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Abstract: The problems of continuous motion of a cylindrical body with a displaced center of mass along vibrating horizontal and

inclined surfaces are considered.

The analytical solutions of the motion equations were obtained by the method of partial discretization of nonlinear differential equations
[1] and graphs of changes in the rotation angles of a cylindrical body were constructed for various cases.
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1. Introduction

Vibration processes are widespread in industrial and
technological systems. Vibrations are significant in the processes of
vibrational movement, transportation, and also used in part process
technologies. In general, the dynamics of vibrating machines and
mechanisms are widely studied. In studies of vibrational processes,
modeling plays a significant role. In this case, models of various
levels ma complexity are used. The indicated models are reduced to
the description of nonlinear differential equations system, the
analytical solutions of which present known difficulties. Therefore,
the construction of their analytical solutions is very relevant.

2. Preconditions and means for resolving the
problem

The movement of a cylindrical body occurs under the action of
gravity and the reaction of the surface applied at a point P.
Decompose the reaction into two components: vertical N and
horizontal F (Fig. 1).

Let the surface perform translational rectilinear harmonic
oscillations according to the law & = Asin(et), directed at an angle

£ to the horizontal

Fig.1 The movement of a cylindrical body on a vibrating horizontal
surface

Here: A, @ — amplitude and frequency of oscillations; t —time.
The inertial properties of the body are characterized by mass and
moment of inertia relative to the center of mass C. We will set the
position of the body by the x.,y. coordinates of the center of mass
in the Oxy coordinate system associated with a rough surface and
the rotation angle ¢.

The interaction of a solid body with a surface occurs through
the action of a normal reaction N and friction force F (rolling

friction is neglected). Assume that friction obeys the Amonton-
Coulomb law:

|F|<f-N,

where f is the coefficient of sliding friction. In this paper, we

consider continuous motion, N >0.
The body is also under the influence of gravity force mg . In

relative motion, to all forces it is necessary to add the portable
inertia force:

®=m-A- o -sin(at).

Non-slip rolling of a cylindrical body with a displaced center of
mass on a horizontal surface is described by differential equations
system arising from general theorems on the motion of the center of
mass and on the change in the kinetic moment [2,3]:

mX. = F + dcosp,
1) my. =N -mg+®sin 3,

Jcp=F(R-rcosp)—Nrsing,

where m —mass of a body; X.,Yyc — coordinate of center of mass C
of the body; N — normal reaction of the surface; J. — moment of
inertia about an axis perpendicular to the surface of the body; ¢ —
body rotation angle; R— cylinder radius; r— distance from the
geometric center to the center of gravity of the body; g -
gravitational acceleration.

Consider the system of differential equations (1) together with
the initial conditions
&) t=0: o=@, @=g¢,.

For a more convenient recording, we consider positive the
direction of the rotation angle counterclockwise. The coordinates of
the center of mass C can be represented as:

3) Xc =Xp +rsing; Yo =R—-rcos g,

where Xp,Yp =R — coordinates of the center of curvature D,
r=CD.

When rolling without sliding, the instantaneous center of
velocity is at the point of contact P, i.e. v, =0, or

(4) Xp =—¢R; Yp =0.
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Using (3), (4), find:

% =—(R—rcosg)p—rsing- ¢
(5)

Yo =rsing- ¢+ reosg-¢°.

The first two of the three differential equations of the body
motion (1), taking into account (5), give the dependence of the

components of the surface reaction on @, u ¢:

N = m[g + r(singo~¢+cos (p~(j72) —mAa?sin(at)sing,
(6)
F= —m[(R —rCosQ)p+r singu-(pz]— mAw?sin(et )cos 3.

Substituting expressions (6) into the third of the differential
equations of motion of the body (1), arrive at the equation
describing the change in the rotation angle ¢(t):

[Jc + m(R2 +r? —2Rrcos go) b+ mrsingo(R(p2 + g)+
U]
+mAw?sin(wt |Reos B — rcos(p — B)]=0.

By entering the notation

m
8 f(t)= '
® ) Jc +m(R% +r2 —2Rr cos ¢

obtain equations (7) in the form
) ¢+ f(t){rsin(,o(Rgb2 + g)+ A-@? - sin(t ) Reos 3 - rcos(p— /:’)]}: 0

3. Results and discussion

The last equation in its final form is not integrated. To solve
problem (9)-(2) using the method of partial discretization of
nonlinear differential equations, obtain

:——Zt i,

(10) +A- @ sin(et JReos B - reos(p(t;) - ﬁ)]}& (t-t)-
- f(ti+1){r5in(/7(ti+1)<R¢(ti+1

x [RCOSﬁ' —reos(g(t;.;)- ﬂ)]}5 (t- t|+1)>

{rsm(p )(R(p +g)+

g)+ A-@” -sin(at;,; )

where &(t) — Delta Dirac function.
The general solution of equation (10) has the expression

olt)=C, —%Z(t +t,+1)<f(ti ){I’Singo(ti )(R¢(ti ¥+ g)+
~pH-t)

g)+ A- 0 -sin(at;,; )

11  +A-osin(at; [Reosp - reos(p
- f(ti+1){r5i”¢’(ti+1>(R¢(ti+1)2 +
x [RCOSﬂ - I’COS(ql(ti +1)_ ﬂ)]}H (t tl +l)>

where

constant.
Using the initial conditions (2), we have

H(t) — Heaviside function, C, — arbitrary integration

{rsm(p )(R(p g)+

)= ——Zt i,

12) +A o sin(et Reosp - reos(plt;) - ﬁ)]}H (t-t)-
- f(,ﬂ){rsm(p .+1)<R¢7 (t.,) +g)+A o? -sin(at; ;)%

x [Reos g - reos(p(ti, ) - B)IH (t - t,)-

The general solution of equation (12) has the expression
1 n
¢(t)= Pt +C, _EZ(ti +hak f (ti ){rsm(o(ti >(R¢(ti )2 + 9)+
i=1

~ple-t)
- f(ti+1){r5i“‘/7(ti+1)(R¢(ti+1)2 + g)+ A‘a)2~sin(wti+1)><
x[Reos g —reos(pft.,) — At —ti.0)H (t ~ti,).

With taking into account the initial conditions (2), the solution
of equation (13) will have the form

(13) +A- @’ -sin(at; [Reos3 — reos(gft

olt)= ot + ¢y —%Zn:(ti + ){"Si“(ﬂ(ti )(R¢7(ti)2 + 9)+
-plie-1)

- f (ti+1){r5i“‘/’(ti+1)(R(/’(ti+1)2 + g)+ Ao’ ~sin(a)ti+1)><

% [Roos g — ros(plt. )~ At —ti.a)H (- ti.0).

In accordance with equation (14), expressions of the rotation
angle o(t,) and the angular velocity ¢t ) of the body at times t,

will be:

(14) +A @ sin(at; JReosB - rcos(

olt,) = pot + 0
96)= o -2+ ) (rsinglt [Ro(tF + o)+
+ A-@? -sin(et, Reos g — reos(plt;) - )}

olt) =ty + 00~ 2+ 6 )F()singleRo F + o)+

]}(tz t)

R . 1 i R .
olt,)= 9o _E(tl +1,)f (tl){rsm(p tl)(Rgo 4,V + g)+ A0 ~sm(a>t1)}+

+A-0°- sm wtl)[Rcosﬂ rcos t1

+[Reos—reos(olt ) -5 ts 1)1 @ frsinglt IRo(t  + )+

+A-@? -sin(at, |Reos B — reos(et, ) - ﬂ)]}

40(t3): Dotz + @ _%(tl + tz)f (t1){r5in¢(t1)(R¢(t1)2 +9 )+
]}(ta -t)-

%@3 )t {t, )rsinglt, R, F + )+ A-o? - sinfat, )

+A-@? -sin(at, JReos B — reos(plt,) -

x [Reos 8 - reos(pt, ) -

]}(ts tz (t4 tz)f (t3)><

x {rsin(p(tg)(R(/}(ta)2 + g)+ A- 0 - sin(aty)x
x[Reosp —reos(plty)- At —t,)};
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3li)= 0 56+ L)1 rsingl IRoL Y + 9+
+ A-w? - sin(at, )Reos 8 — reos(plt, ) - ﬂ)]}—
~ -1 )singlt R, + ) A sinfa )

[Reoss - reos(olty)- A - 5 1~ ) 1)

x {rsingz)(tg)(Rgb(ts)2 + g)+ A- @ -sin(wty )x

x [Reos g - reos(p(ts) - A))

Using the method of mathematical induction, construct analytical
expressions of the rotation angle (p(tk) and the angular velocity

#(t,) atan arbitrary point k = 1n:

olt)= oot + 05— %(tl +1,)f (tl){rsin¢(tl)(R¢(tl)2 + g)+
]}(tk -t)-

- %izkz:(tm )1 ){rsm(/’(ti )(R(/"(ti F+ g)+
]}(tk -t)

@(u):%—g(rl+t2)f<t1){rsin¢<tl>(a¢<tl)2+g)+

+A-@? - sin(et, |Reos 8 - reos(olt, ) -

+A- @ -sin(at; JReos 8 - reos(p
(15)

+A-? -sin(at, JReos 3 —reos(p(t,)- B )]}—

L k i+l t—l
20

i=2

{rsm(p )(R(p + g)+

+A-? -sin(at; Reos 5 — reos(pft; )— ﬁ)]}

Figure 2 presents graphs of changes of the rotation angle (p(t)
of a cylindrical body located on a horizontal surface. System
parameters correspond to the values: m=50kg, B=0524rad,
R=05m, ¢(0)=0175rad, ¢(0)=0.

In this case, the center of mass of the cylindrical body is offset
from the geometric center by half the radius, i.e. r=0,25m.

@(t), rad

(o), rad

Fig.2 Graphs of changes of the rotation angle ¢(t):
a)at A=01m, =3 rad/s ;b)at 4=0001xn, »=10 rad/s

From graph 2a it follows that the nature of the beating occurs
with the corresponding parameters 4 =01m, @=3 rad/s.

Figure 2b shows a graph of changes ¢(t) at 4=0001m,
=10 rad/s . As follows from this graph, the fluctuations of the
rotation angle (p(t) obeys the harmonic law and has an established
character. It should be noted that when r <0,25m, the period of
oscillation of the rotation angle increases, when r>025m the

period decreases.

Consider the motion of a cylindrical solid with a displaced
center of mass along a vibrating inclined surface (Fig. 3).

Fig.3 The motion of a cylindrical solid on a vibrating inclined
surface

In this case, the system of differential equations (1) takes the
following form

mXc = F + ®dcosp —mgsina,
(16) myc =N +dsin #—mgcosa,

Jep=F(R-rcosg)—Nrsing.

After some transformations, from the system of differential
equations (16) obtain the values of the surface reaction components
from ¢, u ¢ inthe form

N = mr(singo p+C0SQ- gbz)— mA®® sin(wt )sin 8 + mgcos e,
17
F= —m[(R —reosg)p+rsing- (/')2]— mAa?sin(et)cos 8 + mgsina.

Substituting expressions (17) into the third of the system of
differential equations of body motion (16) and introducing the
notation (8), obtain the expression for the change in the rotation
angle o(t) in time:

s) P+ f (t){rRsin(p(p2 —g[Rsina —rsin(p+ )|+ A- @ - sin(at )
x [Reos B —rcos(p— B)] =0

Similarly, by the above method, obtain an analytical solution in
the form:

olt)= st + 9y - ;za ) FRsinglt o)+ Ao’ »

x sin(at; JReos 3 - reos(p(t; ) - A4)]- g[Rsina - rsin(p(t )+ o )]} x
(19) x(t-t)H{E-t)-f (ti+1){rRsin(p(ti+l)¢2(ti+l)+ Aa’sin(at;,; )
x [Rcos 8 - rcos(plt;,; )-

x(t-tH -t

Using the same transformations, define the expressions of the
rotation angle ¢(t,) and the angular velocity ¢(t,) of the body at

times t, in the following form

B)]-g[Rsina - rsin(p(t,,,)+ )]} x
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%(tl +1,)f (tl){rRSin¢(t1)¢’z (t)+

+ Aw?sin(at, [Rcos g - reos(p(t,)- 8)]-

k

E |+1 | 1

x {rRsingo(ti )i (t; )+ Acw?sin(et; )R cos 3 — r cos(e(t; ) - B)] -
)

olt )= ot + @0 —

—g[Rsina - rsin(p(t, )+ )]}t —t,)-

l\)ll—‘

—g[Rsina - rsin(p(t )+ o)t -
(20)

36) =g -5 6 +6) ()rRoinglt )06 + Ao?sinfat, )«

x[Rcos 8 —rcos(p(t,)- B)]- g[Rsina - rsin(plt )+ o )]} -

k

;Z i+l 7 —1

i=2

x[Rcos 3 - rcos(plt;)-

rRsm(p( t, Jp2 (4, )+ Aw’sin(at; )x

)t -t).

Figure 3 shows the case when the inclination of the vibrating
surface makes an angle with the horizontal: «=0130rad, other

parameters correspond to the values indicated in the previous case.

B)]-g[Rsina —rsin(p(t; )+

(o), rad

Fig.3 Graphs of changes of the rotation angle (p(t):
a)at A=01m, =3 rad/s;b)at 4=0001n, ©=10 rad/s

As can be seen from graph 3a, oscillations having the nature of
a beating are preserved.

As follows from graph 3b, the oscillations are harmonic, but
due to the angle of inclination of the plane, the graph has the form
of an offset.

The research results show and this is evident from the graphs.

108

5. Conclusion

The problems of continuous motion of a cylindrical body with a
displaced center of mass along vibrating horizontal and inclined
surfaces are considered.

The analytical solutions of the motion equations are obtained by
the method of partial discretization of nonlinear differential
equations.

Graphs of changes of the rotation angles (p(t) of a cylindrical
body are constructed for various cases of changing the system
parameters.

In particular, changes were made to the distances of the
displacement of the center of mass from the geometric center within
r=01m mo r=04m.

It has been established that the nature of the oscillatory
processes when the center of mass of the cylindrical body is
displaced from the geometric center is significantly affected by the
amplitude and frequency of the oscillations.

It is shown that changes in the angle of inclination of the
vibrating surface do not significantly affect the rotation angle of the
body.
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