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Abstract: For the development of new engines, as well as to obtain the correct results from mathematical modeling, numerical methods 

should be used, with the help of which verification of mathematical models takes place. This approach can significantly reduce the material 

and time costs at the development stage. The influence of the optimization method used in processing the experimental data of engine 

indexing to obtain semi-empirical coefficients of the form Wiebe is explored. A comparison is made of the rate of calculation of the 

coefficients of the Wiebe formula using brute force and gradient methods. In both methods, the integral using the modulus of the difference 

between squares of the experimental and calculated dependences is chosen as the target function. Analysis of the rate of calculation of the 

coefficients of the Wiebe formula showed the need to use the combined use of both methods: the global minimum of the objective function by 

the method of brute force with a large step and near the optimal point - the gradient method. 
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1. Formulation of the problem

When designing new engines, numerical methods are used, by 

which it is possible to significantly reduce the time and costs of 

developing new and improving existing piston engines [1]. 

Traditionally, the improvement of the engine is associated with the 

design and with the improvement of working processes. At present, 

special attention is paid to the improvement of the working process 

in the combustion chamber of a piston engine, since many toxic 

components are released into the environment with the exhaust 

gases [2,3,4]. Simulation of the combustion process in a piston 

engine is a difficult task, since it involves the calculation of a large 

number of physicochemical processes. In order to obtain a detailed 

account of all these processes, the use of computational fluid 

dynamic methods is required [5,6], which leads to the need to use 

large computational resources and long simulation times. In 

addition, at this stage of development of computer technology and 

calculation algorithms, this method does not allow for numerical 

optimization of a large number of parameters of the cylinder 

processes, especially for engines. 

To calculate the cylinder processes in the early stages of design, 

semi-empirical formulas are needed, allowing for rapid optimization 

based on the laws of physics and chemistry. These models are 

successfully used in the study of the combustion process, but first 

they require verification, coupled with the processing of 

experimental data, and the refinement of a number of empirical 

coefficients of the mathematical model. 

Experimental data can be obtained by means of indicator 

diagrams, such as the one shown in Figure 1. Indicator diagrams 

measure the change in pressure in the cylinder over the course of a 

cycle.  A pressure sensor is placed in a cylinder and measurements 

are taken at a set frequency.  In addition, parameters such as 

atmospheric temperature and fuel consumption are measured, which 

are necessary for determining the heat release rate and total amount. 

In this experiment, pressure readings were measured on a VAZ 

2101 engine with an AVL pressure sensor GH12D at 20kHz, see 

Figure 2.  By using a well-known engine with a large amount of 

supporting literature, it was possible to verify the legitimacy of the 

methodology used in this experiment.  The empirical coefficients of 

heat dissipation characteristics obtained during the experiment 

could be compared to the results of previous studies, and if the 

results were sufficiently comparable, such methodology could then 

be implemented in the design of new engines or those which lacked 

a significant amount of research literature. 

Fig. 2  Pressure Sensor AVL GH12D 

Before the process of determining the empirical coefficients of 

heat dissipation could continue, a method for selecting the most 

appropriate indicator diagrams to analyze had to be developed. 

Pressure readings such as those shown in Figure 3 highlight the 

significant variability in cylinder pressure readings over the course 

of just a few cycles for a given engine mode. 

Fig. 1  Example of an indicator diagram. 
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Fig. 3 Enlarged image highlighting the difference in maximum pressure 

readings in the cylinder of a VAZ 2101, running at 2500rpm, 80% open 

throttle 

For this experiment, indicator diagrams taken from the same 

engine modes were compared with one another and an average 

pressure reading was determined.  The measured cycle which was 

closest to this average was then chosen as the indicator diagram to 

be used to represent that specific mode.  The average indicator 

diagram was determined two ways.  First, it was decided to select 

the recording which was closest to the average indicator diagram, 

based on integrating the pressure readings over a set of crank angles 

from -100 to 100 degrees see Table 1.  These specific values were 

chosen to ensure the intake and exhaust strokes were excluded from 

the combustion analysis.  Next, the pressure readings were 

integrated at cylinder volumes which corresponded to the set of 

crank angles chosen in the first approach, which resulted in finding 

engine work output, see Table 2.  

Based on the results, it was decided to select the most suitable 

indicator diagram based on integration of pressure over degrees, 

instead of pressure over volume, mainly due to the fact that this 

process is far simpler to integrate. 

Table 1: Minimum, Average and Maximum Pressure Readings integrated 
over degrees from indicator diagrams (2000rpm with 80% open throttle)  

RPM Min 

Pressure 

(bar) 

Avg 

Pressure 

(bar) 

Max 

Pressure 

(bar) 

2000 1739 2660 4470 

2500 5266 5936 6387 

3000 5907 6375 6881 

Table 2: Minimum, Average and Maximum Pressure Readings integrated 
over cylinder volume from indicator diagrams (2000rpm with 80% open 
throttle) 

RPM Min 

Work 

(J) 

Avg 

Work 

(J) 

Max 

Work  

(J) 

2000 87 130 219 

2500 337 380 409 

3000 362 390 422 

 

Once all necessary measurements had been recorded and a 

method for choosing the correct indicator diagram had been 

determined, it was possible to continue with the task of refining the 

empirical coefficients for the combustion model.     

Currently, combustion models can be divided into two large 

classes. The first class is combustion models, in which the kinetics 

of the process, the propagation of the flame front, etc. are 

calculated. The second model can be attributed to the calculation of 

heat generation or the rate of heat generation. With the help of such 

models the proportion of heat at a specified point in time can be 

calculated. These models allow for the calculation of the cylinder 

processes at high speed, but they require setting the ―right‖ 

empirical coefficients to ensure the required calculations are 

accurate, while the models for calculating the heat release rate 

factor can be quite complex [7,8] and difficult when solving 

complex modern cylinder process optimization tasks [9,10]. 

There is a large number of semi-empirical dependencies for 

calculating the rate of heat release, but the formula of the Soviet 

scientist Wiebe has been most widely used [11,12,13]. In the 

derivation of this formula (1), the assumption of the chain 

mechanism of combustion of Semenov is used [11]. The formula 

for calculating heat dissipation is:  

 x = 1 – exp[ -6,908 (τ y/ τz)(m+1) ], (1) 

where m is the rate of combustion; τ - the current time from the 

start of the combustion process, τ = 0 … τz; τz - the duration of the 

combustion process. 

2. Object of study 

In this work, an approximation of the experimental heat 

dissipation curve in various modes was performed by numerical 

methods for an automotive engine with spark ignition with a piston 

stroke of 66 mm and a cylinder diameter of 76 mm. 

3. Mathematical Model 

For the selection of parameters in the formula Wiebe, it is 

necessary to process the experimental data (indicator diagrams) and 

obtain the experimental heat release rate. To do this, we write the 

system of equations [14]: 

 dp/p + dV/V = dT/T,  (2)  

 dQ/dt = p·dV/dt + m·Cv·dT/dt, (3) 

where p— pressure, Pa; V - volume, m3; T – temperature, K; R 

is the specific gas constant, m is the mass of the mixture, kg; Cv is 

the specific heat at constant volume, J/kg/K. 

Solving the system of equations (2,3) we obtain the ordinary 

differential equation 

 dQ/dt = k/(k-1)·p·dV/dt + 1/(k-1)·V·dp/dt,  (4) 

where k=Cp/Cv, for spark ignited gasoline engines, depending 

on the temperature, k = 1.280 ... 1.315 [15]. 

On the other hand, the derivative of heat supplied to the 

combustion chamber can be expressed as follows: 

 dQ/dt = dQw/dt + dQx/dt, (5) 

where Qw - the amount of heat absorbed from the combustion 

chamber into the wall, J; Qx - the amount of heat supplied during 

combustion, J. 

Traditionally [11], at the end of the combustion, the amount of 

heat released as a result of chemical transformation from the fuel is 

calculated by the formula: 

 Qx = Hu·qс, (6) 

where qc - cyclic fuel supply; Hu is the lowest calorific value of 

the fuel. 

To simplify [14], one can make the following simplification: 

 dQw/dt = -χ·dQx/dt, (7) 
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where χ is the fraction of heat corresponding to heat transfer to 

the wall of the combustion chamber, [14]. Then 

 dQ/dt = -χ·dQx/dt + dQx/dt,  (8) 

or 

 dQ/dt = dQx/dt / (1-χ).  (9) 

Since the composition of the working fluid and its temperature 

change during the combustion process, the polytropic index also 

changes, see Table 3. In the mathematical model of this work, the 

dependence of the polytropic index k on temperature was used (the 

composition is taken into account implicitly at high temperatures): 

Table 3: Polytropic index for varying temperatures  

Temperature, K 200 700 1200 1700 2200 2700 

k
a
  1,315 1,310 1,305 1,300 1,290 1,280 

Polytropic index 

Taking heat exchange into account, we get the following 

formula: 

 dQx/dt = dX/dt·qc·Hu, (10) 

or 

   dX/dt = dQx/dt / (1-χ)·qc·Hu,  (11) 

To determine the duration of combustion and build the 

characteristics of heat generation by a numerical method, we 

replace the differentials (10,11) with finite differences, and instead 

of time, we will use the angle of rotation of the crankshaft, as 

shown in Figure 4b. Accepting these assumptions, we write the 

following equation 

 ΔX/Δφ = [k/(k-1)·p·ΔV/Δφ + 1/(k-1)·V·Δp]/Δφ, (12) 

where ΔP = Pi+1 – Pi; ΔV = Vi+1 – Vi; Δφ = φi+1 - φi; i - 

point number in the pressure array in the cylinder, as shown in 

Figure 4a. 

a 

b 

Fig. 4 a - experimental indicator diagrams, 1,2,3 … - number of cycles; b - 

averaged indicator diagram 

As the objective function, we take the sum of the modulus of 

the squares of the difference between the calculated curve and the 

experimental one. In this task, one should look for the minimum of 

the objective function:  

 f(a)  min, (13)  

where a = Σ[ (ΔX / Δφ)i2 – (ΔXexp /Δφ)i2 ];  

 ΔX/Δφ = C·(mv+1)/φz·(φ/φz)mv exp[-C(φ/φz)mv+1],  (14) 

z — burning time; m —rate of fuel burned by the diffusion 

mechanism; С = log (1 – 0,999). 

For a spark motor, the varying variable is the burn rate mv, 

which ranges from 0 to 7. 

This task can be solved in two ways: 

1) brute force method. To do this, we divide the range of 

varying variables with a constant step and calculate the value of the 

heat release rate using the Wiebe formula at every point. After that, 

we find a series of values of the objective function and determine 

the minimum among them. This method allows one to determine 

the global extremum, but requires a large amount of computation; 

2) gradient method of multidimensional optimization (method 

of steepest descent). This is an iterative numerical method for 

solving optimization problems, which makes it possible to 

determine the extremum (minimum or maximum) of the objective 

function much faster than the brute force method. However, during 

the solution, the local minimum of the objective function is 

determined, which does not always coincide with the global 

extremum. 

Comparison of two numerical methods for different engine 

operating modes is given in Table 4. 

Table 4: Results of the comparison of two numerical methods 

Crank

shaft 

speed, 

min-1 

Brute Force Gradient Descent Method 

m min tcalc, с
b
 m min tcalc, с

b
 

2000  0.84  0.0017 14.3 0.816  0.0015  0.8 

2500  0.67 0.0014 12.1 0.730 0.0013 0.9 

3000  1.01 0.0021 10.0 0.978 0.0022 0.9 

a. tcalc –simulation time 

From the data of Table 4 , the counting time using brute force is 

about 10 times lower than the counting rate using the gradient 

method. The use of the combined method: a full exhaustive method 

to determine the global extremum and the gradient method to refine 

the found solution, will reduce the computation time with a high 

accuracy of determining the empirical coefficients of the formula 

Wiebe 

Figure 5 shows the processing result of the experiment and the 

calculation results by two methods using the example of a spark-

ignited engine (at a crankshaft rotation speed of 2000 min-1). 

The brute force method [16,17] allows the coefficients to be 

determined with sufficient accuracy, but its implementation requires 

a large amount of calculations, which leads to an increase in the 

simulation time. It follows that with an increase in the number of 

variables, the simulation time increases significantly. 

The gradient descent method [18, 19, 20] makes it possible to 

find the minimum of the objective function in 10 ... 30 iterations, 

which leads to a reduction in the calculation time. However, the 

gradient descent method allows us to find the local minimum of the 

objective function, in contrast to the sequential search method. 

As a result of the application of numerical methods, sets of 

coefficients (see Table 3) were obtained for the Wiebe formula for 

several modes that can be used for further calculations of the 

cylinder processes. Combining optimization methods makes it 
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possible to find the global minimum of the objective function using 

the brute-force method with a large step, and in the vicinity of this 

point, to use the gradient method. 

 

a

 b 

Fig. 5 The dependence of the heat release rate (a) and heat release (b), 
obtained experimentally and by calculation, on the angle of rotation of the 

crankshaft (φ); 1 – experimental curve, 2 – brute force method, 3 – method 

of steepest descent  

4. Summary 

1. Using two optimization methods, the mv coefficient for the 

semi-empirical heat release Wiebe formula is obtained, in several 

modes with partial engine load; the difference between the results 

obtained by different methods ranged from 4.6 to 8.2% - such a 

result can be considered satisfactory. 

2. The application of each optimization method: brute force and 

gradient, has its own advantages and disadvantages. The 

combination of these methods can significantly increase the speed 

of calculations and the accuracy of determining the empirical 

coefficients of the b formula. 
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