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ON THE ASYMPTOTIC IN TIME OF SOLUTIONS OF THE BOLTZMANN
EQUATION IN THE CASE OF SOFT INTERMOLECULAR POTENTIALS
Prof. Dr.Tech.Sci. Andrei N. Firsov
Institute of Computer Science and Technology – Peter the Great Saint-Petersburg Polytechnic University, Russia
E-mail: anfirs@yandex.ru
Abstract: The work is devoted to the mathematical problems of the analysis of asymptotic time behavior of solutions of the nonstationary
Boltzmann equation. The proof of the fundamental difference between such behavior for the cases of “hard” and “soft” (in the sense of H.
Grad) potentials of intermolecular interaction is given
KEYWORDS: BOLTZMANN EQUATION, SOFT POTENTIALS, SOLUTIONS, ASYMPTOTIC IN TIME

N ( f )  N1 ( f 0 ) p(t ),

1. Introduction
Behavior of the solutions of the Boltzmann equation

F
F
u
 Q( F , F ); F |t 0  F0 , x  Rx3 , u  Ru3
t
x

(1)

at large values of time are considered in most serious studies of this
object. In fact, even Boltzmann expressed his thoughts on the
possibility of rapid relaxation of an arbitrary initial distribution
function to equilibrium. Many physicists now adhere to this
conclusion, although the evidence they use is often far from
mathematical perfection. The first serious analysis of these issues
was carried out by Carleman [1] as early as the 30s of the XX
century, and then only after 30 years was continued by many
researchers. A fairly complete review of the results is contained in
[2, 3]. In the aspect that interests us, their essence is that for solution
F of problem (1), an inequality of the form

N ( F  FM )  C0 p (t )

"soft" potentials

2. The case of “soft” potentials
For further research, we introduce the following
Definition. Let us call by an absolute degree of
nonequilibrium of the Cauchy problem for equation (3) the value

– is a constant, depending possibly on the initial

distribution F0 ( x , u ); FM  FM (| u |) – Maxwell distribution; the

  Tlim
sup inf N ( f ) / N ( f 0 )

0t T

behavior of functions p(t) essentially depends, on the one hand, on
the class of function spaces in which a solution is sought, and on the
other, on the properties of the collision operator Q( F , F ) ,

f0

where f is a solution to problem (3) corresponding to the initial
distribution f0 .
The result (4) therefore means that   0 .
The transition to “soft” potentials and the weakening of the
conditions imposed on f 0 , fundamentally change the picture of the

characterized by assumptions about the type of intermolecular
interaction potential.
For “hard” “cut off in the corner” potentials

U ~ r k ,

asymptotic behavior of the solutions of equation (3).
Theorem. In the case of power-cut potential-power

k > 5 the problem was investigated very actively; the main result is
that the function

p(t )

in (2) tends to zero with an infinite increase

U ~ r  k , 2< k <5, for each
  0 and each T>0 there is an initial distribution f 0  L2 ( x, u) ,
such that for the corresponding solution f ( x, u, t ) of problem (3)
intermolecular interactions of the form

in time t either as a power law or as an exponent, depending on the
degree of smoothness over the coordinates of the initial distribution,
the boundedness (or not) of the spatial region and the rate of
decrease

F0 ( x, u ) at u, x   . The presented results are well

we have the inequality

inf  N ( f ) / N ( f0 )   1  

known [2, 3, 4, 5] (see also chapter 1 of [6]).
Since in what follows we will consider situations close to
equilibrium, then, as usual, instead of a function F, we use


0t T

Here

1
2

f  FM ( F  FM ) . Equation (1) goes over to

f

N( f )

means the norm of

f

in

L2 ( x, u) .

Thus,   1 and, therefore, there exist “long-living”
initial disturbances.
The core of the proof of this theorem is the properties of
the solutions of the corresponding linearized problem (designations
see in [8])

f
f
 u  L( f )  (| u |)( f , f ); ft 0  f ( x, u) (3)
t
x
(see, for example, [2, 3] and chapter 1 of [6]).
The result (2) in terms of a function

r  k , 2  k  5. Here we have the results of

the difference F  FM decreases (in speed) exponentially fast.

(2)

on speed u and radius-vector x (so N ( F ) – is time dependent

C0

U

Caflish [7], in obtaining which it was assumed that, first, there is a
situation of the so-called "Grad box" with mirror-reflecting walls
(i.e., the class of solutions periodic in coordinates is considered),
and secondly, the initial distribution function is quite smooth and

is true, where N – suitable norm in the space of functions depending
function);

(4)

N1 – a norm that is generally different from the norm N
(the properties of a solution f generally speaking, worsen compared
with the properties of the initial function f0 – see Caflich's work
[7]), and p (t )  0 at t   .
A characteristic feature of all the results discussed above
is the uniform evolution of the solution to the equilibrium
distribution function; in other words, “long-lived” initial
distributions are absent.
Significantly poorer is set of facts concerning the case of
where

has the form
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f
t
where

f t 0  f  x , u  ,

 A( f );

 | x |2 
n ( x)  2 ( n) exp  
.
2
n



A

Note that

with a domain of definition

L2 ( x, u)

C0 .

of the class

Proof. The operator

A1  iu x

converges weakly to zero in



where

DA1   D A and, therefore (see [10], Sec. Х.8), the operator iA1

 n , n , domains  n

2

generates a compressive semigroup
equation (4) with

f 0  DA

T t 

T (t )  sup | exp(t  ) | .
 ( A )

T (t )  1 . On the other hand, by the lemma 1, T (t )  1 ,

(6)

hence,

 

lim A  E  f n  0 .

n

the numbers

n  0

n  0

and

 n  0 , monotonously decreasing; let

are such that

vn    n

(such

n

(for “soft” potentials) operator

T (t ) 

exist due

to the monotonic tendency to zero collision frequencies  (| u |) at

| u | 

for

“soft”

potentials;

monotonously increasing). Let further

in

n

located entirely outside a sphere of radius
and such that

|u|

2

particular

n

where

Ru ,

the domains

–

 n  Ru

3

4

et dE   P j ,
j 0

P j are projectors on one-dimensional subspaces of additive

Denote the first term on the right-hand side of the last
equality by T (t ) . Then

centered at the origin

du  1.

vn u 

L , there is a presentation

invariants  j .

3

4

f  T (t ) f 0   a j j .

n

Let



 ( L )\0

n  0 ,

– limited area in

T (t )  1 .

By virtue of (6), the statement of the main theorem is
valid for the linearized equation (5). The proof of the main theorem
for the nonlinear (but close to equilibrium) case is based on the
technique developed in [4, 11] and the properties of solutions of
equation (5) established above.
Comment. For a spatially homogeneous linearized
equation, the formulation of the main result will slightly change,
namely, for the semigroup T (t )  exp(tL) generated by a bounded

Proof. We shell show that   0 is the point of the
essential spectrum of operator A , i.e. there is a bounded
noncompact sequence f  D A , satisfying condition

Let

0   ( A) and therefore,

But according to the lemma 2,

0  ( A) – spectrum of A.

n

we get

T (t )  1.

i.e.

The lemma is proved.
Lemma 2.

 n ,n

Proof. By Theorem 16.3.1. and Lemma 16.3.2 from [9]

f  D A :

has the only solution

f  T (t ) f0 ; T (t )  1.

C0 ,

and numbers

we have

A  iA1  L

of class

,

L2 ( x, u ). Given the choice of functions

Consequence.

then, according to the lemma

from Sec. X.8 of the book [10], the operator

  nn  n K ( n )

Lemma 2 is proved.

L( )  a iA1 ( )  L   ;     dxdu

a,

n 2

 0.
xi dx 
n

A( f n )  0, n   .

L turns out to be bounded,
self-adjoint, dissipative, DL  D A and   D( A)
conditions of the theorem the operator

for an arbitrarily small number

n
x

is a norm in

C0 . Since under the

2



dx;

A( fn )   n u

).

is self-adjoint on

generates a compressive semigroup of class

2

L2 u  , and

sequence in L2 ( x , u ) . Let us rate

(The terminology

corresponds to that adopted in [9]; see also chapter 1 of [6]

3

4

f n   n (u )n ( x ) . Obviously, { f n } is orthonormal

Let

a contracting semigroup of bounded linear

T t, ,t  0

operators

vn

 n  x 



f
D  A    f  x , u , t  f , ui
 L2  x, u  t  0 
xi


generates in



2

A  u x  L; L ( f )  K ( f )   (| u |) f .
Lemma 1. An operator

1



(5)

j 1

sequence of functions that are finite in

Similarly, to the above, it is easy to show that
with media lying in their respective areas

n , and orthonormalized in L2 u  (orthogonality can be achieved,
for example, by choosing disjoint areas  n ). We put further
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3. Conclusions
The work is devoted to the study of the stability of
solutions of the linearized Boltzmann equation in the case of “soft”
intermolecular interaction potentials (that is, power potentials with
exponents less than 5). In this case, a fact of loss of stability of
solutions is found that is very curious from a physical point of view:
it turns out that there are initial perturbations that "live" for an
arbitrarily long time!
Recall that for “hard” potentials (exponent greater than 5)
this fact does not occur. We also note that the potential of Coulomb
interactions is “soft”.
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EFFECT OF THERMAL PROPERTIES OF BOUNDARIES ON STABILITY OF
STEADY-STATE FLOW A LIQUID WITH HEAVY IMPURITY
Prof., Dr. Dementev O.
Chelyabinsk State University, Chelyabinsk, Russia
e-mail: dement@csu.ru

Abstract: The results of a solution of the problem of the stability of steady convective flow in a vertical layer with thermally insulated
boundaries and a comparison with the opposite limiting case of ideally thermally conducting boundaries are presented. Study is made of the
effect of thermal properties of boundaries on the convective flow stability in a closed vertical layer. The numerical solution of a spectral
amplitude problem for normal disturbance is presented for thermally insulated boundaries. The critical Grashof numbers are determined. A
comparison with the case of ideal conducting walls shows that there is a slight effect of thermal properties on the instability criterion.
KEYWORDS: STEADY-STATE CONVECTIVE FLOW, THERMAL PROPERTIES OF BOUNDARIES, STABILITY, LIQUID,
IMPURITY.
1. The results of studies of the stability of closed steady convective
flow liquid with heavy impurity between vertical planes [1,4] a show
that depending on the value of the Prandtl number Pr the instability is
caused by mechanisms which differ in their physical nature. At low
and moderate Prandtl number hydrodynamic disturbance leading to
the formation of steady vortices at the interface of the opposing flows
are responsible for the instability. At larger Prandtl number (Pr > 12)
the instability has a wave nature and is connected with an increase in
the convective fluxes of temperature waves.

the phases as they undergo relative motion follows the Stokes law.
The equations describing the behaviour of an incompressible fluid
with an impurity of heavy solid particles have the form [2, 3]. Based
on those equations, equations were obtained [2] in the Boussinesq
approximation for the free convection of an incompressible
medium with a heavy additive:


p
u  
 a 


 u  u  
 u  u p  u   (1  a) gT ,
t



u p
1 




 (u p  u s ) u p  u p  u ,
t


The numerical results presented in [1,4,6] were obtained on the
assumption that temperature disturbances vanish at the boundaries of
the layer. Such boundary conditions correspond to the limiting case
when the thermal conductivity of the boundaries is much greater than
the thermal conductivity of the liquid and the solid masses bordering
on it are comparable then temperature disturbances penetrate into the
solid masses. Then the question arises of whether the relative thermal
conductivity of the boundaries affects the stability of the convective
flow the conjugate problem of stability of convective flow. It is clear
in advance that the hydrodynamic mechanism of the instability must
be little sensitive to the thermal properties of the solid masses. As for
a wave instability, since it is connected with growing temperature
waves it cloud be expected, generally speaking, that the properties of
the solid masses have a considerable effect on the critical parameters
of this instability. The results presented below, however, that the
penetration of temperature disturbances into the surrounding solid
masses has a weak effect on the conditions of formation of
instabilities of both the hydrodynamic and the wave types.

(1)

T 
ab
 u  T  T  T p  T ,
t
t
T p
t

1


 (u p  u s ) T p   T p  T ,




div u  0,

 p
t

 p  mN ,   



 div  p (u p  u s )   0,

p
m
mb
,t 
,a 
,
6r
4r


where u is the liquid velocity; T is temperature; p is pressure of the
fluid measured with respect to the hydrostatic pressure renormalized
because of the settling particles; c is the heat capacity of the fluid at
constant pressure; β, ν and χ are the coefficient of volume expansion
of the fluid, its kinematic viscosity, and thermal diffusivity;
quantities with the subscript “p” refer to the particle cloud, where

To clarify the role of the penetration of thermal disturbances on the
stability it is obviously sufficient to consider the limiting case
opposite to that which one usually has in mind, namely when the
thermal conductivity of the liquid is far larger than the thermal
conductivity of the boundaries. In this limiting case the boundary
condition of thermal insulation must be set up for temperature
disturbances.


up

is the velocity acquired by the particles as a result of their

interaction with the moving fluid measured with respect to the rate of


u s ; c1 is the heat capacity of the particle material;

N, number of particles per unit volume; and g , acceleration of
particle settling

In the following, a study is made of the effect on convective flow all
factors characterizing the added particles: the rate of particle settling
us, the velocity and temperature relaxation times for the particles (or,
which comes to the same thing, their size, density, and heat capacity),
and the mass concentration a of the additive.

gravity. The quantities τt and τv have the dimensionality of time
and are, respectively, the time required for the temperature
difference between fluid and particles to decrease by factor e and
the time required for the velocity of the particles relative to the
fluid to decrease by factor of e in comparison with its original
value.

1. We consider a viscous incompressible fluid containing a cloud of
spherical nondeformable solid particles of identical radius r and
mass m. As in [2-6], we assume the liquid and impurity to be
continuous media, interpenetrating and interacting with each other,
and neglect interaction between the particles. The volume
fraction of particles is assumed to be so low that the Einstein
correction to liquid viscosity can be neglected. The density of the
particle material ρ1 is much greater than the density of the carrier
medium ρ.

We consider convective motion of a fluid containing an additive in
a plane layer between infinite parallel vertical surfaces, which are
constant temperatures – Ө and Ө, respectively. The particles, the
concentration of which is nonuniform, move through the fluid.
We obtain a steady-state solution of the equation, describing
plane-parallel convective motion and we used boundary conditions
u0(±h) = 0, T0(-h)=Ө, T0 (h) = - Ө and the closure condition for
convective flow. We obtain the distribution of velocities and
temperatures of the fluid and particle cloud over a section layer.

The displacement force acting on the particles is negligibly small,
since it is proportional to the ratio ρ / ρ 1 << 1. Interaction between
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In the closed vertical layer between the plane x = + h plane-parallel
convective flow is established with a linear temperature profile and a
cubic velocity profile:

T0   x; u0 
P

u1  u0 

x= ± 1: φ = φ′= Ө′ = 0.

(2)


gh
, Gr  ( 1  a )
.

2

(6)

3

The boundary-value problem (5), (6) determines the spectrum of
characteristic perturbations and their decrements. The complex phase
velocity c depends on seven independent parameters of the problem:
the Grashof, Prandtl, and Galileo numbers; the wavenumber k; the
mass concentration a of the additive; and the relaxation times v and
t. The limit of stability for a steady-state flow is determined from
the condition ci = 0.
The boundary problem (5), (6) determines the spectrum of the
characteristic disturbances an d their decrements c i. The solution of
the problem was found numerically by the Runge-Kutta-Merson
method with orthogonalization of the vector solutions by the
Gram-Schmidt method at each step of integration; the
orthogonalization was performed with respect to the maximum
vector solution in absolute value (in the given step).

The boundary conditions and closed flow condition are expressed by
u( 1 )  0,

h

(3)

 u0 dx  0.

h

As is clear from Eqs. (2), presence of added particles leads to
renormalization of the velocity profile of the liquid in comparison
with the case of a fluid without an additive.

Grm
1

We investigate the stability of the steady-state motion of a medium
containing a heavy additive as defined by Eqs. (1). To do this, we
consider the perturbed fields of velocity, temperature, pressure and
number of particles per unit volume u0 + u, T0 + T, Up0 +up, Tp0 + Tp,
p0 + p, and N0 + N, where u, up, T, Tp, p, and N are small
perturbations. We write the equations for the perturbations in
dimension form, using the following units of measurement: distance
h, time h2/, velocity /h, pressure ρ2/h2, and temperature .
Linearizing over the perturbations, we obtain from Eqs. (1)

400
2

As in the case of a pure fluid [4], one can show for a medium
containing an additive that the problem of stability with respect to
spatial perturbations reduced to the corresponding problem for plane
perturbations. Plane perturbations are more dangerous in case of
vertical orientation of the layer, i.e., lower Grashof numbers are
associated with them. Consequently, it is sufficient to confine the
investigation to plane perturbations in a study of stability.

200

0

We consider plane normal perturbations

u x    , u z   ,
z


0

1

lg Pr

The principal result of the calculations is presented in Fig. 1, where
dependence of the minimum (with respect to k) critical Grashof
number Grm on the Prandtl number Pr is shown for the
hydrodynamic (1) and wave (2) branches of instability. The
corresponding limits of stability for ideally conducting boundaries
are shown here by a dashed line for comparison. As is seen, in both
branches of instability dependences Grm(Pr) for the two types of
boundary conditions are similar. By comparison with the case of
ideally conducting boundaries there is some decrease in the limiting
Prandtl number Pr* beginning with which the wave branch of
instability appears (extrapolation gives a value of Pr*  0.96 instead
of 11.4 for the case for ideally thermally conducting boundaries). In
the limit of Pr >> Pr*, as an asymptotic analysis shows, the some
limiting law Grm = 590(Pr)1/2 occurs in both cases of boundary
conditions. The critical values of the wave number km are also
similar for the two variants of the boundary conditions discussed.

(4)

upx( x, y, z) = vpx (x) e ik ( z  ct ) , upz (x, y, z) = vpz (x) e ik ( z  ct )
where  is a stream function; ϕ, , vpx and vpz are the amplitudes of
the perturbations; k is a real wave number; c = cr + ici is the complex
phase velocity of the perturbations (cr is the phase velocity, ci the
decrement).
Substituting Eqs. (4) into Eqs. (1), we obtain a system of amplitude
equations (primes denote differentiation with respect to x)

 

-1
Fig. 1

( x, y, z) = (x) e ik ( z  ct ) , T(x, y, z) = (x) e ik ( z  ct )

IV

(5)

Boundary conditions are

Gr 3
( x  x ), N 0  const ,
6

Here is u0 and up0 are the vertical velocity components and the
subscript 0 indicates the steady-state solution of Eq. (1), Ga, GR, Pr
are the Galileo, Grashof and Prandtl numbers; v and t are now
dimensionless relaxation times;  is a unit vector directed vertically
upward.



a(u0  c)
a(u0  c)
, u2  u0 
.
(1  ik v (u0  c))
(1  ik t (u0  c))



 2k 2   k 4   ik   k 2  ( u1  c )  iku1  Gr'  0,

Thus, the calculation shows that the thermal properties of the
boundaries have a weak effect on the stability of convective flow in a
vertical layer. In this sense one must emphasize the difference from
the problem of the stability of equilibrium of a horizontal layer of
liquid heated from below, where, as is known, there is a very strong
dependence of the limit of stability and the form of the disturbances
on thermal properties of the boundary solid masses.

1
(   k 2  )  ik( u2  c ) 
P

 ikT0
1  ab ( 1  ik ( u  c ))(1  ik ( u  c ))  0;
v
0
t
0
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4. Gershuni, G.Z., Zhukhovitskii E.M., Nepomnjashchy A.A.
“Stability of convective flows”. Moscow, Nauka. 1989, P. 320.
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MAPPER ALGORITHM AND IT’S APPLICATIONS
Ass.Prof. Dr. Dimitrievska Ristovska, V., Eng. Sekuloski, P.
Faculty of Computer Science and Engineering, ”Ss. Cyril and Methodius” University, Skopje, Macedonia
vesna.dimitrievska.ristovska@finki.ukim.mk, petar.sekuloski@finki.ukim.mk,

Abstract: In this paper we analyze and apply one of the main algorithms of TDA (Topological Data Analysis), Mapper, on some real data
sets. We use Mapper for visualization of a data sets, and we tend to get some insights if some key characteristics of the data are captured by
the visualization and how they are connected with human perception of the data. Also, we will discuss if the visualization can make progress
in further work.
Keywords: MAPPER ALGORITHM, TOPOLOGICAL DATA ANALYSIS, ALGEBRAIC TOPOLOGY, DATA SCIENCE,
COMPUTATIONAL TOPOLOGY

1. Introduction
Topological data analysis (TDA), is an approach for analyzing
data using techniques from topology. Extraction of an information
from the datasets which are high-dimensional, incomplete or noisy,
is a wide field for researchers and scientists in last few years. TDA
provides a general framework to analyze such data in a manner that
is insensitive to a particular metric. Beyond this, it inherits functors ,
a fundamental concept of modern mathematics, which allows it to
adapt to new mathematical tools.

-

a 1-simplex is called edge;

-

a 2-simplex is called triangle

-

a 3-simplex is called tetrahedron,

-

a 4-simplex is called a 5-cell.

Figure 1. 0-simplex 1-simplex, 2-simplex, 3-simplex

Mapper algorithm was developed by Singh, M´emoli, and Carlsson
in [1], and it gives a multi-resolution, low dimensional picture of
point cloud. It’s highly customizable, and has a track record of
revealing structure that some other methods, like clustering and
“projection pursuit” methods miss.
Mapper algorithm is one of the most important tools used in TDA for
data visualization. For input, it use:
-point cloud;

Figure 2. Example of simplicial complex

- “filter function;”
-covering of a metric space;

Topological invariants of the space, such as: holes and number
of connected components, can be computed from a simplicial
complex, see Figure 2. One of the basic idea of Topological Data
Analysis is to construct a simplicial complex from a dataset, i.e. in
one hand, simplicial complexes are high dimensional analogues of
graphs, and in other hand simplicial complexes are approximation of
the topological space.

-clustering algorithm;
- various other parameters.
Output is a Graph (or higher simplicial complex) which is tend to
capture the main topological aspects of the point cloud.

2. Mathematical preliminaries

3.Mapper algorithm

We will introduce some mathematical concepts, in order to
construct a topological space from given dataset.

The algorithm works very simple: put bin data into overlapping
bins, cluster each bin, create a graph where vertices = clusters and
two clusters are connected by an edge if they have points in common.

Let n ≥ 1 be an integer, let [n] = {0, . . . , n}.

Mapper algorithm (implementation)

An n-simplex σ is the convex hull of n + 1 affinely independent
vertices S = {vi},i∈[n] in Rd where d ≥ n.
A simplex τ defined by T ⊆ S is called a face.
A simplicial complex K is a finite set of simplices which meet
along faces, every one of which is in K.
Let e0 denote the origin in Rn and ei the i-th standard basis vector
for Rn.
The standard n-simplex ∆n ⊂ Rn is the convex hull of {ei}i∈[n].
Given any subset J ⊆ [n], let ∆J be the face of ∆n spanned by {ej}j∈J.
The points of S are vertices of the simplex.
As basic examples, the low dimensional
(plural:simplices or simplexes) have special names:
-

simplices

Figure 3 Mapper algorithm – steps

a 0-simplex is called a vertex;
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Visualisation of the Mapper Graph
for Tori (Dvatorusi Dataset)
n=10, p=30, b=10
9
4

1
12
11

2
8
5

7

6

Figure 4. How works the Mapper algorithm – an illustration

Next, it is given a more precise description of the algorithm.
Given: X point cloud, |X| = N,

10
3

filter function f : X → R.
Assume we can always compute inter point distances.

Figure 6. Mapper algorithm on Tori- 2 obtained cycles

Let I denote the “range” of f: explicitly I = [m, M] ⊂ R where m
= minx∈X {f (x)}, M = maxx∈X {f (x) }
Divide I into a set S of smaller intervals (of uniform length)
which overlap. Obtain two resolution controlling parameters: l the
length of the intervals, and p the percentage overlap between
successive intervals.


Visualisation of the Mapper Graph
for Tori (Dvatorusi Dataset)
n=15, p=80, b=10

For each interval Ij ∈ S, let Xj := {x : f (x) ∈ Ij}. Then the
collection of all such Xj is a covering of X.



(2) For each Xj , perform a clustering algorithm to obtain
clusters {Xjk }.



Each cluster defines a vertex of our simplicial complex:
draw an edge between vertices whenever Xjk ∩ Xlm ≠ ∅.

13

11 10

9
8
7

4. Application of the Mapper algorithm on the Tori
( two rings) dataset

14 12

6
5

15

4
3

16

In this section, we choose 3D object form of two rings (tori), see
Figure 5. It’s synthetic dataset, consisted of 2048 points. We apply
Mapper algorithm on that dataset.

2 1

17

Figure 7. Mapper algorithm on Tori - 1 obtained cycle

In these experiments, made in mathematical software R, we use
different values of the parameters:

Visualisation of the Mapper Graph
for Tori (Dvatorusi Dataset)
n=16, p=50, b=10
19
18
17
16
13

15
14
12
11
10
9
8

Figure 5. Tori

7
6

5



n=number of intervals, varying between 6 and 16,



p=percent of overlapping, between 20 and 80,



b=number of overlapping bins when clustering,
between 5 and 15.

4
3
2
1

The results from Mapper algorithm for Dvatorusi datset are given
in Figure 6, Figure 7, Figure 8 and Figure 9. Every figure corresponds
to a Mapper algorithm results for different parametars.

Figure 8. Mapper algorithm on Tori - 3 obtained cycles
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Visualisation of the Mapper Graph
for Tori (Dvatorusi Dataset)
n=15, p=80, b=12

But, if the filter is bi-dimensional [11], the obtained Mapper
graph is of the form, showed in Figure 12.
Raw visualisation of
the Mapper Graph
for the Torus dataset
filter bidim, n=(8,8),p=40,b=8

15

13 16
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18 19 20
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14 17
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26

17
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34
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8

67

54
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28
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29

18

11
10

3
5

19

6
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41
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Figure 9. Mapper algorithm on Tori - 4 obtained cycles
Figure 12. Mapper algorithm on Torus- bi-dimensional, filter

We can conclude that there are different graphs obtained for
different values of parameters. There is no one way of choosing
parameters of Mapper algorithm. It depends on the subject of the
research.

6. Application of the Mapper algorithm on the
Diabetes dataset

5. Application of the Mapper algorithm on the
Torus dataset

In the following case, we apply Mapper algorithm on the
Diabetes dataset, consists of 145 lines, with 6 attributes in each lineMiller-Reaven dataset. Reaven and Miller (1979) examined the
relationship among blood chemistry measures of glucose tolerance
and insulin in 145 non-obese adults [10]. They visualized the data in
3D, and discovered a peculiar pattern that looked like a large blob
with two wings in different directions. In this dataset, the data is split
up in three categories. Data from non-diabetic patients, data from
patients with diabetes classified as overt and data from patients with
diabetes classified as chemical diabetes. Overt diabetes is the most
advanced stage, characterized by elevated fasting blood glucose
concentration and classical symptoms. Preceding overt diabetes is the
latent or chemical diabetic stage, with no symptoms of diabetes but
demonstrable abnormality of oral or intravenous glucose tolerance.

In this section, we choose Torus- 3D object see Figure 10 and
apply Mapper algorithm over the database.

Visualisation of the Mapper Graph
for Diabetes dataset
n=10, p=50, b=10
12

15

Figure 10. Torus

In these experiments, it is interesting that Mapper graphs with
one dimensional filter, for all values of the different parameters, are
of the same form, showed in Figure 11.

3
1

17

5
19

13

20
21

Raw visualisation of
the Mapper Graph
for the Torus dataset n=10,p=50,b=10
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Figure 13. Mapper algorithm on Diabetes dataset (n=10)
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5
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1

Figure 11. Mapper algorithm on Torus dataset
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Figure 15. Mapper Graph on Diabetes data set (n=5)

Figure 16. Colored Mapper Graph on Diabetes dataset (from Fig.15)

The peculiar pattern visualized in [10], can be seen on Figure 14
and Figure 16. The two types of diabetes are distinguished on the
obtained graphs.

7. Discusion
Mapper algorithm is useful tool for visualization of datasets.
There are many open problems in the process of choosing parameters,
as it can be seen on the visualizations in this work. It is open research
area. In the future, we like to optimize that process. Also, we plan to
apply Mapper algorithm on bio-medical data and used it for
categorize or group observations of some diseases.
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Abstract: In this work, firstly we opted, for the global sensitivity analysis using the first order Sobol indices of simulated by the Monte
Carlo method, to see and determine the parameters to which the stationary distribution of model GI/M/1/N with negative arrivals is
sensitive. Secondly, we used the Monte Carlo method to propagate the uncertainty of the parameters of the stationary distribution of
GI/M/1/N queuing model with negative arrivals, while estimating its statistics (expectation and variance).
Keywords: GI/M/1/N QUEUE, NEGATIVE ARRIVALS, SOBOL’S INDICES, PARAMETRIC UNCERTAINTY.

There are several types of sensitivity analysis. We satisfies in
this work on one precise method, it is the method of analysis of the
global sensitivity. This method studies the influence of the
variability of the input parameter in the output parameters. We
can’t speak about the sensitivity analysis without citing the Sobol’s
indices.

1. Introduction
The sensitivity analysis is currently receiving considerable
interest in the area of the performance evaluation of diﬀ erent
stochastic models. The sensitivity analysis consists on investigating
which individual input parameter drives most of the uncertainty on
the model output. In this regard, we estimate the Sobol’s indices for
global sensitivity analysis of stationary distribution in the GI/M/1/N
queueing models. Specifically, when we estimate the Sobol’s
indices, we consider the more influents parameters are uncertains.
In this case, we estimate the expectation and the variance of the
stationary distribution under the uncertainty.

If we consider a mathematical model

Where
is the vector of the input
parameters, Y is the output parameter.

Recently there has been a rapid increase in the literature on
queueing systems with negative arrivals. Queues with negative
arrivals, called G-queues, were ﬁrst introduced by Gelenbe [5].
When a negative customer arrives, it immediately removes an
ordinary (positive) customer if present. Negative arrivals have been
interpreted as inhibiter and synchronization signals in neural and
high speed communication network. For example, we can use
negative arrivals to describe the signals, which are caused by the
client, cancel some proceeding. There is a lot of research on
queueing system with negative arrivals. But most of these
contributions considered continuous-time queueing model:
Boucherie and Boxma [6], Jain and Sigman [8], Bayer and Boxma
[2], Harrison and Pitel [9] all of them investigated the same M/G/1
model but with the diﬀ erent killing strategies for negative
customers; Harrison, Patel and Pitel [10] considered the M/M/1 Gqueues with breakdowns and repair; Yang [11] considered GI/M/1
model by using embedded Makov chain method.

The purpose of this analysis is to estimate the Sobol’s indices of
sensitivities by this formula:

In general way, the compute of the first order Sobol’s indices
proves so difficult or impossible in some case, that returns to the
complexity of the function f, from which the obligation of using of
the simulation methods. The Monte Carlo method seems the
appropriate for this kind of problem.

3. Queueing Model Description

The remainder of this paper is organized as follows. In Section
2, we introduce the necessary notations: the sensitivity analysis and
uncertainty analysis. In Section 3, we outline description of the
model and we finish by the numerical framework to illustrate the
applicability of this analysis. Concluding remarks are provided in
Section 4.

We investigate the GI/M/1/N queue with negative customers,
where N is the capacity of the system including the one who is in
service.
Assume that customer arrivals occur at discrete-time instants
, where

customers arrive at the system according to

a renewal process with interarrival time distribution
mean

2. Sensitivity Analysis

.The service time

of each server is assumed to be

distributed exponentially with service rate
is given by

Mathematical models always approximate the real phenomena.
The uncertainty of their input parameters described the incapacity to
envisage precisely her issues, from which the uncertainty also of the
output parameters.
Thus, the precision of the output parameters will depend on the
quality of the available information. These uncertainties often
correspond to the errors made by measuring instruments,
manufacturing processes or limited data.

and

. It’s density function

Additionally, we assume that there is another kind of customers,
namely RCH, arriving in the system according to an independent
Poisson process of parameter
. Let
denote the number of
customers left in the system immediately after the kth departing
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customer.

A

sequence

of

random

variables

constitutes a Markov chain. Its
transition probabilities matrix is given by:

Where

Figure 1: Sobol's indices for the M/M/1/4 model

According to this figure, we note that the values of the highest
indices those, which correspond to the parameters µ and ζ, therefore
these two last, are more influents on the stationary distribution, and
as the parameter λ is less influent, so it is considered deterministic
(constant).

The H2/M/1/4

4. Numerical Results

Consider the H2/M/1/4 system with negative arrivals, where the
inter-arrivals times are hyper-exponentials and the service times are
exponentials.

Consider this application

Let the input vector parameters

where

is the stationnary distribution of a

such model, and
is a vector of all
parameters of the model. The first order Sobol’s indices are
compute by this formula

The M/M/1/4
Consider the M/M/1/4 system with negative arrivals, where the
inter-arrivals times and the service times are exponentials.
Let the input vector parameters

Figure 2: Sobol's indices for the H2/M/1/4 model
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According to this figure, we note that the values of the highest
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According to the analysis carried in this table, we note that a
disturbance of 10% of each input parameter involve a maximum
variance of 4.63 × 10E(-04), which proves the robustness of the
M/M/1/4 model with negative arrivals, compared to the uncertainty
inflicted in the influential parameters. In other words, a small
disturbance on the input parameters generates a small disturbance in
the output parameter.
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Abstract: The article proposes an approach to the formation of optimal investment portfolios according to the criteria of profitability
and risk based on the predicted returns of assets obtained using fractal econometric models. It has been hypothesized that this method allows
you to create more profitable and low-risk portfolios than in the optimization of historical returns. To test the approach and test the
hypothesis, an attempt was made to form various portfolio options from the shares of two Russian issuers. The results obtained allow us to
conclude that the proposed approach is promising, and further research is needed.
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Thus, the purpose of this study is to test the hypothesis that the
formation of an investment portfolio based on forecasted returns
using fractal models can improve the characteristics of the portfolio
in comparison with the approach to calculating the characteristics of
historical returns only. To achieve the goal, the following tasks
were set: to carry out a literature review on the research topic,
describe the input data and the research methodology, make the
necessary calculations, analyze the results and outline the directions
for further work.

1. Introduction
The most important way to generate income in a market
economy is investing, which implies the rejection of current
consumption in order to profit in the future. At present, the greatest
interest in the Russian financial sector is caused not by investing in
bank deposits (this tool is characterized by a practically single
probability of the risk of loss of funds due to the comparability, or
even exceeding, of inflation rates offered by banks on deposit
interest rates), but investing in the IT sector, venture capital
investment and the formation of investment portfolios on stock
exchanges. Now, it is more important not just to generate income,
but to guarantee it in conditions of instability along with hedging
financial risks. An important role is played by the development of
innovative methods of portfolio formation that can provide a more
accurate forecast of the financial result.

The problem of applying and developing the theory of portfolio
investment has been dealt with by many researchers. So, in the
work of E. Gubanova and a group of authors proposed a
methodology for the formation of the most effective portfolio of
securities, considering the current situation on the market
(aggressive, passive or balanced) [4]. The models of W. Sharp and
J. Tobin are used, which are a development and alternative to the
classical model of G. Markowitz. I. Agarysheva et al. proposed an
original methodology for selecting the instruments included in the
portfolio [1]. Article by B. Aouni et al. discusses approaches to
optimizing the portfolio according to several criteria different from
average profitability and variance [2]. Moreover, in all the studied
works, portfolios are invariably formed according to the historical
profitability of the instruments.

Despite its considerable age, the most widely accepted theory of
the optimal investment portfolio is authored by G. Markowitz,
based on maximizing the return on investment while minimizing
risk [2]. The risk is usually expressed by the standard deviation of
return. The optimization problem is solved, and the portfolio
structure is selected in such a way as to ensure the best values of its
indicators calculated based on historical returns on assets. It is
assumed that in the future the probabilistic characteristics of the
price of these assets (mathematical expectation, standard deviation)
will remain unchanged, prices will behave in a similar way.

The use of fractal analysis to predict financial time series is not
paid much attention to by researchers. G. Caporale [3],
S. Zhelyazkova [8], P. Simonov and R. Garafutdinov [6] and others
dealt with this problem. Their researches show that financial series
have a long memory and can be well described by various fractal
modifications of econometric models. In article [6], on a large data
set, the advantages of such models over classical forecasts in
accuracy are demonstrated.

However, investors are not interested in past returns, but in the
future. In practice, a portfolio optimized by historical price values
will be optimal if the future yield dynamics is a constant. Of course,
in real life, in an unstable economy, dynamically changing market
conditions, financial crises, such a premise is not feasible. We
suggested that if we extrapolate the price series of assets included in
the portfolio and calculate the target function not by historical
returns, but by forecast , then the resulting portfolios should have
more attractive characteristics (higher profitability with less risk)
than when applying the classical model of average dispersion.

2. The solution to the problem
We describe the input data and state the research methodology.
It was decided to consider the dynamics of asset prices from
January 2008 to February 2019. Since the portfolio, as a rule, is
formed in order to generate income for a sufficiently long time, the
annual return on asset Ry calculated by formula (1) and the annual
standard deviation were taken as optimized characteristics of the
portfolio.

There are many methods for forecasting the dynamics of the
rates of financial instruments. According to some authors, the most
adequate mathematical apparatus for studying the complex behavior
of financial indicators was developed based on fractal theory
[5],[9]. There are extensions of widely used econometric models
(such as linear ARIMA, non-linear GARCH) that consider the
fractal properties of market time series. Researches have shown
higher efficiency of such models compared to classical ones [6]. In
this paper, we decided to predict the returns of financial instruments
that make up the portfolio, apply the ARFIMA long memory model.

(1)

Ry 

P1  P0 ,
P0

where P1 is the closing price of the asset at the beginning of the
month of a certain year, P0 – the closing price of the asset at the
beginning of the month of the previous year.
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The initial sample of instruments included ordinary shares of 51
issuers traded on the Moscow Exchange from the list of securities
for customers with a standard risk level. Of these, two instruments
with a rather low level of correlation of annual returns (0.309) were
selected as the base for portfolio formation: ordinary shares of PJSC
“Aeroflot – Russian Airlines” (ticker AFLT) and PJSC “Acron”
(ticker AKRN).

all the conditions, the models with the lowest values of the BIC
were selected. Table 2 presents the characteristics of the constructed
models (n is the length of the interval on which the model was
trained, that is, the number of monthly returns in a row).
Table 2: ARFIMA Forecast Models the return on each asset in the portfolio.
AFLT
AKRN
ARFIMA(1, -0.007408, 1)
ARFIMA(0, -0.068203, 2)
n = 100
n = 103
BIC = -151.71
BIC = -180.49

The mathematical formulation of the investment portfolio
optimization problem is described in many works, for example, in
[1]. Optimized variables are the shares of assets in the portfolio.
Additional limitation: the sum of shares must be equal to one. In the
framework of this study, we will perform optimization according to
three criteria: maximizing profitability; risk minimization;
maximizing the profitability to risk ratio. Since it is necessary to
compare the portfolios obtained in the new and classical ways, we
will form portfolios in two ways. In the first case, the objective
function is calculated based on the average annual return on assets
(to calculate the average annual return on an asset and estimate its
standard deviation, annual returns for 2009–2018 are used, only 10
values). In the second case, according to the predicted annual
returns in 2019 (the annual return on the asset is forecasted, and the
standard deviation is estimated by several historical annual returns
her with the addition of predicted returns, only 11 values). The
criteria for comparing the portfolios obtained by both methods are
the actual annual portfolio return in 2019 and the standard deviation
of its annual return calculated from the series of historical annual
asset returns with the actual added in 2019.

Figure 1 shows the graphs of the monthly returns of both
instruments from February 2008 to February 2019, as well as their
forecast from March 2018 to February 2019.

Fig. 1 Actual and forecast graphs of monthly asset returns.

3. Results and discussion

To model predicted returns, it is necessary to use not annual
historical returns, but monthly ones, since at least several tens of
values are required to identify the parameters of the ARFIMA
model. Monthly returns are calculated similarly to annual ones by
formula (1) – with the only difference being that the interval
between prices P0 and P1 is not a year, but a month. To switch from
monthly returns to annual Ry, the formula is used:
(2)

As you can see, forecasts tend to the mathematical expectation
of instrument returns and very weakly model their volatility. In the
framework of this study, the most interesting are the characteristics
of the portfolio, the structure of which is optimized based on these
forecasts.
As an optimizer, the Solver tool in Microsoft Excel was used.
Optimization method was GRG Nonlinear. Before each start of the
optimization process, the values of the variables were set to 0.5. Six
portfolios with various objective functions were formed, the results
are summarized in table 3 (Rph is annual portfolio historical return,
σph – standard deviation of historical portfolio annual return, Rpp –
annual portfolio return forecast, σpp – standard deviation of portfolio
annual forecast, Rpf – annual portfolio return actual, σpf – standard
deviation of annual portfolio return, taking into account the actual).

12

R y   (1  Rmi )  1 ,
i 1

where Rmi is the monthly yield of the asset, i – the serial number of
the month. Table 1 shows the obtained annual returns (E(Ry) is the
average annual return of the asset, σy – the standard deviation of the
annual return).
Table 1: Historical annual returns on portfolio assets.
Year
AFLT
2009
-0.7574
2010
1.4916
2011
0.3767
2012
-0.3513
2013
0.0660
2014
0.4870
2015
-0.5333
2016
0.4668
2017
2.1952
2018
-0.2266
E(Ry)
0.3215
σy
0.9216

AKRN
-0.7541
1.5806
0.4044
0.0022
0.0170
-0.1886
1.0235
0.5613
-0.0402
0.1776
0.2784
0.6572

Table 3: Characteristics of portfolios formed in various ways.
Portfolio
Target function
Share
Share
Portfolio
number
AKRN
characteristics
AFLT

The methodology for using ARFIMA(p,d,q) models is
described in [6]. The fractional differentiation operator d is
calculated through the Hurst exponent of the time series. To assess
the fractal dimension of the series and the Hurst indicator, it was
decided to use the so-called dimension of the minimum coverage,
since only a few dozen observations are required to calculate it
sufficiently accurately [7]. In order to obtain adequate models
suitable for forecasting, that is, satisfying the distribution normality
Lilliefors test) and the lack of autocorrelation of residues (according
to the Ljung-Box test) and the significance of the coefficients (at
least half of the coefficients should be significant at the 5% level),
etc. It was necessary to change the length of the training interval,
cutting off the values from the front. Among the models satisfying

0

–

0.5

0.5

1

Rph → max

1

0

2

σph → min

0.27

0.73

3

Rph / σph → max

0.33

0.67

4

Rpp → max

0

1

5

σpp → min

0.27

0.73

6

Rpp / σpp → max

0

1

Rpf = -0.0461
σpf = 0.6191
Rpf / σpf = -0.0744
Rpf = -0.2226
σpf = 0.8896
Rpf / σpf = -0.2502
Rpf = 0.0352
σpf = 0.5789
Rpf / σpf = 0.0607
Rpf = 0.0140
σpf = 0.5824
Rpf / σpf = 0.0240
Rpf = 0.1305
σpf = 0.6251
Rpf / σpf = 0.2087
Rpf = 0.0364
σpf = 0.5788
Rpf / σpf = 0.0628
Rpf = 0.1305
σpf = 0.6251
Rpf / σpf = 0.2087

As you can see, the parameters of portfolios that are optimized
according to historical and forecast data differ. A balanced
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portfolio, which includes equally shares of both issuers (portfolio
0), is expected to have mediocre characteristics: negative return
(-5%) and high volatility (62%). However, portfolio 1, maximizing
historical profitability, in practice turned out to be even more
unprofitable and risky. Portfolio 4, which maximizes projected
returns, showed returns 35% higher and volatility 26% lower.
Portfolios that minimize historical and forecast risks (2 and 5) are
practically the same (portfolio 5 has slightly better parameters, and
the coincidence of its structure with the structure of portfolio 2 is
due to rounding). This is because the series of asset returns for
estimating the forecast standard deviation differ from the series of
historical returns by adding a single forecast value. However, as you
can see, even this single value slightly improves portfolio
parameters. Portfolio 6, which maximizes the forecast profitability
to risk ratio, showed 12% greater profitability and 4% greater
volatility than portfolio 3, which can also be considered an
improvement in performance.
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4. Conclusion
Thus, in our opinion, the proven approach to portfolio formation
looks promising and deserves attention. Modeling the expected
dynamics of portfolio returns using modern mathematical methods
instead of using the simplest expected value as predicted returns
allows us to more adequately describe real market processes and, as
a result, to create more profitable and less risky portfolios. The
directions of future research, due to the shortcomings of the
methodology used, may be the following:
• application of a more sensible methodology for choosing
financial instruments to form the portfolio base, increasing the
number of assets in the portfolio;
• performing a prediction analysis of the series and the use of
other, more suitable predictive models (for example, fractal
modifications of the GARCH);
• use of more advanced portfolio models and non-classical
indicators of its effectiveness.
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Abstract: A system of two-phase particles (Fe3O4 – Fe3-xTixO4) has been obtained using the sol-gel method followed by hydrothermal
treatment. It is shown that the synthesis conditions favor forming composites that contain titanomagnetite in very low concentration. A
theoretical analysis of the magnetic properties of system was performed using the model of clusters consisting of magnetostatically
interacting particles. The theoretical value of the saturation magnetization and the experimental values of the coercive force can be
explained by the presence of two different magnetic phases.
Keywords: MICROMAGNETIC MODELING, TWO-PHASE NANOSTRUCTURES,
DEMAGNETIZATION COEFFICIENTS, COMPOSITES “MAGNETITE – TITANOMAGNETITE”

MAGNETOSTATIC

INTERACTION,

where H is the Zeeman field,
are shape anisotropy coefficients.
If   0, then the free energy can be calculated considering the
change in the magnetic characteristics at the boundary [7].

1. Introduction
Magnetic nanoparticles, especially in the superparamagnetic
state, are often used to filter heavy metals, to isolate nucleic acids
and proteins, in target drug delivery and in magnetic hyperthermia
[1-3]. In addition, magnetic nanoparticles are of interest in the
context of environmental magnetism providing valuable
information on paleoclimate [4, 5].
In this work, we present experimental data on the synthesized
Fe3O4 – Fe3-xTixO4 composites and the theoretical modeling of their
magnetic properties. The complexity of modeling such structures
stems from both magnetic and chemical inhomogeneity of particles.
This requires the use of micromagnetic modeling taking into
account the dipole – dipole interaction and magnetic granulometry
data.
Results of theoretical calculations are in good agreement with
the experimental results obtained using X-ray diffractometry, X-ray
fluorescence, electron microscopy, vibration sample and SQUIDmagnetometry.

2. Solution of the examined problem
2.1 Theoretical model
Let us consider a chemically inhomogeneous two-phase particle
whose magnetic states can be described using a model developed
previously [6-8].

Fig. 1. A model of a two-phase particle with a boundary of finite
width . The characteristic particle size a, elongation q, width of the
second phase 

To simplify the mathematical treatment, we assume that each
phase of the particle (Fig. 1) is a uniformly magnetized uniaxial
ferrimagnet with spontaneous magnetizations Ms1 и Ms2 and
dimensionless first-order crystallographic anisotropy constants K11 и
K12, respectively. The inter-phase boundary is parallel to the XZ
plane and divides the particle into two parallelepipeds having
volumes qa3(1--) for the first phase and qa3 for the second
phase. We consider the case when the external field is parallel to the
Z-axis. This allows us to describe the orientation of the magnetic
moment of each phase using the single angle θ counted from the Zaxis (the magnetization vector lies in the XZ plane).

In our calculations, we use a model in which the inter-phase
boundary between chemically different regions is infinitely thin due
to the proximity of their magnetic and structural characteristics. In
the case of grains containing few domains (pseudo-single-domain),
we consider the domain wall as an extended one, so that chemical
inhomogeneity is taken into account by introducing effective
parameters.
In this model, a particle can be in four states (indices 1 and 2
number the first and second phases, respectively): 1) θ1 = 0, θ2 = 0;
2) θ1 = , θ2 = ; 3) θ1 = 0, θ2 = ; 4) θ1 = , θ2 = 0. Applying an
external magnetic field H (parallel to the Z-axis) does not produce
the additional equilibrium states, but only makes the existing ones
more or less advantageous.

To find magnetic states and construct magnetization curves, free
energy was minimized, including the exchange, magnetocrystalline,
magnetostatic, and Zeeman energies. Free energy of the particle is
written as ( = 0):
1

Thus, an ensemble can contain four types of particles. These
will determine the critical fields of magnetization reversal for a
given two-phase grain. In the case of an ensemble of identical
particles, the expression for magnetization has the form [9]:
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where c is the volume concentration of two-phase particles in a nonmagnetic matrix,
(H) is the number of particles in the kth
state, determined from the statistical Boltzmann distribution.

To determine the grain size, the specific surface area (SSA) was
estimated using the instrument SORBI N.4.1 (CJSC “META”,
Russia). The volume of adsorbate gas absorbed by the test sample
was compared to the standard sample with a known specific surface
area using the thermal desorption method. Nitrogen was used as the
adsorbate gas. Determination of the specific surface area has been
carried out according to the 4-point BET method. The obtained data
were subsequently confirmed by scanning electron microscopy
(SEM) using a Hitachi S-3400N microscope (Hitachi Ltd., Japan).

In the case of an ensemble of magnetostatically interacting
particles distributed randomly in a nonmagnetic matrix, an
interaction field Hint produced by all the particles in the ensemble
acts on each particle. Let the random interaction fields Hint be
uniformly distributed in the interval (–Hmax ; +Hmax) [10]:

5

1



 , if с<0.07,

 1.3√

1



 , if с0.07.

Hysteresis characteristics were measured at room temperature
using a PMC 3900 vibrating sample magnetometer (Lake Shore
Cryotronics, USA). Demagnetization curves of the anhysteretic
remanent magnetization (ARM) were measured using an SRM-755
SQUID magnetometer (2G Enterprises, USA), also at room
temperature.

(3)

In addition, we use the approximation assuming that when the
external field changes, all the moments that change direction turn
over simultaneously and independently of each other, i.e. the
rotation of one moment does not affect the distribution of the
interaction fields [9]. The magnetization of the ensemble of
interacting particles is then written as:
.

3. Results and discussion

(4)

3.1 Physicochemical characteristics
Figure 2 shows the SEM images of the sample. As seen in Figure
1, particles with average size of 100–200 nm form aggregates as
large as a few micrometers.

The values of magnetization and magnetization reversal fields
obtained using the ensemble model of two-phase particles were
further consistent with theoretical estimates of the hysteresis
parameters and characteristics of anhysteretic remanent
magnetization calculated on the basis of the approach used in [11].

Figure 3 shows X-ray diffraction patterns for four samples, with
peak designation according to the PDF-2 database.

The use of these models can reveal the characteristic features
associated with chemical heterogeneity. It is however pointless to
determine the fine structure of magnetization without detailed
information about the structure of particles. Thus, the aim of this
study is to develop general understanding of the magnetic structure
of chemically inhomogeneous particles. Simplified structures found
in such a study can then be used as initial approximations for
subsequent more realistic calculations.
2.2 Synthesis of

composites

Synthesis of composites based on the Fe O
TiO system
was carried out by precipitation of magnetite in a suspension of
TiO powder [12]. 4 g of FeCl 6H O and 2 g of FeSO 7H O
(molar ratio 2:1), were dissolved in 100 ml of distilled water. After
that (0.5, 1, 2 g) of the TiO powder was dispersed in the solution
for samples T05L and T05H, T10L, T20L accordingly. Then 10 ml
of ammonia solution was added to the suspension, and the magnetic
precipitate has been washed using Nd-Fe-B permanent magnet for
particle extraction until pH = 7 was reached and chloride and sulfate
ions were absent. Finally, powders were dried at room temperature.
After that, three powders with different Ti content were
hydrothermally treated in distilled water at 240°С and 50 MPa for 4
hours. Sample T05H was treated at 470°С and 42 MPa,
respectively, also for 4 hours.

Fig. 2. SEM images of the sample T05H

1
4

2
5

3
A
B

2.3 Methods for the study of physicochemical and magnetic
characteristics

C

Phase composition of the samples was determined by X-ray
phase analysis using a DRON-3M diffractometer (JSC IC
“Burevestnik”, Russia). Peak identification on the diffractogram
was performed using PDWin 4.0 and Crystallographica SearchMatch software packages. Based on X-ray powder diffractograms,
average crystallite size corresponding to regions of coherent
scattering and the parameters of the crystal lattice unit cell have
been calculated. Samples elemental composition was determined by
electron probe microanalysis using a Hitachi S-570 scanning
electron microscope (Hitachi Ltd., Japan), equipped with Bruker
Quantax 200 microprobe system (Bruker Corp., USA). Qualitative
and quantitative elemental analysis of the samples was carried out
using a portable X-ray fluorescence crystal diffraction scanning
spectrometer Spectroscan MAX-GF2E with built-in software
(“Spectroscan” Ltd., Russia).
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Fig. 3. X-ray diffraction patterns of the samples T05H (A), T05L (B), T10L
(C), and T20L (D). 1 – α-Fe2O3 Hematite 33-664, 2 – TiO2 Anatase 21-1272,
3 – Fe3O4 Magnetite 19-629, 4 – Fe2.75Ti0.25O4 Titanomagnetite 75-1373, 5 –
Fe2TiO4 Ulvöspinel 34-177

Particle sizes are distributed over a relatively wide range from
few tens to hundreds of nm. Particles are often combined into
agglomerates (clusters) of submicron to micron size. Judging from
the X-ray data, samples may contain at least three magnetic
minerals: magnetite, titanomagnetite and hematite.
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3.2 Magnetic characteristics

3.3 Theoretical modeling
Changes in the composition and structure on the surface of
magnetic particles associated with the diffusion of titanium atoms
into the crystal lattice of magnetite and/or the formation of
vacancies and stresses result in their chemical inhomogeneity. For
simplicity, we further consider a model of an ensemble of twophase magnetic particles of the “magnetite-titanomagnetite” type.
The contribution to the remanent magnetization of hematite can be
neglected, since its spontaneous magnetization is two orders of
magnitude smaller than that of magnetite.

Figure 4 shows the hysteresis loop for the T05H sample.
Hysteresis curves of other samples have a similar shape.
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The T05H sample obtained in the high-temperature conditions
(470°С, 42 MPa) has the most interesting magnetic properties.
Particles and/or agglomerates of three types represent its particle
size distribution: several microns in size, submicron and smaller (of
the order of ten or less nanometers).
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To match the models in terms of size and concentrations of
magnetic nanoparticles, we assume their volume distribution s in
the sample to be lognormal [15]. The fraction of the area under the
lognormal distribution curve for a certain range of volumes
corresponds to the fraction of particles having these volumes. Fig. 6
shows an approximate lognormal distribution curve of magnetic
nanoparticles in the selected T05H sample.

Fig. 4. Hysteresis loop for the sample T05H. Only the central part of the
loop is shown for clarity

Saturation magnetization and remanent saturation magnetization
of the T05H sample are 23.8 Am2/kg and 4.2 Am2/kg,
respectively. Coercive force and remanent coercivity are 8.8 kA/m
and 18.4 kA/m. Ratios of the remanent magnetization to saturation
magnetization (Mrs/Ms) and the remanent coercivity to coercive
force (Hrc/Hc) amount respectively to 0.18 and 2.1. Experimental
data for magnetite [13] show that such values correspond to
particles containing few domains (pseudo-single-domain) with
characteristic size > 100 nm. Alternatively, these may be due to
magnetostatically
interacting
superparamagnetic
particles,
combined into clusters with the same characteristic size.

SP

PSD

SD

, arb.units

0.6

In a model of ARM of single-domain particles [14], it is
assumed that an alternating field of a given amplitude magnetizes
magnetic particles having remanent coercivity Hrc approximately
equal to that amplitude. Therefore, the ARM demagnetization curve
by alternating field can be regarded as a proxy for the remanent
coercivity spectrum. Thus, the obtained data make it possible to use
demagnetization curves to describe the distribution over Hrc and to
reveal
the
effective
particle
size
distribution
[14].
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Fig. 6. Log-normal density function (x), x=v/vp (vp = (/6)(dp)3, dp

 50 nm)
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Assuming a lognormal distribution of particle volumes, three
groups were identified during the simulation: superparamagnetic
(SP), single domain (SD) and pseudo single domain (PSD) particles
with average sizes (diameters) of about 18, 27 and 60 nm,
respectively.

-6
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To estimate the spontaneous magnetization, saturation
magnetization, coercivity, concentration, and fraction of the second
phase in a two-phase particle, the model described in section 2.1
was used. In this case, it was assumed that the fraction of the second
(titanomagnetite) phase is approximately 0.5 for SP and SD
particles and 0.01 for PSD (due to the small specific surface area).
A small remanent magnetization and nonzero coercivity of the SP
particles are explained by their interaction in clusters.
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Fig. 5. The coercive spectrum of the T05H sample
Differentiating the ARM demagnetization curve, we obtain the
coercive spectrum of our sample shown in Fig. 5. For this sample,
the coercive spectrum has a maximum around 3 maxima (~ 12, 28,
and 36 kA/m) can be seen. Moreover, the curve is clearly
asymmetric, so that the main fraction of particles has coercivities
between 8–24 kA/m.

Fig. 7 shows the coercive spectra for different groups of
particles obtained using the two-phase grain model.
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Fig. 7. Coercive spectra of two-phase particles after simulation: 1 and 2 - spectra of particles without interaction and taking into
account the interaction, respectively
Notably, the main peaks (1) of the curves not taking into
account the interaction (Fig. 7) agree well with the experimental
ARM spectrum (Fig. 5). The expanded width of the peak in the
experimental spectrum may be due to a greater diversity in the
(H) particle types, which can lead to a broadening in Hrc.
Presence of near-zero fields of magnetization reversal for SP and
SD is caused by a transition to intermediate states. For noninteracting PSD particles, small coercivities are due to the
emergence of a domain structure. In large fields, all magnetic
moments enter the ground state, their orientations being along the
external field. The peaks (2) calculated for interacting case (Fig. 7),
are close to the average Hrc for the ensemble of all particles (SP,
SD, PSD).

6.
Ralin A. Yu. and Kharitonskii P. V. Magnetic
metastability of small inhomogeneous ferrimagnetic particles.
Physics of metals and metal science, Vol. 78, 1994, pp. 38–43.
7.
Ralin A. Yu. and Kharitonskii P. V. Features of the
domain structure of small two-phase chemically inhomogeneous
particles. Physics of metals and metal science, Vol. 102, 2006, pp.
133–138.
8.
Kharitonskii P., Rudnev V. [et al]. Peculiarities of
Magnetic States of Iron-Cobalt Coatings Formed on Aluminum by
Plasma Electrolytic Oxidation. Journal of Superconductivity and
Novel Magnetism, Vol. 31, 2018, pp. 1933–1940.
9.
Afremov L. L., Ralin A. Yu. [et al]. Features of the
magnetization curves of an ensemble of chemically inhomogeneous
two-phase grains. Physics of the solid Earth, Vol. 6, 1995, pp. 80–
84.
10.
Shcherbakov V.P. On the distribution function of
molecular fields in systems with randomly distributed interaction
centers. Physics of metals and metal science, Vol. 48, 1979, pp.
1134-1137.
11.
Kharitonskii P. Kamzin A. [et al]. Magnetic granulometry
and Mössbauer spectroscopy of FemOn–SiO2 colloidal
nanoparticles. JMMM, Vol. 461, 2018, pp. 30–36.
12.
Bogachev Yu. V., Gareev K. G. [et al]. Study of
magnetite nanoparticle suspensions by photometry and NMR
relaxometry. Physics of the Solid State, Vol. 55, 2013, pp. 2431–
2435.
13.
Day R., Fuller M. [et al]. Hysteresis properties of
titanomagnetites: grain-size and compositional dependence. Physics
of the Earth and planetary interiors, Vol. 13, 1977, pp. 260-267.
14.
Kirschvink J.L., Jones D.S., MacFadden B.J. Magnetite
Biomineralization and Magnetoreception in Organisms. A New
Biomagnetism, N.-Y.: Plenum Press, 1985.
15.
Ajitkumar J., Lin-Sien H. and Lum, Stanley D. NIST
Recommended Practice Guide: Particle Size Characterization.
Washington.: U.S. Government Printing Office, 2001.

4. Conclusion
Theoretical modeling of a system of two-phase
magnetostatically interacting particles of synthesized composites
allows us to draw the following conclusions.
The magnetic characteristics of the composites calculated
within the framework of the proposed model agree well with the
experimental data.
The presence of a titanomagnetite phase appears quite likely,
which should significantly affect the magnetic properties, especially
of SP and SD particles. Simulation results best correspond to
experimental data at characteristic sizes of 18, 27, and 60 nm and
volume concentration of 10-5, 10-3, and 3.3·10-2 for SP, SD, and
PSD particles, respectively.
Theoretical and experimental coercive spectra show similar
ranges of critical fields. Magnetostatic interaction between particles
can result in a spread of critical fields and thus to a broadening of
the coercive spectra.
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Abstract: Packaging machines using for wet wipes operate at high speeds and the demand for speed in the relevant market is constantly
increasing. The most important difficulty to faster operation of these machines is the relative slowness of the units used for sealing the
packages. In this study, it is aimed to design a unique mechanism that can work at 160 packages per min instead of sealing unit which is still
operating at 120 packages per min, and to verify the design by mechanical analysis. For this purpose; instead of the existing sealing unit
driven by a single servo motor, the horizontal and vertical movements are separated and driven by two servo motors to achieve %33 more
speed.
Keywords: PACKAGING MACHINES, WET WIPES, SEALING

movement of the jaw unit, torque limiter coupling was used in the
system.

1. Introduction
Nowadays, the standard application for sealing the packages in
packaging machines is provided for a fixed time, at a constant
temperature, with spring compression and due to the standard cam
geometry, adhesive bonding under variable pressure forces during
the application period. This results in higher energy consumption on
the one hand, while limiting the type of material that can be bonded
on the same machine.

Automation measures was taken in order to detect the phase
misalignment that may occur in the system. So that the sealing jaws
do not press on the wet wipes which do not center the package.
A graphical image of the movements that can be obtained with
standard D-Cam and adjustable D-CAM mechanisms is given in
figure 1.

There is no automatic adjustable machine both in our company
and in the global market. In this study, it is aimed to develop a user
friendly and energy efficient machine which can work with all kinds
of polymer packaging materials at high speed and efficiency.

2. Definition of Problem
The jaw unit in our standard packaging machine is capable of
bonding at a constant time and pressure. This causes problems in
the adhesion of some of the packaging materials developed recently
and slows down the speed of the machine. Therefore D-Cam
movement obtained by single servo motor in the jaw module of our
standard packaging machine was improved. D-Cam movement will
be provided by using 2 different cam movements by means of 2
independent servo motors. One motor will be control the vertical
movement of the jaws, while the other motor will control the
horizontal movement, ie the synchronous movement with the
package. To do this, it have been worked on formulating the jaw
movement that was occur by using 2 different mechanisms on the
automation side and added into the equation. Therefor an easily
adjustable adjustment screen that can be understood by the operator
was designed.

Fig. 1 Standard and Adjustable Strok D-Cam

The design of the movement obtained with a single servo motor
in the jaw module of our standard packaging machine is shown in
figure 2.

Horizontal movement of the sealing jaws (movement in the
direction of the flow of the package) was provided by separation of
the horizontal and vertical movement.
While the horizontal movement is limited to 60mm fixed value
in the current system, it is planned to increase this movement up to
100mm in the system to be developed and be able to change it from
the operator panel without any mechanical adjustment.
It is also aimed to increase the contact time of the sealing jaws
to the package by increasing the horizontal movement and to
achieve better adhesion quality at lower temperatures.
In the design of the movement mechanism of the jaw unit, the
choice of cam bearing according to the loads to be formed,
determination and design of the closed cam form, dimensioning the
connecting mechanism to be designed according to the jaw stroke
movement were studied.

Fig. 2 Isometric and front view of single servo motor in the jaw module

Both mechanical and automation measures was taken to protect
the jaw unit against mechanical jams. When driving the horizontal
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3. Variable Stroke Jaw Design
While the horizontal movement is limited to 60mm fixed value
in the current system, it is planned to increase this movement up to
100mm in the system to be developed and be able to change it from
the operator panel without any mechanical adjustment.
It is aimed to increase the contact time of the sealing jaws to the
package by increasing the horizontal movement and to achieve
better adhesion quality at lower temperatures.
In the design of the movement mechanism of the jaw unit, the
choice of cam bearing according to the loads to be formed,
determination and design of the closed cam form, dimensioning the
connecting mechanism to be designed according to the jaw stroke
movement were studied. Figure 3 shows the variable stroke jaw
mechanism designed by us

Fig 4. Initial state of the closed cam positions.

The calculations related to the location analyzes performed
below are given.

Fig. 3 Isometric and front view of single servo motor in the jaw module

(+71 mm; added length of part connected to l4)

4. Variable Stroke Jaw Position Equations
;

In order to provide axis movements in the two-motor design, the
geometric positions formed during the movement of the mechanism
must be calculated and formulated so that the automation system
can control the positions.

Position of the jaw on the x axis relative to the center α1
C(x2 )=640-x2

Figure 4 shows the initial state of the closed cam positions.
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Region-V

;
Position of the jaw on the x axis relative to the origin
C(x)=640-(((100*COS(RADYAN(I2))+SQUAREROOT((100*COS(RADYAN(I2)))^2-4*(-59501)))/2)+71)-270

To solve the problem, equations of origin moved to the center
of the jaw stroke. Fig 6. shows the coordinates which origin moved
to the center of the jaw stroke
; Position of the cam plate horizontally (x) relative to
the origin

((200*COS(RADYAN(A2))+SQUAREROOT((200*COS(RADYAN(A2)))^2-4*(-54009)))/2)-122

Vertical movement of the jaw
Fig 5. shows the vertical movement of the jaw

Fig 6. The coordinates which origin moved to the center of the jaw stroke

C(x)=640-(((100*COS(RADYAN(I2))+SQUAREROOT((100*COS(RADYAN(I2)))^2-4*(-59501)))/2)+71)-320
C(x)=(-50,+50)mm
Fig 5. Vertical movement of the jaw

x_ç=C(x_2 )-P(x_1); The horizontal position of the jaw relative
to the cam plate

; The horizontal position of the jaw

x_ç=(640-(((100*COS(RADYAN(J2))+SQUAREROOT((100*COS(RADYAN(J2)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN(A2))+SQUAREROOT((200*COS(RADYAN(A2)))^2-4*(-54009)))/2)-122))

relative to the cam plate

Region-I

It is the combined state of the equation that gives the jaw y
values according to the cam plate. U2 represents the main formula
xç. By entering U2 into the equation, the equation that gives the jaw
height to A2 EXCEL (X, Y) formula; Equation that gives
coordinates in form (X, Y). As a result, a single equation in excel
were created as follows.

Region-II

="("&ROUNDUP(((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)320));2)&":"&ROUNDUP(IF((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))<52,84;100+29;IF(VE((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))>52,84;(640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))<91,8);SQUAREROOT(3481-((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)-122))52,84)^2)+41+29;IF(VE((640(((100*COS(RADYAN(B1))+SQUAREROOT((-

Region-III

Region-IV
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100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))>91,8;(640-(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))<167,3);(167,3-(640((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122)))*(TAN(RADYAN(41,33)))+18,93+29;IF(VE((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))>167,3;(640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))<217,48);76-SQUAREROOT(5776-((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)-122))217,48)^2)+29;IF((640(((100*COS(RADYAN(B1))+SQUAREROOT((100*COS(RADYAN(B1)))^2-4*(-59501)))/2)+71)(((200*COS(RADYAN($A309))+SQUAREROOT((200*COS(RADYAN($A309)))^2-4*(-54009)))/2)122))>217,48;29;0)))));2)&")"

Fig 8. a. Carrier pin
Fig 8. Examples of analysis of the selected carrier pin and pin socket

6. Conclusion
In this study, instead of the existing sealing unit driven by a
single servo motor, the horizontal and vertical movements were
separated and driven by two servo motors. To have position control
it has been analyzed the geometric positions and to have stiffness
mechanical analyses were performed for critical parts of machine. It
is designed a unique mechanism for sealing unit that can work at
160 packages per min instead of 120 packages per min.
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Abstract: We present and explain the mathematical apparatus used in a numerical simulation model created with АNSYS СFX Software.
The purpose of the model is to perform computations of fog parameters in different points of artificially generated fog sprays, which are then
used to calibrate a novel type of fog sensors. By changing the distance between the nozzle and the measuring laser beam of the sensor, we
can assess how the number flow rate and diameter distribution of fog droplets are varied within in the spray. This work is related to
improving European security by introducing systems for quick counteraction to terrorist attacks, industrial accidents and natural disasters.
These systems use artificial fog generation to collect and deposit on the ground harmful aerosols dispersed in air, especially CBRN agents.
Our newly developed fog sensors operate on the basis of the electromagnetic echo effect to control the decontamination process. In order to
optimize the work of the sensors, it is crucial to investigate fogs and their ability to absorb harmful substances from air. The most important
fog parameters that influence the efficiency of the cleaning process are the number of droplets and their size.
Keywords: COMPUTATIONAL FLUID DYNAMICS, ELECTROMAGNETIC ECHO EFFECT, FOG SENSOR, LASER
IRRADIATION
control the fog generators. These include monitoring of various
properties of fog – density, diameter, number and speed of droplets,
chemical composition. Within this project, new types of fog sensors
have been developed, which are able to control fog parameters over
very large distances, and also to detect in real time the presence of
dangerous substances in the composition of fog [6].
During the development of these sensors, it was necessary to
study the absorption capabilities of fogs, and it was found that
mainly the number and diameter of droplets influence the efficiency
of the process of collection of harmful substances from air. This is
why we created a numerical model to simulate artificially produced
fog sprays, for the purpose of investigation of fog characteristics in
different areas of the sprays. In this way, we can study fog
parameters at specific points of the streams and calibrate our
sensors, which use modulated laser beams to take the
measurements. We did a research on the change in the number flow
rate of droplets as a function of the distance from the nozzle.
Calculations show that if we know some of the parameters of the
nozzle, the distance at which the number of droplets is
approximately the same for different nozzles, can be determined.
Thus, if we were to move the measuring laser beam, ensuring that
the number flow rate of droplets is identical, then the measured
signal will be a function only of the diameter of the droplets. In this
way, we can calibrate our sensors to measure the diameter of
droplets, since only their size will influence the signal. The model
can simulate the output flow of different nozzles and calculate the
diameter distribution and the number flow rate through specific
locations of the sprays [7]. In this work, we present the
mathematical algorithms on which the model is based.

1. Introduction
The investigations of our team are related to interactions
between electromagnetic field and matter. We study a phenomenon
consequent to these interactions – the surface photo-charge effect
(SPCE), and develop sensors, which operate on its basis. In 2019,
O. Ivanov, who observed the effect for the first time, suggested that
the name of the effect is changed to electromagnetic echo effect
(EMEE), since it better describes its nature. In addition, in this way
it will not be confused with the photoelectric effect [1]. The EMEE
is observed during interaction of any solid with an electromagnetic
field, which induces an electric, alternating potential difference with
the same frequency as the frequency of the incident wave. The
induced electrical signal exists between the irradiated solid and the
common electrical ground of the system. It can be measured via an
electrode, which either can be either in contact with the irradiated
solid body, or can be placed in near proximity. This means that the
measurement can be made in a contactless way and also quite fast
[2]. The principle scheme of measurement is shown in Fig. 1.

Fig. 1. General scheme for EMEE observation: (R) electromagnetic
radiation source, (M) radiation modulator, (S) irradiated solid sample, (E)
signal measuring electrode, (N) signal measuring device – nanovoltmeter.

An important feature of the EMEE is that each solid responds to
the irradiation of the electromagnetic field with a specific signal,
which is influenced by the inherent properties of the material. The
EMEE has been registered with modulation frequencies between 1
Hz and 1 GHz, and has been observed in a wide range of the
electromagnetic spectrum – from the infrared, throughout the
visible and up to the beginning of the ultraviolet spectrum [3]. We
suppose that it is present within the whole electromagnetic
spectrum. The measured value of EMEE can depend on many
factors, such as intensity of irradiation, wavelength, area of
irradiated region, surface condition, surface structure, chemical
composition, type of material, etc. [4]. Any change in a solid
(conductivity, composition, mechanical defects, etc.) leads to a
change in the measured signal. This reveals the huge potential of the
EMEE to be used for development of various types of sensors.
We have applied our experience with the EMEE to participate
in the development of new types of fog sensors under a European
project related to security with acronym COUNTERFOG. Its aim is
to create systems for quick large-scale decontamination by releasing
special fogs, in cases of terrorist attacks with CBRN agents,
industrial accidents and disasters [5]. The tasks of our team are to

2. Prerequisites for Solving the Problem
Computational Fluid Dynamics
Computational Fluid Dynamics (CFD) is a branch of fluid
mechanics that uses computer power to perform numerical analyses
of fluids in movement and the forces that influence them.
Nowadays, advanced software and hardware allow high-resolution
interactive 3D models to be created and complex problems to be
solved with unprecedented accuracy. Scientists and engineers in
various fields use CFD to study the nature of fluid flow phenomena,
the behaviour of systems involving fluid flow, heat and mass
transfer, combustion, evaporation and other related physical
processes, design machines and optimize processes. The
fundamental basis of most CFD problems are theory equations,
which are used to mathematically describe the physics of fluid flow.
These are the continuity equation and the momentum equation, also
known as the Navier-Stokes equations, are needed to describe the
state of any type of flow (how the velocity, pressure, temperature
and density are related) and are generally solved for all flows in
CFD modelling. They are based on three conservation laws:
conservation of mass, momentum and energy. These partial
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differential equations were derived in the early 19th century and
have no general analytical solution but can be discretized and
solved numerically. There exist a number of solution methodologies
used in CFD codes. The most common one is known as the finite
volume method (FVM). The technique includes division of the
region of interest into small sub-volumes. The equations are
discretized and solved iteratively for each of them. As a result, an
approximation of the value of each variable at specific points
throughout the investigated domain is obtained. In this way, a full
picture of the behaviour of the flow is assembled. In this work, we
present a model created based on this method using the free student
version of the АNSYS СFX Software.

certain point of interest (droplet flow rate, velocity, size
distribution) will also be invariant of time. The size distribution in
different points varies slightly due to evaporation. The actual liquid
atomization process is not modelled, even though the software
package supports primary and secondary liquid breakup models,
since this would only increase the computational load
tremendously. Instead, the droplets are injected from an injection
point with a predefined diameter distribution, given in the
manufacturer’s datasheet of the corresponding nozzle. The flow of
droplets is fully axisymmetric around the axis, normal to the nozzle
orifice. The nozzle is placed perpendicularly over the laser beam.
The geometric model resembles a 30-degree slice of the volume of
the spray (Fig. 2a), as we are only interested in the flow through the
laser beam and in the area close to it. The nozzle orifice is located
where the central axis crosses the top face. The laser beam only
passes through half of the spray until it reaches the central axis.
Therefore, the resulting droplet flow rate must be doubled, again
assuming that the other half is identical to the investigated one.
In order to obtain a relatively identical size of the elements in
the mesh and consistency of the results when simulating different
distances from the nozzle, the height of each element is set to be 4
mm. If the distance is not a multiple of four, one layer of elements
(usually at the top or bottom) will have a different height. As the
shape of the spray resembles a hollow cone and most of the droplets
flow closer to the edge of the volume, the element width is biased
towards this area, in order to increase the accuracy of the droplet
trajectories (Fig. 2b).

Modelling Approach
Multiphase flow involves the simultaneous presence of different
phases in solid, liquid or vapour state of matter. Although
multiphase flow involving three phases can also exist, most
multiphase engineering applications are two-phase flow. Two-phase
flow refers to the interactive flow of two distinct phases with
common interfaces, with each phase representing a mass or volume
of matter. The main categories of multiphase flows are gas-liquid,
gas-solid, liquid-solid and three-phase flows. A flow pattern
describes the geometrical distribution of the phases and depends on
the geometry of the flow domain - separated, mixed or dispersed. In
dispersed flows, one phase is widely distributed as solid particles or
bubbles in another continuous phase. In order to describe and
predict the complex physics of multiphase flows, numerical studies
use various models to optimise time and computing resources. This
has led to the development of models that can account for different
levels of information and accuracy for specific applications.
In our model, a coupled solver is implemented and a vertex
based FVM approach is used for discretisation of the transport
equations. In a coupled solver, the momentum and continuity
equations are solved simultaneously. That is why it requires more
memory and time for calculations than segregated solvers. On the
other hand, a coupled solver usually needs less iterations to achieve
convergence. Two distinct multiphase flow models are available in
СFX - an Eulerian-Eulerian multiphase model and a Lagrangian
Particle Tracking multiphase model. We use the latter for
simulating and tracking the flow of fog droplets ejected from the
nozzles. Particle transport modelling is a type of multiphase model,
where particles are tracked through the flow in a Lagrangian way,
rather than being modelled as an extra Eulerian phase. The flow of
particulate phase is modelled by tracking a small number of droplets
from the injection point through the continuum fluid (air), until they
escape the domain. The tracking is done by forming a set of
ordinary differential equations in time for each droplet - for
position, velocity, temperature, and masses of species. These
equations are then integrated using a simple integration method to
calculate the behaviour of the droplets as they traverse the flow
domain.

a)

b)

Fig. 2. Geometry of the investigated volume (a); the elemental mesh (b).

Two phases are present in the domain description – Air and
Water. Water is defined as a pure substance (H2O in liquid state) in
the material description, while Air is a mixture of the materials Air
Ideal Gas and H2O in gaseous state. The evaporation from water
droplets is defined as a mass transfer of H2O from Water to H2O
present in the Air mixture. The transfer rate is determined by the
content of H2O in Air and the heat transfer rate. The entire volume
is occupied by Air, while Water is injected from the injection region
in the form of polydispersed particles. The two phases are fully
coupled, meaning that any change in the velocity field of one will
affect the velocity field of the other. Additional forces taken into
account are drag, buoyancy and turbulent dispersion.
The injection parameters are defined using the data given by the
manufacturer. The injection velocity is derived from the nozzle
orifice diameter and the mass flow rate. The injection angle is at
45° from the central axis. The droplet diameter spectrum is defined
using minimum, maximum, mean diameters and standard deviation.
The droplet temperature is set to be 4° C, which is the temperature
of tap water. The number of trajectories, used to represent the flow
was set to 100 000. The domain has two boundaries – the laser
beam face and all other faces. They have identical conditions –
openings to the environment with zero relative pressure difference.
The reason for defining them separately is to filter the droplet
trajectories and isolate the ones, which flow only through the laser
beam boundary. The number flow rate through the laser will be
determined by these trajectories.

3. Solution of the Examined Problem
Details and assumptions on the model
In our model, we study the hollow cone sprays with distinct
diameter distributions of droplets produced by nozzles at a constant
fluid pressure of 5 bar. The chemical composition and velocity of
droplets (depending on the atomizing pressure and their mass,
respectively size) are kept the same. The sensor’s laser beam is
placed at a specific distance from each nozzle, which ensures
relatively identical droplet flow rates. This reduces the number of
variable parameters to one – the droplet diameter distribution,
which is determined by the nozzle. Hence, we can study the signal
dependence on the droplet diameter distribution and calibrate our
devices.
The model is considered stationary – the process parameters do
not change in time and the results define the equilibrium state of the
process. As the input parameters (water pressure, flow rate,
environmental conditions, nozzle geometry) are either constant or
vary insignificantly, we conclude that the output parameters in a

Mathematics of the model
Governing equations: The set of transport equations solved by
the software are the unsteady Navier-Stokes equations in their
conservation form. They calculate the instantaneous mass,
momentum and energy. Eq. 1 is the continuity equation, Eq. 2 is the
momentum equation and Eq. 4 is the total energy equation:
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(9)

(1)
Where ρ is density and U is instantaneous velocity.

Where λ is the thermal conductivity of the fluid, TG and T are
the temperatures of the fluid and of the particle, respectively, and
Nu is the Nusselt number given by Eq. 10:

(2)
Here, ρ is density, U is instantaneous velocity, SM is momentum
source, and η is the stress tensor, which is related to strain rate by
Eq. 3:

(10)
Here, Re is the Reynolds number, CP is the specific heat, λ is
the thermal conductivity, and µ is the molecular (dynamic) viscosity
of the fluid. Latent heat transfer associated with mass transfer QM is
given by Eq. 11:

(3)
Where µ is molecular (dynamic) viscosity, U is instantaneous
velocity, T is thermodynamic temperature and δ is identity matrix
or Kronecker Delta function.

(11)
Where the sum is taken over all components of the particle for
which heat transfer is taking place. The latent heat of vaporization V
is temperature dependent, and is obtained directly from the
information in the database for the liquid in the particle and its
vapor; mC is the mass of the constituent in the particle. Eq. 12 gives
the radiative heat transfer QR for a particle:

(4)
Here,
represents the work due to viscous forces,
represents the work due to external momentum sources (it is
neglecetd), SM is momentum source, SE is energy source, and htot is
the total enthalpy, which is related to the static enthalpy h (T, p) by
Eq. 5:

(12)
Where dp is the diameter of the particle, Tp is its uniform
temperature, εp is the particle’s emissivity, I is the radiation
intensity on the particle’s surface at the location of the particle, n is
the refractive index of the fluid, and ζ is the Stefan-Boltzmann
constant. An equivalent amount of heat can be removed from the
radiation field. Therefore, the rate of change of temperature for the
particle can be calculated using Eq. 13:

(5)
Just as the fluid affects the particles, there is a counteracting
influence of the particles on the fluid. This effect is termed as
coupling between phases. If the particles also affect the fluid
behaviour, then the interaction is termed two-way coupling, which
is our case. The forces acting on the particle traveling in a
continuous fluid medium that affect the particle acceleration are due
to the difference in velocity between the particle and fluid, as well
as to the displacement of the fluid by the particle. The equation of
motion for such a particle is given in Eq. 6:

(13)
Here, the sum in this equation is taken over all components of
the particle including those not affected by mass transfer.
Liquid evaporation model: This is a model for particles with
heat transfer and one component of mass transfer, in which the
continuous gas phase is at a higher temperature than the particles.
When the particle is below the boiling point, the mass transfer is
given by Eq. 14:

(6)
Where FD is drag force acting on the particle, FB is buoyancy
force due to gravity, FR represents forces due to domain rotation
(centripetal and Coriolis forces), FVM is virtual (or added) mass
force, FP is pressure gradient force, FBA is Basset force or history
term which accounts for the deviation in flow pattern from a steady
state. We chose to account only for drag and buoyancy forces.
Drag force: A water droplet travelling through air has two
significant forces acting upon it - a gravitational force acting
vertically downward and an aerodynamic drag force acting opposite
to the direction of motion. Assuming that air is stationary before
starting droplet injection from the nozzle, the drag force FD
increases with increasing slip droplet velocity US (he relative
velocity between the droplet and the air), and is directly related to
the drag coefficient CD (Eq. 7):

(14)
Where mC is the mass of the constituent in the particle, ρF DF is
the dynamic diffusivity of the mass fraction in the continuum, WC
and WG are the molecular weights of the vapor and the mixture in
the continuous phase, XG is the molar fraction in the gas phase, and
X* is the equilibrium mole fraction at the droplet surface defined as
Pvap divided by the pressure in the continuous phase, and Sh is the
Sherwood number (Eq. 15):

(15)
Re is Reynolds number, ρ is the density, µ is the molecular
(dynamic) viscosity of the fluid, D is the mass diffusivity. The term

(7)
Here ρ is the density of air and A is the cross-sectional area
perpendicular to the direction of motion. For spherical particles, A =
π r2 and the drag coefficient is set to 0.44.
Buoyant force: The buoyancy force is the force on a particle
immersed in a fluid. Eq. 8 gives the buoyant force FB:

is also known as the Schmidt number (Sc).
Turbulence model: The k-epsilon (k-ε) model is one of the most
commonly implemented two-equation turbulence models in CFD to
simulate mean flow characteristics for turbulent flow conditions. It
represents the turbulent properties of the flow by means of
two transport equations (PDEs). This allows accounting for history
effects like convection and diffusion of turbulent energy. The k-ε
model was developed to improve the mixing-length model, as well
as to find an alternative to algebraically prescribing turbulent length
scales in moderate to complex flows. with relatively small pressure
gradients. The first transported variable is turbulent kinetic energy
(k) which determines the energy in the turbulence. The second one
is the turbulent dissipation (ε) and it determines the scale of the
turbulence. The turbulence kinetic energy per unit mass k is
defined as the variance of the fluctuations in velocity and has

(8)
Where mP is the mass of the particle, mF is the mass of the
displaced fluid, ρF is density of the fluid, ρP is density of the
particle, dP is diameter of the particle, and g is the gravity vector.
The buoyancy force has no contribution to the particle momentum
source into the continuous phase.
Heat transfer: Three physical processes govern the rate of
change of temperature: convective heat transfer, latent heat transfer
associated with mass transfer, and radiative heat transfer. Eq. 9
gives the convective heat transfer QC:
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dimensions of (Length) 2 * (Time) -2. The turbulence eddy
dissipation rate ε is the rate at which the velocity fluctuations
dissipate and has dimensions of k per unit time – (Length) 2 * (Time)
-3
. The k-ε model adds two new variables into the system of
equations. The continuity equation and the momentum equation
become Eq. 16 and Eq. 17, respectively:

information regarding the diameter distribution and number flow
rate of droplets which enter the laser beam volume.

(16)
Fig. 3. All droplet trajectories (left), and only the isolated trajectories,
which cross the laser, beam (right).

(17)
Here, SM is the sum of body forces, µeff is the effective viscosity
accounting for turbulence, and p´ is the modified pressure
calculated using Eq. 18:

The number flow rate of droplets was calculated by taking the
sum of the flow rates on each trajectory. This was done using the
expression: Sum (Water.Particle Number Rate) @ Particle Track.
The expression is evaluated once for the total flow rate of droplets
generated by the nozzle and a second time to determine the flow
rate of droplets through the laser beam. It should be noted again,
that the calculated value of the number flow rate through the nozzle
must be doubled to obtain the value of all droplets through the
beam.

(18)
The term

involves the divergence of velocity and is

neglected in АNSYS СFX. The model is based on the eddy viscosity
concept, so that the effective viscosity is the sum of the molecular
(dynamic) viscosity µ and the turbulence viscosity µt, as given in
Eq. 19:

5. Conclusion
We have presented a numerical model for assessing fog
parameters and have described the main mathematical algorithms
that govern its execution.

(19)
It is assumed that µt is linked to the turbulence kinetic energy k
and turbulence dissipation ε through the following Eq. 20, in which
Cµ is a constant:
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(20)
The differential transport equations for the turbulence kinetic
energy and the turbulence dissipation rate give the values for k
and ε (Eq. 21 and 22, respectively):
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4. Results and Discussion
The main criterion for convergence of the solution is that the
RMS (root-mean-square) value of the error in all elements is less
than 10-6. As convergence is too slow in some cases and the chosen
RMS value may be reached after a long time, a secondary condition
was defined – the maximum number of iterations is set to 1000.
When either of these two conditions is fulfilled, the solution stops.
Two separate particle track objects were created – one that displays
all generated tracks and one that isolates only the particle tracks,
which reach the laser beam boundary (Fig. 3). The latter bears
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