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1. Introduction 
 

Vibration processes are widespread in industrial and 

technological systems. Vibrations are significant in the processes of 

vibrational movement, transportation, and also used in part process 

technologies. In general, the dynamics of vibrating machines and 

mechanisms are widely studied. In studies of vibrational processes, 

modeling plays a significant role. In this case, models of various 

levels ща complexity are used. The indicated models are reduced to 

the description of nonlinear differential equations system, the 

analytical solutions of which present known difficulties. Therefore, 

the construction of their analytical solutions is very relevant. 

 

2. Preconditions and means for resolving the 

problem 
 

The movement of a cylindrical body occurs under the action of 

gravity and the reaction of the surface applied at a point Р . 

Decompose the reaction into two components: vertical N and 

horizontal F (Fig. 1). 

Let the surface perform translational rectilinear harmonic 

oscillations according to the law  tsinA   , directed at an angle 


 
to the horizontal 

 

 
 

Fig.1 The movement of a cylindrical body on a vibrating horizontal 

surface 

 

Here: ,A
 
– amplitude and frequency of oscillations; t –time. 

The inertial properties of the body are characterized by mass and 

moment of inertia relative to the center of mass C. We will set the 

position of the body by the CC y,x  coordinates of the center of mass 

in the Oxy  coordinate system associated with a rough surface and 

the rotation angle  . 

The interaction of a solid body with a surface occurs through 

the action of a normal reaction N and friction force F  (rolling 

friction is neglected). Assume that friction obeys the Amonton-

Coulomb law: 

NfF  , 

 

where f
 
is the coefficient of sliding friction. In this paper, we 

consider continuous motion, 0N . 

The body is also under the influence of gravity force mg . In 

relative motion, to all forces it is necessary to add the portable 

inertia force: 

 

 tsinAm 2   . 

 

Non-slip rolling of a cylindrical body with a displaced center of 

mass on a horizontal surface is described by differential equations 

system arising from general theorems on the motion of the center of 

mass and on the change in the kinetic moment [2,3]: 

 

(1)  

  ,sinNrcosrRFJ

,sinmgNym

,cosFxm

C

C

C



















 

  

where m – mass of a body; CC y,x  – coordinate of center of mass С 

of the body; N

 

– normal reaction of the surface; CJ  – moment of 

inertia about an axis perpendicular to the surface of the body;   – 

body rotation angle; R – cylinder radius; r – distance from the 

geometric center to the center of gravity of the body; g – 

gravitational acceleration. 

Consider the system of differential equations (1) together with 

the initial conditions 

 

(2)  .t 00 ,:0       

  

For a more convenient recording, we consider positive the 

direction of the rotation angle counterclockwise. The coordinates of 

the center of mass C can be represented as: 

 

(3)   ,cosrRysinrxx CDC   ;
 

 

where Ry,x DD 
 
– coordinates of the center of curvature D,

CDr  .  

When rolling without sliding, the instantaneous center of 

velocity is at the point of contact Р, i.e. 0Р , or 

 

(4)  .yRx DD 0;   
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Using (3), (4), find: 

 

(5)  
 

.osrсsinry

sinrcosrRx

C

C

2

2;


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
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The first two of the three differential equations of the body 

motion (1), taking into account (5), give the dependence of the 

components of the surface reaction on  ,  и  : 

 

(6)      

    
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22
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Substituting expressions (6) into the third of the differential 

equations of motion of the body (1), arrive at the equation 

describing the change in the rotation angle  t : 

 

(7) 
    

     .rcosRcostsinmA

gRmrsincosRrrRmJC

0

2

2

222
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

 

 
 

By entering the notation  

 

(8)       
 

,
cosRrrRmJ

m
tf

C 222 
  

  

obtain equations (7) in the form 

 

(9)            .rcosRcostsinAgRrsintf 2 02     

 

3. Results and discussion 
 

The last equation in its final form is not integrated. To solve 

problem (9)-(2) using the method of partial discretization of 

nonlinear differential equations,  obtain 

 

(10)      

        
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where  t  – Delta Dirac function. 

The general solution of equation (10) has the expression 

 

(11)       

          
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where   tH
 – Heaviside function, 1C  – arbitrary integration 

constant. 

Using the initial conditions (2), we have 

 

(12)     

          
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The general solution of equation (12) has the expression 

 

(13)     

          
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With taking into account the initial conditions (2), the solution 

of equation (13) will have the form 

 

(14)    

          
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In accordance with equation (14), expressions of the rotation 

angle  kt  and the angular velocity  kt  of the body at times 
kt  

will be: 

 

  ;0101   tt 
 

          
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Using the method of mathematical induction, construct analytical 

expressions of the rotation angle  kt  and the angular velocity 

 kt  at an arbitrary point nk 1, : 
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Figure 2 presents graphs of changes of the rotation angle   t  

of a cylindrical body located on a horizontal surface. System 

parameters correspond to the values: ,kgm 50  ,rad,5240

,m,R 50   ,rad,17500    00  .  

In this case, the center of mass of the cylindrical body is offset 

from the geometric center by half the radius, i.e. m,r 250 .  

 

 
а  

 
b  

Fig.2  Graphs of changes of the rotation angle  t : 

а) at ,m,А 10 srad3  ; b) at ,м,А 0010  srad10   
 

From graph 2a it follows that the nature of the beating occurs 

with the corresponding parameters ,m,А 10 srad3 .  

Figure 2b shows a graph of changes  t  at ,m,А 0010  

srad10 . As follows from this graph, the fluctuations of the 

rotation angle  t  obeys the harmonic law and has an established 

character. It should be noted that when ,m,r 250
 
the period of 

oscillation of the rotation angle increases, when  m,r 250  the 

period decreases. 

 

Consider the motion of a cylindrical solid with a displaced 

center of mass along a vibrating inclined surface (Fig. 3). 

 

 
Fig.3 The motion of a cylindrical solid on a vibrating inclined 

surface 

 

In this case, the system of differential equations (1) takes the 

following form 
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After some transformations, from the system of differential 

equations (16) obtain the values of the surface reaction components 

from  ,  и   in the form 

 

(17)

   

     .mgsincostsinmAsinrcosrRmF

,cosmgsintsinmAcossinmrN









22

22




 

 

Substituting expressions (17) into the third of the system of 

differential equations of body motion (16) and introducing the 

notation (8), obtain the expression for the change in the rotation 

angle  t
 in time: 

 

(18) 
      

   .rcosRcos

tsinArsinRsingrRsintf 2

0

2







 
  

   

Similarly, by the above method, obtain an analytical solution in 

the form: 

(19)  

         

         

           

       

    .ttHtt

tsinrsinRgtcosrcosR

tsinAttrRsintfttHtt

tsinrsinRgtcosrcosRtsin

AttrRsintftttt

ii

ii

i
2

iiiii

iii

n

i

2
iiiii

11

11

11
2

1

1

2
100

1

2

1



















 













 
 

Using the same transformations, define the expressions of the 

rotation angle  kt
 
and the angular velocity  kt

 
of the body at 

times kt  in the following form 
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         

     

        

         

    ,tttsinrsinRg

tcosrcosRtsinAttrRsin

tftttttsinrsinRg

tcosrcosRtsinA

ttrRsintftttt

iki

ii
2

ii

k

i

iiik

2

kk


























2

2

1111

11

1
2

112100

2

1

2

1





     

(20)

            

       

           

       

         

        .tttsinrsinRgtcosrcosR

tsinAttrRsintftt

tsinrsinRgtcosrcosR

tsinAttrRsintfttt

ikii

k

i

i
2

iiiii

2
k






















2

2
11

11

11
2

11210

2

1

2

1





 

 

Figure 3 shows the case when the inclination of the vibrating 

surface makes an angle with the horizontal: ,rad,1300
 
other 

parameters correspond to the values indicated in the previous case.  

        

 
а  

 
b  

Fig.3  Graphs of changes of the rotation angle  t : 

а) at ,m,А 10 srad3 ; b) at ,м,А 0010  srad10  
 

As can be seen from graph 3a, oscillations having the nature of 

a beating are preserved. 

As follows from graph 3b, the oscillations are harmonic, but 

due to the angle of inclination of the plane, the graph has the form 

of an offset. 

The research results show and this is evident from the graphs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusion 
 

The problems of continuous motion of a cylindrical body with a 

displaced center of mass along vibrating horizontal and inclined 

surfaces are considered. 

The analytical solutions of the motion equations are obtained by 

the method of partial discretization of nonlinear differential 

equations. 

Graphs of changes of the rotation angles  t  of a cylindrical 

body are constructed for various cases of changing the system 

parameters. 

In particular, changes were made to the distances of the 

displacement of the center of mass from the geometric center within 

m,r 10  до m,r 40 . 

It has been established that the nature of the oscillatory 

processes when the center of mass of the cylindrical body is 

displaced from the geometric center is significantly affected by the 

amplitude and frequency of the oscillations. 

It is shown that changes in the angle of inclination of the 

vibrating surface do not significantly affect the rotation angle of the 

body. 
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