted as 
the scaling factor. It has to be applied to the CAD model in order to 
achieve closer real part dimensions to the nominal. The intercept 
that the interpolation line cuts from the vertical coordinate axis of 
the graph gives the size of the systematic error due to the size of the 
extruded plastic jet or laser beam spot. 

 
Fig. 5. Linear interpolation "nominal size - actual size" of the 

outside (OD) in X and Y direction of the pyramid. 

In general practice it is important to know the length changes 
either in any directions or in some particular directions. In order to 
model the total accuracy of the AM process or specific platform or 
material behaviour in terms of shrinkage, constructing a map of 
entire field of distortions is essential. It is not achievable by utilising 
the test parts and measurement approach described above. 

3. Solution of the examined problem 

Regardless of the cause, it can be assumed that the change of 
dimensions or shape of a body manifests itself in the same 
geometrical appearance as strain. Strain is defined as being linear 
(ε) or angular (γ). The angular change in a right angle, known as 
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shear strain, is defined as the change in angle between two line 
segments which were previously mutually perpendicular. An 
advantage of describing the inaccuracy of parts manufactured by 
AM processes in terms of strains, is the possibility it allows to 
combine analysis of dimensional and shape deviation from nominal. 

The analysis methodology that is proposed in this study for 
accuracy modeling of AM processes is based on measurment of 
coordinates x, y or z at many points throughout a test piece in the 
form of a flat plate. To expose the strains, a reference grid in some 
form is applied to the CAD model of the test piece beforehand. 
After the plate is manufactured the actual coordinates of grid points 
is measured and compared with the CAD model. As the produced 
grid differs from the nominal CAD grid it can be considered as 
deformed and therefore the strains calculated. Several ways to 
estimate the strains of a deformed object are known however the 
Coefficient or Square Grid Method is utilised here. This method 
was introduced by Bredendick in [15, 16]. 

The advantage of such a methodology is the simple geometry of 
the test part - a plate with reference points in form of hole, cross or 
other spot mark. The plate can be arbitrary in size, location and 
orientation within the build chamber (fig. 6). It is also suitable for 
handling and automatic measuring as well as being representative of 
various engineering parts. 

 
Fig. 6. Examples of test plate orientation. 

If the plate is built horizontally the deviations εx and εy (fig. 6c) 
can be determined, if positioned vertically then either εz and εx 
(fig. 6a) or εz and εy (fig. 6b) can be calculated together with 
associated angular strains - γxy, γzx, γzy. By building a set of plates 
with a given orientation and in different positions in the build 
chamber, a three dimensional concept and model of the distribution 
of dimensional deviations over the entire build envelope can be 
created - fig. 7. 

 
Fig. 7. Set of test parts for 3D concept and model of the 

accuracy distribution. 

Accumulating a data from experimental set up similar to that 
shown on fig. 7 will allow interpolations of deformations from 
plates oriented in (z - y) to other directions by combining the points 
from different plates and forming virtual plates in perpendicular 
direction - the transverse surface on fig. 7. 

4. Results and discussion 

The experimental test plate was built by Selective Laser 
Sintering (SLS) process on DTM 2500 Plus machine according the 
settings on fig. 6a. The material used was polystyrene Castform. 
The hole centres was measured routinely by coordinate measuring 
machine (CMM) Mitutoyo QuickVision Pro. For that purpose a 
specialised software was developed that allows, together with 
Mitutoyo software, the total measurement to be done within minutes 
after the initial datum point and axis are set. The setting and the 
screenshot of the measuring software action are shown in fig. 8. 

  
Fig. 8. Plate measuring process and screen shot of software 

window. 

The accumulated data of x and y coordinates of grid points as 
holes is used as input data for linear and angular deviations from 
nominal calculations. For this purpose a VBA program for MS 
Excel spreadsheet was developed. The next step in data processing 
includes a MatLab program that was developed to analyse the 
results and to generate a 3D visualisation of the distributions of 
linear and shear deformations over the test part surface. The results 
are shown on fig. 9 and fig. 10. 

 
Fig. 9. 3D visualisation of εz (vertical size deviations from 

nominal) distribution in the (x, z) plane. 

 
Fig. 10. Distribution of εz -vertical deviation of the sizes from 

nominal. 
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The mean value of all reference points along each row of the 
plate gives a point of the line shown on fig. 10. As an example the 
highlighted row “10” from fig. 9 gives the position of the point “10” 
on the fig. 10. 

The results show that a single test piece and routine 
measurement procedure can be utilised to estimate the distribution 
of linear and angular deviations from the nominal sizes of AM 
parts. The geometry of the utilised test piece has advantages over 
the stair case (pyramid) type test pieces since it gives correct data 
about inaccuracy distribution along a particular direction or 
particular axes. The routine automatic measurements and data 
processing are possible due to the simple geometry of the samples 
and feasible software development. 

5. Conclusion 

Some estimates about accuracy of a process or platform can be 
done even with a single test piece. As it can be seen from fig. 9 and 
fig. 10 the described methodology can present the continuous 
distribution of distortions described in terms of linear and angular 
strains which can be interpreted as deviations from nominal in size 
and shape. 

The data connection from several plates by interpolations is a 
step forward that can allow modelling of the entire build envelope, 
process or material accuracy. For that purpose a sufficient number 
of test plates over the entire build volume has to be produced and 
analysed. 

The modelling of distribution of deviations from nominal, 
creates a possibility to reduce these deviations. One approach is a 
pre-deformation of the part data contrary to the expected defect. 
This can be implemented by using a free-form deformation (FFD) 
approach [17]. The FFD deforms the surrounding cuboid of an 
object in order to adapt the embedded object. Thus, an increased 
size and shape accuracy can be achieved by choosing suitable 
parameters for the FFD. 
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1. Introduction 
When a load can be switched on or off when needed for system 

balance purposes, it is considered as a controllable load. An 
example of a controllable load in an EPS from the System's 
Operator point of view is the pumping capacities of an PHPS or a 
group of consumers whose power supply can be interrupted (and / 
or restricted) during peak load periods. For a micro-grid, a 
controllable load can be any consumer whose power can be 
managed and / or limited or its performance may be postponed 
(dispatched) over time. There are many loads whose operation 
extends over several time intervals. In this case for those loads is 
said that they have a working cycle. Since there are many 
possibilities in the handling of the controllable loads with a work 
cycle, it is necessary to introduce a certain classification for 
modeling purposes of such loads. 

2. Loads classification and modeling framework 
Type I. Controllable loads over time with an interruptible work 

cycle: These loads are assumed to have a fixed work cycle duration 
dl1* and a fixed power level Pl1* in a single interval. The operation 
modeling of these loads requires the introduction of binary variables 
vl1,j having true value (vl1,j = 1) when the load is switched to power 
level Pl1* in the interval j. Additions of the form vl1,jPl1* must be 
introduced in the balance constraints. A constraint (1) handles the 
duration of the work cycle:  

1, 1*l j l
j

v d=∑       (1) 

Type II. Controllable loads over time and consumption with an 
interruptible work cycle: The power consumed by this load Pl2,j in 
the single interval j depends on the duration of the operating cycle 

min max

2 2 2l l ld d d≤ ≤ . The total load consumption 2lPΣ  is known for a 
full work cycle. So the hour consumption Pl2,j and the duration of 
the duty cycle dl2 are optimized introducing binary variables vl2,j = 1 

when the load is switched to power min max

2 2, 2l l j lP P P≤ ≤ . In the 

latter the interval's limits are derived via: min max

2 2 2:l l lP P dΣ=  and 
max min

2 2 2:l l lP P dΣ= . Only the load consumption Pl2,j is included in 
the balance constraint. For modeling the rest of the requirements, 
inslucidng the dependence between the cycle duration and the 
power level in the unit interval the following constraints are added:  

max

2, 2, 2 0l j l j lP v P− ≤  and min

2, 2, 2 0l j l j lP v P− ≥  (2) 

 2, 2l j l
j

v d=∑     (3) 

2, 2l j l
j

P PΣ=∑     (4) 

min max

2 2 2l l ld d d≤ ≤  are integer and vl2,j are binary (5) 

Type III. Controllable loads over time with a non-interruptible 
work cycle: These are loads that that once started can not be 
switched off until the whole fixed-duration work cycle is 
completed. It is assumed that the load consumption in the unit 
interval of the work cycle with a fixed duration dl3*  is Pl3*. Once the 
work cycle has begun, it can not be interrupted. To ensure this 
requirement, 3 sets of binary variables are introduced: 

sl3,j = 1 if the load starts a cycle at the beginning of  j 

vl3,j = 1 if the load is running at power Pl3* in the interval j 

fl3,j = 1 if the load finishes its work cycle at the beginning of the 
interval j 

Because the hour consumption of the load Pl3* is a constant 
additions of the form vl3,jPl3* must be introduced in the balance 
constraints. 

The constraint handling the duration of the work cycle remains 
unchanged:  

3, 3*l j l
j

v d=∑     (6) 

Constraints ensuring the un-interruptible requirement for the 
working cycle are introduced:  

3, 3, 0l j l js v− ≤     (7) 

3, 3, 3, 3, 1l j l j l j l js f v v −− = −    (8) 

3, 3, 1l j l jf v+ ≤     (9) 

3* 1

3, 3,
1

1
lj d

l j l k
k j

s f
+ −

= +

+ ≤∑    (10) 

Type IV. Controllable loads over time and power level with a 
non-interruptible work cycle: In this case both the duration 

min max

4 4 4l l ld d d≤ ≤  of the work cycle is optimized and the power 

level at a unit interval max min

4 4 4, 4 4/ /l l l j l lP d P P dΣ Σ≤ ≤ . Constraints 

ensuring the un-interruptible requirement for the working cycle 
must be added using the three sets of binary variables:    

sl4,j = 1 if the load starts a cycle at the beginning of  j 

vl4,j = 1 if the load is running at power Pl4,j in the interval j 

 fl4,j = 1 if the load finishes its work cycle at the beginning of the 
interval j 

In the balance constraints only the power of the load Pl4,j is 
added being and optimization variable. A constraint for the work 
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cycle duration is present with respect to the simple bounds 
min max

4 4 4l l ld d d≤ ≤ :  

4, 4l j l
j

v d=∑      (11) 

The following constraints ensure  the un-interruptible work 
cycle and the power levels:  

4, 4, 0l j l js v− ≤      (12) 

4, 4, 4, 4, 1l j l j l j l js f v v
−

− = −      (13) 

4, 4, 1l j l jf v+ ≤       (14) 

4, 4l j l
j

P PΣ=∑ , max

4, 4, 4 0l j l j lP v P− ≤  and 

min

4, 4, 4 0l j l j lP v P− ≥ (15) 

3. A numerical example 

To illustrate the controllable loads with a work cycle modeling 
techniques the following nomenclature and presumptions might be 
used. A semi-autonomous building has available controllable and 
uncontrollable loads and generators and can also purchase or sell 
power to the external grid. Forecasts for its own uncontrollable load 
and generation are available as well as prices for buying and selling 
power.  

In the model formulation 'P' stands for 'Power', indices 'n' 
represent 'non', 'f' stands for 'fixed', 'l' stands for 'load', 'G' stands for 
'Generation' and 'a' stands for 'accumulation'. The scenario under 
consideration includes equal hourly pricing for selling and 
purchasing power from the network (cbuy,t = csell,t) and relatively 
high price for the own generation units (cnfG > max{cbuy,t}). The 
numerical example uses a dataset (given PfG,j and Pfl,j) aiming at 
maximization of total profit: 

max J = ∑csell,jPsell,j - ∑cbuy,jPbuy,j - ∑cnfG,jPnfG,j  (16) 

The power of the controllable loads consists of total of seven 
members divided in four groups of loads according to the 
classification given in the beginning.  

Two loads are from Type I with fixed work cycle duration that 
can be interrupted and power:  

dl1,1* = 3 hours, Pl1,1* = 2,2 kWh 

dl1,2* = 4 hours, Pl1,2* = 2,5 kWh 

Two loads are from Type II with non-fixed power and duration 
of the work cycle and it can also be interrupted:: 

dl2,1  might be between 2 up to 4 hours, P∑l2,1 = 8.2 kWh 

dl2,2  might be between 3 up to 7 hours, P∑l2,2 = 14 kWh 

Two loads from Type III with fixed work cycle duration and 
power in a unit interval but the continuity of the cycle can not be 
interrupted:   

dl3,1* = 2 hours and Pl3,1* = 1,8 kWh 

dl3,2* = 4 hours and Pl3,2* = 1,4 kWh 

A single load from the last Type IV is considered and its work 
cycle is un-interruptible. Its work cycle duration is optimized as 
well as its power in the unit time interval: 

dl4  may be 3 up to 6 hours with P∑l4  = 12 kWh  

The balance constraint includes all controllable loads additional 
variables: 

31 2

1 2 3

4

4

1, 1* 2, 3, 3*
1 1 1

4,
1

LL L

sell, j a, j l j l l j l j l
l l l

L

l j j buy, j R, j Ga, j G, j
l

P + P + v P P v P

P + L P + P + P + P

= = =

=

+ +

+ =

+∑ ∑ ∑

∑
  (17)  

The total power consumed by the controllable loads for the 
whole optimization period must be not less than the technological 
minima:  

31 2 4

1 2 3 4

1, 1* 2, 3, 3* 4,
1 1 1 1

LL L L

l j l l j l j l l j Т
l l l l

v P P v P P Е
= = = =

+ + + ≥∑ ∑ ∑ ∑  (17) 

For each load the respective additional constraints (1-15) must 
be added: two constraints of type (2) for each controllable load 

1 1l L∈  (Type I), for each controllable load 2 2l L∈  (Type II) a set 

of constraints (2) to (5), for each controllable load 3 3l L∈  (Type 
III) a set of constraints (6) to (10) and for the single controllable 
load 4 4l L∈  (Type IV) the constraints (11) to (15). 

Table 1: Optimal values of the variables for accumulation, generation, 
buying and selling and own controllable generator  

Hour j Pa,j PGa,j Pbuy,j Psell,j PG,j 
Col. № 1 2 3 4 5 

1 0 0 0 3,3 50 
2 0 33,2 33,2 0 0 
3 0 31,4 31,4 0 0 
4 0 33,9 33,9 0 0 
5 0 43,5 43,5 0 0 
6 0 39,4 39,4 0 0 
7 0 0 0 33,8 0 
8 0 0 0 41,2 0 
9 10 0 0 51,1 0 

10 16 0 0 71 0 
11 16 0 0 60 0 
12 16 0 0 54,7 0 
13 16 0 0 66 0 
14 0 0 0 58 0 
15 0 0 0 39,1 0 
16 0 0 0 76,6 0 
17 0 0 0 59,2 0 
18 16 0 0 53,5 0 
19 16 0 0 37,2 0 
20 16 0 0 6,3 0 
21 16 0 0 8 0 
22 16 0 0 8 0 
23 0 28 28 0 0 
24 0 28 28 0 0 

The constraint (19) stands for the accumulation-generation 
efficiency coefficient η. The fact that no purchasing and selling in a 
time interval is allowed, as well as accumulation and generation 
from accumulating units is not possible two sets of binary variables 
are introduced in the model (vj = 1 when buying power from the 
external network and uj = 1 when generating power from the 
accumulation units) to construct the mutually exclusive alternatives. 
Constraints (20) assure that no purchase and selling power onto the 
external grid will occur in a same time interval. Constraints (21) 
assure that no accumulation and generation will occur in a same time 
interval. The power of the controllable generator is fixed above (22). 

η∑Pa,j = ∑PGa,j    (19) 

Psell,j ≤ (1- vj) Psell
max  and  Pbuy,j ≤ vjPbuy

max  (20) 

Pa,j ≤ (1- uj) Pa
max  and  PGa,j ≤ ujPGa

max  (21) 

PnfG,j ≤ PnfG
max    (22) 

The optimal values of the variables are given in Tables 1 and 2. 
The optimal working cycle durations for the loads of Groups II and 
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IV loads are 2 hours, 3 hours and 6 hours respectively. Since best 
prices are night, all controllable loads under consideration work at 
night (Table 2). With such levels of the fixed generation the 
building can not function autonomously, i.e. without buying and 
selling from the external grid, because the sum load from the 
controllables (18.7 kWh) and the maximum possible Pa

Max value 
can not equal the estimated difference between fixed generation and 
load (76.6 kWh at 16h). 

Table 2: Optimal values for the controllable loads consumption over the 
optimization horizon 

j Pl1,1,j Pl1,2,j Pl2,1,j Pl2,2,j Pl3,1,j Pl3,2,j Pl4,1,j 
№ 1 2 3 4 5 6 7 
1 2,2 2,5 4,1 4,7 1,8 1,4 2 
2 0 0 0 0 1,8 1,4 2 
3 0 0 0 0 0 1,4 2 
4 0 2,5 0 0 0 1,4 2 
5 2,2 2,5 4,1 4,7 0 0 2 
6 2,2 2,5 0 4,7 0 0 2 
7 0 0 0 0 0 0 0 
8 0 0 0 0 0 0 0 
9 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 0 
11 0 0 0 0 0 0 0 
12 0 0 0 0 0 0 0 
13 0 0 0 0 0 0 0 
14 0 0 0 0 0 0 0 
15 0 0 0 0 0 0 0 
16 0 0 0 0 0 0 0 
17 0 0 0 0 0 0 0 
18 0 0 0 0 0 0 0 
19 0 0 0 0 0 0 0 
20 0 0 0 0 0 0 0 
21 0 0 0 0 0 0 0 
22 0 0 0 0 0 0 0 
23 0 0 0 0 0 0 0 
24 0 0 0 0 0 0 0 

This building can operate in a mode without buying from the 
external network (Pbuy,j = 0) but just selling (0 ≤ Psell,j). With such a 
realization of the building's operation, the optimal timetable for the 
operation of the controllable loads shifts to the afternoon hours 
(Tables 3 and 4). 

Table 3: Optimal values of the variables for accumulation, generation, 
buying and selling and own controllable generator when only selling is 
allowed 

Hour j Pa,j PGa,j Pbuy,j Psell,j PG,j 
Col. № 1 2 3 4 5 

1 20 0 0 8,5 50 
2 0 8 0 0 0 
3 0 8 0 0 0 
4 0 8 0 0 0 
5 0 8 0 0 0 
6 0 8 0 0 0 
7 20 0 0 14,5 0 
8 20 0 0 26,0 0 
9 20 0 0 17,1 0 

10 0 0 0 55 0 
11 0 0 0 44 0 
12 0 0 0 38,7 0 
13 0 0 0 50 0 
14 20 0 0 36,6 0 
15 20 0 0 35,2 0 
16 20 0 0 55,2 0 
17 20 0 0 37,8 0 
18 0 0 0 37,5 0 
19 0 16 0 37,2 0 
20 0 16 0 6,3 0 
21 0 16 0 8 0 
22 0 8 0 0 0 
23 0 8 0 0 0 
24 0 8 0 0 0 

The accumulation and generations schedule changes as well as 
the optimal duration of the single load from the fourth group (L4) as 
it becomes 3 hours. 

Table 4: Optimal values for the controllable loads consumption over the 
optimization horizon when only selling is allowed 

j Pl1,1,j Pl1,2,j Pl2,1,j Pl2,2,j Pl3,1,j Pl3,2,j Pl4,1,j 
№ 1 2 3 4 5 6 7 
1 2,2 2,5 4,1 4,7 0 0 0 
2 0 0 0 0 0 0 0 
3 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 
7 2,2 2,5 4,1 4,7 1,8 0 4 
8 2,2 2,5 0 4,7 1,8 0 4 
9 0 0 0 0 0 0 4 

10 0 0 0 0 0 0 0 
11 0 0 0 0 0 0 0 
12 0 0 0 0 0 0 0 
13 0 0 0 0 0 0 0 
14 0 0 0 0 0 1,4 0 
15 0 2,5 0 0 0 1,4 0 
16 0 0 0 0 0 1,4 0 
17 0 0 0 0 0 1,4 0 
18 0 0 0 0 0 0 0 
19 0 0 0 0 0 0 0 
20 0 0 0 0 0 0 0 
21 0 0 0 0 0 0 0 
22 0 0 0 0 0 0 0 
23 0 0 0 0 0 0 0 
24 0 0 0 0 0 0 0 

4. Conclusion 
An approach to controllable loads with a working cycle 

consisting of more than one unit interval is proposed. The same 
modeling technique is used for power generating units start-up and 
stopping cycles in problems for optimal thermal units maintenance 
medium-term planning. The latter is a modification of the unit 
commitment problem but it's result influence the UC solution as 
availability. The numerical example shows how binary and integer 
values handle the physical requirements of the controllable loads. It 
also shows the sensitivity towards simple bounds over one set of 
optimization variables and its interpretation. 
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Abstract: The current paper presents numerical approach of velocity performances estimations for the EFP (Explosively Formed 
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explosive process. The numerical method is developed, to provide estimations about behavior of projectile vs. time in the EFP forming 
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compared with the available experimental data. 
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1. Introduction 
Nowadays, the EFP warheads are present in many systems that 

expect appropriate modernization and/or optimization; as artillery 
sub-munitions, antitank missiles, mines etc. Approaches which 
define the processes of explosively formed projectiles [1-4] are one 
of the most sophisticated problems of rigid body mechanics based 
on the elastic to plastic theory. The distinguishing problem of the 
EFP projectiles is the velocity of the EFP liner. This velocity is 
generated in the explosively driven process and the dynamics of 
their evolution is the main topic of this paper. Recently, most papers 
are based on numerical methods [5-10] which determine the 
projectiles velocity performances based on detailed modeling of the 
loadings and deformation process during explosion. Numerical 
software, particularly Autodyn, which is often used for detailed 
analyses in numerical simulations, require comprehensive 
preparation of the expected initial data but some others methods as 
it analytical are less precise but enough reliable and provides much 
faster data obtaining for the applications of warheads performances 
estimations. 

The current paper presents software based on the previously 
studied analytical method as a solution to provide the ability to 
preliminarily estimations as well as numerical solution of the same 
rooted liners velocities. This methodology provides ability to 
analyze the adopted design of warhead’s performances by more 
precise numerical software like Autodyn. 

The research based on the analytical models presented in papers 
[1-5], provides crucial information about the EFP performances in a 
short time without required comprehensive initial data preparation. 
The algorithm presented in further papers provides the possibility to 
directly export the adopted geometry of EFP liners integrated with 
warheads into Autodyn numerical software, from the software 
package Matlab, which considerably decreases preparation time. 

The results of numerical method contribute in improving the 
accuracy of EFP velocity estimations. This is achieved by an 
appropriate augmentation in the number of the grid elements for the 
method used. 

2. Numerical approach 
Numerical approach based on the finite element method is used 

in this research in order to be compared with experimental data. 

The properties of the adopted simulation model mesh [12-19] 
are given in Table 1. The mesh density is determined taking into 
account accuracy as well as reasonable simulation run time within 
available computer facilities. 

Figure 1a and 1b shows configuration of EFP warhead as well 
as appearance of created mesh for each component separately. 

The simulation sample volume in numerical approach is 
observed as the quarter shown on the figure 1a and 1b. 

Presented analysis uses fully Lagrangian solver, where after 35 
µs, detonation products are not influenced into forming processes. 
But that average liners final velocity comparative with analytical 
modeling corresponds not to the 35 µs instant of forming time then 
about 70-150 µs where dynamical process is fully completed 
(figures 5 and 6). 

A wide range of metal powders (from light alloys through steels 
to super-alloys and composites) is currently available for DMLS 
process and other new materials are under development. Table 1 
lists mechanical properties of selected powder materials. 

Table 1: Grid properties of the numerical approach [3] 
   Type 1 Type 2* 

 Conditions  1 2 1  

 Liner  7776 6125 7776 6125 

 Explosive  10496 9000 10496 9000 

 Cover  15006 12000 - - 

 Back plate  768 450 768 450 

  1 – nodes; 2 –elements;  

 

 
Figure 1a: Geometrical configuration of EFP sample type1 (with cover) and 
finite elements mesh 

 
Figure 1b: Geometrical configuration of EFP sample type2 

(without cover) and finite elements mesh 
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The loading forces distribution model is expressed by the 
detonation pressure products and is determined according to Jones-
Wilkins-Lee [1] by the equation of state: 

𝑝𝑝 = 𝐾𝐾 �1 − 𝜔𝜔
𝑅𝑅1𝑉𝑉

� 𝑒𝑒(−𝑅𝑅1𝑉𝑉) + 𝐾𝐾1 �1 − 𝜔𝜔
𝑅𝑅2𝑉𝑉

� 𝑒𝑒(−𝑅𝑅2𝑉𝑉) + 𝜔𝜔𝜔𝜔
𝑉𝑉

         (1) 

where V and E are represented as V = ρ0/ρ , E = ρ0e , ρ0 is the 
current density, ρ is the reference density, e is the specific internal 
energy and K, K1, R1, R2 and ω are constants for the given explosive 
material [1,2]. 

3. Simulation model 
The comparison of these methods is performed on the sample 

design fig 2, with accepted, fixed EFP liner form and explosive 
charge, with and without metal cover. Adopted explosively driven 
projectile model and its elements of geometry, presented in the 
paper [2], and design characteristics of testing sample as in the [14] 
are shown in Fig. 2. The model does not include the fuze and wave 
shaper integrated in the warhead design and influenced on the real 
performances modeling. 

The properties of explosive and other materials used in 
simulations are given in Table 1 [14]. In tested examples, the 
initiation point is located on the warhead bottom and lies on axis of 
symmetry [14] (Fig. 1). 

 
Figure 2: Types of testing sample and their basic dimensions: 1 -back 

plate, 2 -explosive charge, 3 - liner, 4 - initiation point, 5 –cover. 

Table 2: Geometrical parameters for EFP sample models [3] 

 Design parameter   Type 1   Type 2*  

 Length of charge L [mm] 85  85  

 Caliber D [mm] 57.2  57.2  

 Thickness of back plate t1 [mm] 5  3  

 Cover thickness t2 [mm] 5  -  

 Inner radius R1 [mm] 60.4  71.3  

 Outer radius R2 [mm] 60.4  71.3  

 Thickness of liner edge δ1 [mm] 1.5  1.5  

 Thickness of liner center δ2 [mm] 2.7  2.7  

 Type initiation   p.  p. 

 * -experiment; p. –point initiation    

 

Analytical and numerical approach used Octol as explosive 
material with density of 1.82 g/cm3 and detonation velocity 8480 
m/s as well as steel as cover and iron as liner material. The 
experimental sample was tested on the proving ground as a type 2 
[14] in Table 2. 

4. Results and discussion 
Two types of simulation samples of the liners and explosives 

integrated have been considered through represented modeling in 
numerical approach. 

Figures 3 and 4 show energy distribution vs. time during 
projectile forming. Kinetic energy represents penetration capability 
of formed projectiles. 

The plastic works, is important for liners’ design and for 
selection of appropriate material. Figure 3 and 4 represents 
nonlinear and uniform distribution of plastic energy. It means that 
liner during formation had proper deformation also influenced on 
the velocities distribution. If that curve in initial phase of formation 
has no permanent increase, this indicates the liner had the fracture. 

Table 3 shows differences in the energy distribution obtained by 
the numerical and analytical approach. In table 3 are presented next 
values: absolute initial velocity V0 [m/s], kinetic energy Ek [J], 
axial deformation energy ADE [J], radial deformation energy RDE 
[J] and plastic deformation energy/plastic work PW [J]. 

 
Figure 3: Energy distribution during time of the forming of explosively 

formed projectile, sample type 1, obtained by numerical method [3] 

Figure 4: Energy distribution during time of the forming of explosively 
formed projectile, sample-type 2, obtained by numerical method [3] 

These parameters are collected as the consequence of 
considering problems of deformation energy in the numerical and in 
the analytical models. Differences between two types of samples 
show that cover of the explosive sample influences as to increase of 
kinetic energy of projectile and also the increase of total plastic 
deformation work [1,2,10,13,20]. 
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Figure 5: Shape of projectile configuration during forming to the final 
shape in 70 µs of sample-type 1 

 

Figure 6: Shape of projectile configuration during forming to the final 
shape in 150 µs of sample-type 2 

Numerical simulation also reproduces expected shapes of 
projectiles at the end of forming process shown in (Figs. 5 and 6). 
For the sample type 1 (Fig. 5) projectile is formed with its final 
shape after t=70.5 µs at the distance 265.31mm, realizing final 
velocity of about 2860 m/s. For the sample type 2 (Fig. 6) these 
values are corresponding to the instant t=150 µs, at the distance 
418.2 mm and velocity 2435 m/s. That means that sample type 2 
has much less coefficient of energy efficiency than covered 
warhead charges [10]. The final projectile shape joint with 
considered velocity performances influences two basic 
performances important for EFP warhead design – penetrability and 
precision. 

5. Conclusion 
The next conclusions are presented as the result of this study: 

The numerical approach is a well-designed tool for the EFP 
velocity and energy modeling and estimations. 

Numerical method gives more accurate results regarding 
velocity in comparison with analytical methods and these results are 
very close to experimental data, with error of les then 1.5%. It 
should be noted that numerical method is useful for the shortening 
the development time of EFP warheads during design and reduces 
the cost of their experimental testing. 

The same configuration of liners and explosive charges with 
and without metal covers produced different shapes of explosive 
formed projectiles. Sample type 1 produced EFP as the plastic solid 
shape less adoptable for distance flight, and sample type 2 produced 
EFP with more adoptable shape for distance flight regarding 
aerodynamical drag. 
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Abstract: In this study, the effect of production parameters of B4C + ZrO2 composites on density was modelled by using Artificial Neural 
Network (ANN). The composites were produced by using powder injection molding method (PIM). In the sintering stage, pressureless 
sintering method under argon atmosphere was used. As the production parameters, amount of additional (A, wt.%) and sintering 
temperature (T, ◦C) were defined. The main aim of the study is to obtain the experimental conditions giving maximum density. As a results of 
this study, the production parameters of hard sintered materials like B4C + ZrO2 could be modelled by using ANN method to optimize and 
predict because the prediction error is blow percentage of 10%. Therefore, the research and development time and cost can be reduced by 
using this method.   
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1. Introduction 
In the literature, most of article about sintering of boron carbide 

is related to fabrication of boron carbide via hot isostatic pressing 
and hot pressing method. There are several studies in the literature 
about the pressureless sintering of boron carbide with additive or 
non-additive.  T.K. Roy et al produced boron carbide ceramics with 
and without additives (C, TiB2, and ZrO2) by pressureless sintering 
method to obtain dense samples for use as neutron absorber in fast 
breeder reactors in 2006.  They investigated the effect of particle 
size and sintering temperature on density and microstructure. The 
compacts were fired in the temperature range of 2225-2375 ºC 
under vacuum [1]. The effect of ZrO2-3 % Y203 addition on 
densification, sintering behavior and mechanical properties of B4C 
was studied by H.R. Baharvandi et al in 2006. The adding amount 
of ZrO2-3 % Y203 was 0-30 wt.% and sintering temperature was 
between 2050-2150 ºC [2]. In the 2007, the B4C-metal boride 
composites were derived from B4C/metal oxide mixture by A. 
Goldstein et al. The green pellets were sintered from room 
temperature to 2180 ºC under Ar atmosphere via pressureless 
sintering method. In this study, TiO2, ZrO2, V2O5, Zr2O3, Y2O3 and 
LaO3 were used for addition [3]. 

 

In this study, B4C + ZrO2 composites based part produced by 
powder injection molding method were investigated Density 
properties of the sintered products were evaluated in sintered 
condition. The production parameters were modelled using artificial 
neural network method.  

2. Materials and Method 
Materials 

Boron Carbide (B4C) is an important non-metallic hard material 
with high melting point (2450 ºC), high hardness (25 to 35 GPa-
next only to diamond and cubic boron nitride), high elastic modulus 
(450 GPa), high flexural strength (350-500 MPa) and low density 
(2.52 g/cm3) [1, 4].  ZrO2 is the ceramic material with adequate 
mechanical properties. In this thesis study, commercially available 
B4C powder (ABSCO Co, UK) was used. Additive powder, ZrO2 
Stack, Germany) powders were used. For molding the mixing 
powders, binder materials and their rates must be defined. The 
primary required the binder is to allow flow of the particles into the 
cavity. Paraffin Wax (PW), Carnauba Wax (CW), Polypropylene 
(PP) and Stearic Acid (SA) were selected for binder system. 

Some properties of binder system components are shown in 
Table 1.  

 

 

 

Table 1: Some properties of the binder system components 

Binder Type Density (g/cm3) Melting Point oC 

Paraffin Wax (MERC) 0.9 90 

Carnauba Wax (MERC) 0.97 112 

Polypropylene (MERC) 0.89 161 

Stearic Acid  (MERC) 0.85 73 

 

Method 

       Powder Injection Molding (PIM) which enables to produce 
products with high dimensional accuracy in such a way to have 
excellent, fine grain structure and non-anisotropic mechanical 
properties [5] is an advanced manufacturing technology. The other 
words, PIM method is a new technology and uses the shaping 
advantage of injection molding but it is applicable to metals and 
ceramics. Complex, precision, and net shape components are 
produced by PIM method from metal or ceramic powder. In recent 
years, PIM has established it-self as a cost-effective production 
technique derived from plastic injection molding, allowing large 
scale production of complex part [6]. The product produced by PIM 
is expected to have more homogenous microstructure since 
hydraulic pressure is filled up uniformly. Also. Fabrication cost 
could be eliminated significantly by reducing machining and 
recycling use of feedstock [7]. 

PIM method has four steps: 1) Preparation of feedstock, 2) Injection 
of molding, 3) Solvent and thermal debinding, 4) Sintering [8, 9]. 
The flow chart of PIM method is shown in Figure 1. 

The first mold was designed based on Metal Powder Industries 
Federation (MPIF) standard 50.  The mold was shown in Figure 2.   
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Figure 2 Flow chart of powder injection molding method [7] 

 

 

 

 

 

 

 

 

 

Figure 3 The mold based on MPIF 50 and 59 standard 

 

As a results of pre-experimental studies of PIM methods, the 
optimal binder materials ratio was defined and listed in Table 2. 

Table 2 Mixture ratio of binder system 

Binder Types PW (wt. 
%) 

CW (wt. 
%)) 

PP (wt. 
%) 

SA (wt. 
%) 

Mixture 
Ratio  69 10 20 1 

 

 

 

 

 

The full factorial experimental design was used as preparation 
experimental table. The Input parameters and their levels of 
experimental design was shown in Table 3. 

Factors 1  2  3 4 5 6 

A: Amount of Ad. (wt.%) 0 2 4 8 12 16 

   B: Sint. Temp.( ◦C) 2000 2100 2200 
    

The total experimental number according to full factorial 
experimental design is 18 experiments. The experiment conditions 
of each experiment number was prepared. The main powder and 
additive powder was mixed using Turbula Mixer with 3 
dimensional motion to be obtained homogenous mixing. The next 
step, the feedstock was prepared for powder injection molding 
procedure. In this step, special custom made device was used. The 
mixed powder and binder system materials was mixed under 130 ◦C 
temperature and 200 rev./min mixing speed. The granules were 
obtained by hand and the standard samples were injected by custom 
made powder injection molding device. In the injection molding 
device, molding pressure was 15 bar, clapping pressure 10 bar, 
barrel temperature was 160 ◦C, and Molding speed was 15 sec. 
From the injected parts, the binder other than Polypropylene was 
achieved debinding in solvent. In this step, to provide uniform 
temperature, hot water was circulated continuously around the 
container of samples with heptane. Thermal debinding process was 
performed in furnace under Ar atmosphere.  After the debinding 
processes, the samples were sintered using custom made sintering 
furnace with graphite resistance under Ar atmosphere.  

After the sintering, the samples were cut by means of diamond 
cutting disc. The density of each part was measured by Archimedes 
Method. 

Artificial Neural Network 

After the experimental studies, the experimental numerical results 
were obtained. In the ANN processes, first step the data was 
normalized between 0 and 1. Then, the data was divided into 
training data set (75%) and testing data set (25%). After this step, 
the ANN topology was prepared. In this study, multilayer 
perceptron (MLP) of ANN structure was used. In this structure, 
there are there layers: input layer, hidden layer and output layer. In 
the input layer, the number of processes element (artificial neuron) 
corresponds to the input parameters of experiments. The output 
layer processes elements correspond to the output parameters of 
experiments. In this study, there are 3 artificial neurons in input 
layer, and there are 1 artificial neuron in output layer. The number 
of hidden layer neurons was found to be between 1 and 50 by trial 
and error method under 50 000 epochs. In this study, there are 3 
step of ANN procedure, 1) training, 2) testing, and 3) production 
step. In the training step, optimal ANN structure was obtained using 
mean square error (MSE) performance criterian. The next step, 
testing step, the test performance of optimal ANN structure was 
tested and evaluated. Final step of ANN procedure, the new 
experimental results were predicted using this optimal ANN 
structure.  The ANN structure of this study was shown in Figure 4. 

 
Figure 4 The ANN structure of this study 

204



3. Results and Discussion 
After the experimental studies, the experimental results were 
obtained and the relative density was calculated for each 
experimental conditions. The experimental results were listed in 
Table 3. 

Table 3 The experimental results 

# A [wt.%] B [◦C] Y1[%] 

1 0 2000 58 

2 0 2100 63 

3 0 2200 68 

4 2 2000 61 

5 2 2100 95 

6 2 2200 85 

7 4 2000 57 

8 4 2100 96 

9 4 2200 73 

10 8 2000 69 

11 8 2100 72 

12 8 2200 75 

13 12 2000 66 

14 12 2100 73 

15 12 2200 72 

16 16 2000 64 

17 16 2100 67 

18 16 2200 71 
 

After the applying ANN procedure, the training results was shown 
in Figure 5. The optimal ANN structure was define using this 
results. In the optimal ANN structure, the number of hidden layer 
neurons is 20. This value was obtained at 50 000 iterations. Final 
MSE is 0.46. 

 
Figure 5: Training results of ANN 

 

In the test steps, the optimal ANN was evaluated by two methods. 
In the first method, the testing operations was conducted by using 
training data set, the second method, the testing operations was 
performed by using test data set. The training data set testing results 
was shown in Figure 6. In this operations, the correlation coefficient 
is 0.99, and the percentage error is 0.028%. 

 

 
Figure 6 results of training data set testing 

The second test operations results were shown in Figure. In this 
step, the percentage error is %9.36, and correlation coefficient is 0. 
95. 

 
Figure 7 Results of testing data set testing 

4. Conclusion 
In this study, the production parameters of boron carbide 

composites were studied and evaluated. Firstly, the powder 
injection molding method was applied. In this step, the main 
powder and additive powder was mixed, and then the feedstock was 
prepared using binder systems. After the granulation, the standard 
samples were injected. The solvent debinding and thermal 
debinding processes was applied and then the debinded parts were 
sintered using different sintering temperature. The densities of 
sintered samples were measured by using Archimedes Methods, and 
the theoretical density and relative density values were calculated 
related formula. After the experimental studies, the optimal ANN 
structure was obtained using traning, and testing operations. In the 
testing steps, the percentage error of training data set was 0.029%, 
and correlation coefficient 0.99, the percentage error of testing data 
set was 9.36% and correlation coefficient is 0.95. The optimal ANN 
stricter consist three layer; 1) input layer (3 artificial neurons), 2) 
hidden layer (20 artificial neurons), and 3) output layers (1 artificial 
neurons).  As a results of this study, the artificial neural networks 
method was used to modeling the production parameters of hard 
sintered materials like boron carbide composites. 
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Abstract: In this paper an algorithm for creating an atlas-based finite element heart model for cardiac simulation is described. This 
model is used to simulate the propagation of electrical impulses of the heart. An important feature of this model is that it contains conductive 
paths and fibrous tissue, which makes it possible to make more realistic calculations of the propagation of electrical signals. The model 
created from anatomical segments of the heart surface is defined by a polygonal mesh. The algorithm presented in the article offers a means 
to create models of various accuracy. 
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1. Introduction 
In order to simulate an accurate electrical system of the human 

heart, it is necessary to have a detailed heart model containing 
different types of tissues: the direction of the muscle tissue, 
conducting fibers, fibrous rings, etc. 

Nowadays there is a number of finite element models (FE 
models) of heart for modeling electricity signals. For example, in 
some systems of heart electrical modeling, the rabbit heart model is 
used [R. Bordasa, 2011] [Arevalo HJ, 2016]. The rabbit heart model 
was constructed from a high resolution MRI dataset, with the use of 
an intensity based level-set filter.  

The first developed 3D models of cardiac anatomy were 
simplistic models based on geometric shapes, this approach is still 
in use for applications where the anatomical validity is not 
important  for the purpose of the model [Colli Franzone P, 1998] 
[Sermesant M, 2006].  Currently, researches use simple geometric 
shapes and make parameterized models based on segmented heart 
images [P. Lamata et al, 2014]. 

In many articles, studies are based on models built on the 
segmentation of CT [Deng D, 2012] [Aslanidi OV, 2013] or MRI 
[Plotkowiak M, 2008] [Lopez-Perez & Sebastian, 2015] scans. 
Models of this type very anatomically accurate, but usually they 
describe only one heartbeat phase, rather than the whole cycle.  

Our algorithm enables automatic marking of vertex the type of 
tissues after the grid generation, because manual marking of 
hundreds of thousands and more tetrahedrons makes no sense. 

2. Source data 
As the initial data, anatomical segments of heart surface from 

Plastic boy anatomy (Plastic boy store) were used. We have several 
types of meshes (Figure 1):  

• the outer surface of the heart;  
• left atrium;  
• left ventricle;  
• right atrium;  
• right ventricle;  
• mitral valve;  
• tricuspid valve; 
•  atrioventricular node;  
• sinoatrial node;  
• His bundle;  
• Bachmann bundle;  
• Signal ways.  

We use the heart surface polygonal model to generate a 
tetrahedral FE model. We can vary the total number of  vertices and 
tetrahedrons in the FE model.  

 

 
Fig. 1 The outer surface of the heart and inner tissues. 

3. Algorithm of model generation 
The algorithm consists of several parts: FE model generation; 

classification of atriums and ventricles; removal of cavities; 
cardiovascular system classification. 

Step 1. Generation of the FE model. 

Generation of a three-dimensional finite element mesh is 
labour-intensive process, that is why there are few high-quality 
open-source 3D mesh generators. We used Netgen for mesh 
generation, because Netgen is an open-source framework with 
LGPL v2 license, it is well-tested, and has its own user community. 
Netgen uses the outer surface of the heart in stl format, and yields a 
FE model consisting of tetrahedrons (Figure 2). 

 
Fig. 2 Generated FE-model 
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Step 2. Removing tetrahedrons of atria and ventricles cavities. 

After the first step we have the FE model, which consists of 
tetrahedrons inside atria and ventricles cavities and we delete them. 
To remove them we need to mark vertices for deleting. We mark 
vertices located inside tissue meshes (Figure 1) via the ray casting 
algorithm (J. D. Foley, 1990). A two-dimensional version of the 
algorithm is shown in Figure 3. 

 
Fig 3 Even-rule algorithm (2D schema). If the point is on the inside of 

the polygon then it will intersect the edge an odd number of times, and 
outside otherwise. 

 

We start the ray from a tested vertex in any fixed direction and 
calculate the number of intersections with heart tissue shells. If the 
point is outside of the shell the ray will intersect it an even number 
of times. If the point is inside the shape then the ray will intersect 
the edge an odd number of times. 

Having tested vertices with all shapes, we can delete 
tetrahedrons consisting of marked  vertices. After deleting we 
obtain the model shown in Figure 4.  

 
Fig. 4 FE-model with removed cavities 

Step 3. Marking up the electrical conduction system of the 
heart. 

To mark up the cardiac conduction system we use the ray 
casting algorithm for checking whether the point is inside or outside 
the shell again. As a result we have a model with marked atriums, 
ventricles and cardiac conduction system.  

4. Parallel realization 
The brunt of the calculation is marking points according to 

tissue type. We calculate it with the ray casting algorithm. This 
algorithm is good for parallel calculations, because we can test a lot 
of points with the same shell together. Parallel realization of the ray 
casting algorithm: we divide all vertices into blocks whose size 
equals size of the GPU thread block and perform calculations for 
blocks independently; inside the block, the ray casting algorithm is 
performed for all vertices simultaneously. 

 
Fig. 5  Data parallelization scheme for the ray casting algorithm. SM - 

Streaming Microprocessor 

Parallelization scheme is shown in Figure 5. All vertices are 
divided into blocks of the same size. On a GeForce GTX 680 
(GK104), the optimal block size was found to be 512 threads. 
Scheduler allocates vertex blocks for processing on Streaming 
Multiprocessors automatically. 

As the maximum length of the tetrahedron edge decreases, the 
number of vertices and tetrahedrons and the time for their 
processing increase exponentially (Figure 6), and it takes more than 
more than 6 hours for sequential algorithm to process 2 million 
vertices. 

 
Fig. 6 Ratio between the length of tetrahedron edge and the number of 

elements. Y axis has logarithmic scale 

We used CUDA for the parallel version. To measure the 
performance, a computer with the following characteristics was 
used: CPU Intel Core-i7 3820 3.6 GHz and GPU Nvidia GTX 680 
4Gb 1006 MHz 1536 cores. The results are shown in the table 
below. Algorithms were tested on a mesh consisted of 2389529 
vertices and 13690149 tetrahedrons. 

Table 1: Speed-up of the ray casting algorithm with CUDA 
Type of shape Count of 

triangles 
CPU 
msec 

CUDA 
msec 

Speed-up 

AV 328 30995 100 310 

SAV 590 54228 165 328 

SA 792 82990 223 372 

B 830 74979 221 339 

F 2454 222461 606 367 

RA 2646 247647 645 383 

RV 3026 329501 771 427 

His 4216 449535 1044 430 

LA 5686 473853 1318 359 

LV 7180 714429 1735 411 

Total 27748 26800618 6828 392 
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We can see from the table that the speed-up when using the 
CUDA realization of the algorithm compared to the serial version is 
about 400x. Accelerating structures will increase the speed of the 
algorithm even more. 

5. Conclusions 
Having completed all the steps of the algorithm, we obtain a 

model of the heart, consisting of elements that belong to one of 10 
types of tissue, to simulate the propagation of electrical heart 
signals along conductive paths of the cardiac system. With an 
optimized algorithm we can easily update our mesh after each tissue 
model correction, because the updating process takes some minutes 
rather than  hours as is the case with sequential algorithms. 
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