
THE FORMATION OF INVESTMENT PORTFOLIOS BASED ON 

FORECASTED INCOME WITH THE USE OF FRACTAL MODELS 

 

ФОРМИРОВАНИЕ ИНВЕСТИЦИОННЫХ ПОРТФЕЛЕЙ НА БАЗЕ 

ПРОГНОЗНЫХ ДОХОДНОСТЕЙ С ПРИМЕНЕНИЕМ ФРАКТАЛЬНЫХ МОДЕЛЕЙ 

 
PhD. student Garafutdinov R.1, PhD. Gurova E.2 

Perm State National Research University – Perm, Russia1,2 

Institute of Economics of the Ural Branch of the Russian Academy of Sciences – Yekaterinburg, Russia2 

rvgarafutdinov@gmail.com1, eg555a@yandex.ru2 

Abstract: The article proposes an approach to the formation of optimal investment portfolios according to the criteria of profitability 

and risk based on the predicted returns of assets obtained using fractal econometric models. It has been hypothesized that this method allows 

you to create more profitable and low-risk portfolios than in the optimization of historical returns. To test the approach and test the 

hypothesis, an attempt was made to form various portfolio options from the shares of two Russian issuers. The results obtained allow us to 

conclude that the proposed approach is promising, and further research is needed. 
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1. Introduction 

The most important way to generate income in a market 

economy is investing, which implies the rejection of current 

consumption in order to profit in the future. At present, the greatest 

interest in the Russian financial sector is caused not by investing in 

bank deposits (this tool is characterized by a practically single 

probability of the risk of loss of funds due to the comparability, or 

even exceeding, of inflation rates offered by banks on deposit 

interest rates), but investing in the IT sector, venture capital 

investment and the formation of investment portfolios on stock 

exchanges. Now, it is more important not just to generate income, 

but to guarantee it in conditions of instability along with hedging 

financial risks. An important role is played by the development of 

innovative methods of portfolio formation that can provide a more 

accurate forecast of the financial result. 

Despite its considerable age, the most widely accepted theory of 

the optimal investment portfolio is authored by G. Markowitz, 

based on maximizing the return on investment while minimizing 

risk [2]. The risk is usually expressed by the standard deviation of 

return. The optimization problem is solved, and the portfolio 

structure is selected in such a way as to ensure the best values of its 

indicators calculated based on historical returns on assets. It is 

assumed that in the future the probabilistic characteristics of the 

price of these assets (mathematical expectation, standard deviation) 

will remain unchanged, prices will behave in a similar way. 

However, investors are not interested in past returns, but in the 

future. In practice, a portfolio optimized by historical price values 

will be optimal if the future yield dynamics is a constant. Of course, 

in real life, in an unstable economy, dynamically changing market 

conditions, financial crises, such a premise is not feasible. We 

suggested that if we extrapolate the price series of assets included in 

the portfolio and calculate the target function not by historical 

returns, but by forecast , then the resulting portfolios should have 

more attractive characteristics (higher profitability with less risk) 

than when applying the classical model of average dispersion. 

There are many methods for forecasting the dynamics of the 

rates of financial instruments. According to some authors, the most 

adequate mathematical apparatus for studying the complex behavior 

of financial indicators was developed based on fractal theory 

[5],[9]. There are extensions of widely used econometric models 

(such as linear ARIMA, non-linear GARCH) that consider the 

fractal properties of market time series. Researches have shown 

higher efficiency of such models compared to classical ones [6]. In 

this paper, we decided to predict the returns of financial instruments 

that make up the portfolio, apply the ARFIMA long memory model. 

Thus, the purpose of this study is to test the hypothesis that the 

formation of an investment portfolio based on forecasted returns 

using fractal models can improve the characteristics of the portfolio 

in comparison with the approach to calculating the characteristics of 

historical returns only. To achieve the goal, the following tasks 

were set: to carry out a literature review on the research topic, 

describe the input data and the research methodology, make the 

necessary calculations, analyze the results and outline the directions 

for further work. 

The problem of applying and developing the theory of portfolio 

investment has been dealt with by many researchers. So, in the 

work of E. Gubanova and a group of authors proposed a 

methodology for the formation of the most effective portfolio of 

securities, considering the current situation on the market 

(aggressive, passive or balanced) [4]. The models of W. Sharp and 

J. Tobin are used, which are a development and alternative to the 

classical model of G. Markowitz. I. Agarysheva et al. proposed an 

original methodology for selecting the instruments included in the 

portfolio [1]. Article by B. Aouni et al. discusses approaches to 

optimizing the portfolio according to several criteria different from 

average profitability and variance [2]. Moreover, in all the studied 

works, portfolios are invariably formed according to the historical 

profitability of the instruments. 

The use of fractal analysis to predict financial time series is not 

paid much attention to by researchers. G. Caporale [3], 

S. Zhelyazkova [8], P. Simonov and R. Garafutdinov [6] and others 

dealt with this problem. Their researches show that financial series 

have a long memory and can be well described by various fractal 

modifications of econometric models. In article [6], on a large data 

set, the advantages of such models over classical forecasts in 

accuracy are demonstrated. 

2. The solution to the problem 

We describe the input data and state the research methodology. 

It was decided to consider the dynamics of asset prices from 

January 2008 to February 2019. Since the portfolio, as a rule, is 

formed in order to generate income for a sufficiently long time, the 

annual return on asset Ry calculated by formula (1) and the annual 

standard deviation were taken as optimized characteristics of the 

portfolio. 

(1) 
0
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 , 

where P1 is the closing price of the asset at the beginning of the 

month of a certain year, P0 – the closing price of the asset at the 

beginning of the month of the previous year. 
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The initial sample of instruments included ordinary shares of 51 

issuers traded on the Moscow Exchange from the list of securities 

for customers with a standard risk level. Of these, two instruments 

with a rather low level of correlation of annual returns (0.309) were 

selected as the base for portfolio formation: ordinary shares of PJSC 

“Aeroflot – Russian Airlines” (ticker AFLT) and PJSC “Acron” 

(ticker AKRN). 

The mathematical formulation of the investment portfolio 

optimization problem is described in many works, for example, in 

[1]. Optimized variables are the shares of assets in the portfolio. 

Additional limitation: the sum of shares must be equal to one. In the 

framework of this study, we will perform optimization according to 

three criteria: maximizing profitability; risk minimization; 

maximizing the profitability to risk ratio. Since it is necessary to 

compare the portfolios obtained in the new and classical ways, we 

will form portfolios in two ways. In the first case, the objective 

function is calculated based on the average annual return on assets 

(to calculate the average annual return on an asset and estimate its 

standard deviation, annual returns for 2009–2018 are used, only 10 

values). In the second case, according to the predicted annual 

returns in 2019 (the annual return on the asset is forecasted, and the 

standard deviation is estimated by several historical annual returns 

her with the addition of predicted returns, only 11 values). The 

criteria for comparing the portfolios obtained by both methods are 

the actual annual portfolio return in 2019 and the standard deviation 

of its annual return calculated from the series of historical annual 

asset returns with the actual added in 2019. 

To model predicted returns, it is necessary to use not annual 

historical returns, but monthly ones, since at least several tens of 

values are required to identify the parameters of the ARFIMA 

model. Monthly returns are calculated similarly to annual ones by 

formula (1) – with the only difference being that the interval 

between prices P0 and P1 is not a year, but a month. To switch from 

monthly returns to annual Ry, the formula is used: 

(2) 
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where Rmi is the monthly yield of the asset, i – the serial number of 

the month. Table 1 shows the obtained annual returns (E(Ry) is the 

average annual return of the asset, σy – the standard deviation of the 

annual return). 

Table 1: Historical annual returns on portfolio assets. 

Year AFLT AKRN 

2009 -0.7574 -0.7541 

2010 1.4916 1.5806 

2011 0.3767 0.4044 

2012 -0.3513 0.0022 

2013 0.0660 0.0170 

2014 0.4870 -0.1886 

2015 -0.5333 1.0235 

2016 0.4668 0.5613 

2017 2.1952 -0.0402 

2018 -0.2266 0.1776 

E(Ry) 0.3215 0.2784 

σy 0.9216 0.6572 

The methodology for using ARFIMA(p,d,q) models is 

described in [6]. The fractional differentiation operator d is 

calculated through the Hurst exponent of the time series. To assess 

the fractal dimension of the series and the Hurst indicator, it was 

decided to use the so-called dimension of the minimum coverage, 

since only a few dozen observations are required to calculate it 

sufficiently accurately [7]. In order to obtain adequate models 

suitable for forecasting, that is, satisfying the distribution normality 

Lilliefors test) and the lack of autocorrelation of residues (according 

to the Ljung-Box test) and the significance of the coefficients (at 

least half of the coefficients should be significant at the 5% level), 

etc. It was necessary to change the length of the training interval, 

cutting off the values from the front. Among the models satisfying 

all the conditions, the models with the lowest values of the BIC 

were selected. Table 2 presents the characteristics of the constructed 

models (n is the length of the interval on which the model was 

trained, that is, the number of monthly returns in a row). 

Table 2: ARFIMA Forecast Models the return on each asset in the portfolio. 

AFLT AKRN 

ARFIMA(1, -0.007408, 1) 

n = 100 
BIC = -151.71 

ARFIMA(0, -0.068203, 2) 

n = 103 
BIC = -180.49 

Figure 1 shows the graphs of the monthly returns of both 

instruments from February 2008 to February 2019, as well as their 

forecast from March 2018 to February 2019. 

 

Fig. 1 Actual and forecast graphs of monthly asset returns. 

3. Results and discussion 

As you can see, forecasts tend to the mathematical expectation 

of instrument returns and very weakly model their volatility. In the 

framework of this study, the most interesting are the characteristics 

of the portfolio, the structure of which is optimized based on these 

forecasts. 

As an optimizer, the Solver tool in Microsoft Excel was used. 

Optimization method was GRG Nonlinear. Before each start of the 

optimization process, the values of the variables were set to 0.5. Six 

portfolios with various objective functions were formed, the results 

are summarized in table 3 (Rph is annual portfolio historical return, 

σph – standard deviation of historical portfolio annual return, Rpp – 

annual portfolio return forecast, σpp – standard deviation of portfolio 

annual forecast, Rpf – annual portfolio return actual, σpf – standard 

deviation of annual portfolio return, taking into account the actual). 

Table 3: Characteristics of portfolios formed in various ways. 

Portfolio 

number 

Target function Share 

AFLT 

Share 

AKRN 

Portfolio 

characteristics 

0 – 0.5 0.5 

Rpf = -0.0461 

σpf = 0.6191 

Rpf / σpf = -0.0744 

1 Rph → max 1 0 

Rpf = -0.2226 

σpf = 0.8896 

Rpf / σpf = -0.2502 

2 σph → min 0.27 0.73 

Rpf = 0.0352 

σpf = 0.5789 

Rpf / σpf = 0.0607 

3 Rph / σph → max 0.33 0.67 

Rpf = 0.0140 

σpf = 0.5824 

Rpf / σpf = 0.0240 

4 Rpp → max 0 1 

Rpf = 0.1305 

σpf = 0.6251 

Rpf / σpf = 0.2087 

5 σpp → min 0.27 0.73 

Rpf = 0.0364 

σpf = 0.5788 

Rpf / σpf = 0.0628 

6 Rpp / σpp → max 0 1 

Rpf = 0.1305 

σpf = 0.6251 

Rpf / σpf = 0.2087 

As you can see, the parameters of portfolios that are optimized 

according to historical and forecast data differ. A balanced 
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portfolio, which includes equally shares of both issuers (portfolio 

0), is expected to have mediocre characteristics: negative return 

(-5%) and high volatility (62%). However, portfolio 1, maximizing 

historical profitability, in practice turned out to be even more 

unprofitable and risky. Portfolio 4, which maximizes projected 

returns, showed returns 35% higher and volatility 26% lower. 

Portfolios that minimize historical and forecast risks (2 and 5) are 

practically the same (portfolio 5 has slightly better parameters, and 

the coincidence of its structure with the structure of portfolio 2 is 

due to rounding). This is because the series of asset returns for 

estimating the forecast standard deviation differ from the series of 

historical returns by adding a single forecast value. However, as you 

can see, even this single value slightly improves portfolio 

parameters. Portfolio 6, which maximizes the forecast profitability 

to risk ratio, showed 12% greater profitability and 4% greater 

volatility than portfolio 3, which can also be considered an 

improvement in performance. 

It turned out that the hypothesis that the use of fractal models 

for forecasting returns and the formation of investment portfolios 

based on projected returns allows us to improve the characteristics 

of portfolios is not rejected. The only experiment conducted showed 

that the parameters of the portfolio, at least, do not deteriorate. 

Therefore, we can talk about a new method of forming investment 

portfolios as a possible application of a fractal approach to 

forecasting financial series. In any case, start its discussion. 

Moreover, the technique used in this study has several limitations. 

Firstly, the classic, simplest method of forming optimal portfolios, 

proposed by G. Markowitz, was applied. As part of the first testing 

of our methodology, this approach is justified, but it would be more 

interesting to try more advanced portfolio models with other 

performance criteria (for example, the risk measure can be 

expressed by the VaR indicator). Secondly, the choice of securities 

for inclusion in the portfolio was carried out arbitrarily and their 

number was only two, while a well portfolio with well-diversified 

risk can contain up to a dozen instruments. Such a primitive 

approach to the selection of assets led to the fact that the portfolios 

turned out to be quite low-yield and high-risk. In addition, the 

optimizer in some cases completely preferred to leave the only asset 

in the portfolio, which does not even allow talking about portfolio 

investment. Thirdly, ARFIMA linear models were used to predict 

returns, while no predictive analysis of the fractal properties of the 

price series of the selected assets was made and no conclusion was 

made on the appropriateness of using such models to predict these 

series. All these limitations indicate that it makes sense to continue 

the study of our proposed method of forming portfolios, to develop 

an idea that at this stage exists almost in the form of a concept. 

4. Conclusion 

Thus, in our opinion, the proven approach to portfolio formation 

looks promising and deserves attention. Modeling the expected 

dynamics of portfolio returns using modern mathematical methods 

instead of using the simplest expected value as predicted returns 

allows us to more adequately describe real market processes and, as 

a result, to create more profitable and less risky portfolios. The 

directions of future research, due to the shortcomings of the 

methodology used, may be the following: 

• application of a more sensible methodology for choosing 

financial instruments to form the portfolio base, increasing the 

number of assets in the portfolio; 

• performing a prediction analysis of the series and the use of 

other, more suitable predictive models (for example, fractal 

modifications of the GARCH); 

• use of more advanced portfolio models and non-classical 

indicators of its effectiveness. 
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