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1. Introduction

This note is devoted to the construction of an analytical
algorithm for solving stochastic integro-differential equations of
Kolmogorov-Feller type that occur in problems of control theory,
communication theory, stellar dynamics, and so on. In the papers [1
- 5], known to the author and containing variants of analytical and /
or numerical algorithms for solving such equations, cases of a linear
dependence of the drift coefficient on the spatial coordinate are
considered, as a rule. The algorithm of the analytical solution
proposed in this paper does not imply such a limitation, and relies
on the theory developed earlier by the author of rapidly decreasing
generalized functions [6 - 9], where, in particular, the construction
of the reconstruction of a "sufficiently fast decreasing function at
infinity" is proposed in terms of its power moments. For simplicity
of exposition, we restrict ourselves here to the case of a quadratic
dependence of the drift coefficient on the spatial coordinate.

2. Formulation of the problem
We seek a solution of the equation

awa(:,t) = %[(ax +BX)W (x,0)] +
+0o0 (21)
tv f PIAYW (x — A t)dA — W (x,1)

—00

under conditions

W (x,0) =W, (x) —is known function,
W(xt) — 0 forallt, (2.2)

fW (x,t)dx=1
with obvious requirements:
+00
P(A), — 0 and f p(A)dA=1.

We further assume that

P(A) =O(exp (—|A™), |A— o0 2.3)

forsome >0, 6>0.

Solution of the problem (2.1) — (2.2) will be sought in the class
of "sufficiently fast" decreasing functions (for details, see below).

3. About the representation of rapidly decreasing
functions through its moments
Let f(x) iscontinuous, and for some A >0, >0

f(x) =O(exp(-A|¥ ™"

,X‘—>oo.
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LetCc™ 2 Y 1) ff(x)x”dx n=0,1,2,.... Using the methods

developed in [7- 9], it is comparatively easy to prove the relation
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In particular,
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It is not difficult to see that the following equalities hold:
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Z 4 (2k +25+3)(25 +1)!

O_(Zk+l)(x)

(2k) ( ) —
o7 (x)= T 1+O(x) x—0,

oD (x)=0(x), x—0,

(k)(X) :O[;L(], ‘x‘ — 00,

1
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4. Construction of the solution of the problem
(2.12), (2.2)

We put further:

C(n)(t) ( D’

Tx W(x,t) dx‘ .

—00

Then from (2.1) we obtain:

(k-1) n
dtk 0= T p[ Ve v (S)C(M)(t)ancm)]
s s=0 (4.1)
+n(n +1)8 ST C"V(),n=123....k=123,...
(O]
dij:t =—CO 4+1,pOC@, 4.2)
where

k +0oo
p®=C [y Ada, p@=1.
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The conditions (2.2) will go to

cM 0 =CM"= (G0N 1)n fW(x Hx"dx, COM=1 (4.3)

Let &)= C(”) (t) (we note that ¢ (0)=C,™ are
known). Then (4.1) can be rewritten in the form:
§n = (—v _Oén)fkfl‘n +”§ p(S)gkfl,n—s + (4.4)

O+ D N=123,...

We know the & ,(0) , so, believing t=0, you can find & ,(0)
from (4.4), knowing & ,(0) you can find &, (0), etc. By this way,

k
all &,(00)= d C™|_, can be found. Consequently, we have the

equality
C(t)= ng”( )tk for all n.

—0 [

(4.5)

The use of the series (4.5) is more convenient for small
t: 0<t<T <1, limited to a finite number of terms. Having

constructed a solution on the interval [O,T], and assuming for new

initial conditions C™(T) you can build C™(t) fort [T, 2T]:

CM(t)= Zék"( )(t—T)k te[T,2T], etc. (4.6)
k=0
In conclusion, we shall make one useful remark. Let
p(k,t) = Z(i)“c(”) (k"
n=0
Then it is easy to see that the following equality holds:
17 ixk
W(x,t)—EAllrmeL‘go(k,t)e dk . 4.7)
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