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Abstract: In this paper a method of construction of a generator for address sequences with given values of switching activity, based on 

the Idea of Antonov and Saleev and with use of Toeplitz and Hankel matrices, was proposed. The broad possibilities of this approach and the 

limitations associated with conflicting requirements for the values of the rows of the matrix and their linear independence are shown. 

Examples of the formation of standard address sequences used for self-testing of storage devices are described.  
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1. Introduction

The memory devices of modern System-on-a-Chip take up the 

biggest portion of the area overhead occupied by modern systems 

[1, 2]. As a result, memory Built-In-Self-Tests (MBIST) have 

become a common practice in research and application [2, 3]. 

Modern memory BIST play a crucial role in providing embedded 

memory of high quality, regardless of the size and level of its 

architecture. Traditionally, a memory BIST based on march 

algorithms for testing consists of a number of march elements with 

a given memory cell address sequence [3, 4]. To achieve high fault 

coverage, a memory cell address generator types various sequences 

[5, 6], and can take between 26% and 33% of the whole MBIST [3].  

In this paper an address sequence generator for the implementation 

of MBIST, based on an application of the Antonov and Saleev 

method [7, 8] is considered. As shown in [6], the occupied area 

overhead and performance are key properties of such a generator. 

To significantly reduce the area overhead that is required to store 

the generating matrix from m2 binary memory cells down to 2m1 

binary cells, the use of special forms of generating matrices like the 

Toeplitz matrix and Hankel matrix [6] is justified. 

The most common property of an address sequence that is used to 

test memory devices is the switching activity [1, 2, 3, 4]. Based on 

the specific of the generating matrices the properties of the address 

sequences generated according to them are investigated 

2. Mathematical model

Let`s consider the address sequence A(n) = am(n) am–1(n) 

am2(n)… a2(n) a1(n), where ai(n), {0, 1}; i{1, 2, …, m} and 

n{0, 1, 2, …, 2m – 1} as a m-dimensional vector that consists from 

2m  m-dimensional binary vectors in binary space. Now the problem 

of generating the necessary address sequence can be regarded as the 

generation of m-dimensional binary vectors A(n) according to the 

procedure of generating elements of the binary space [6]. The 

foundation of the m-dimensional binary space is the set of linearly 

independent vectors {V1, V2, …, Vm}, Vi = vi1 vi2… vim, vij {0,1} 

that allows to generate the whole binary vector space (all of the 2m 

binary vectors) through their linear combinations:  

(1) 

The binary coefficients B(n) = bm(n) bm–1(n) bm–2(n) … b2(n) b1(n); 

bi (n){0, 1}, I{1, 2, …, m} form (1) represent the whole set of 2m

binary vectors. Then the vector space A(n) generated according to 

(1) is of dimension m and consists of 2m vectors. So, the vectors

A(n) can be used as an address sequence [6]. An effective

modification of the classic model (1) for the generation of address

sequences was proposed by Antonov and Saleev in [7] and was

applied in practice for the generation of address sequences [5, 6, 7].

The essence is the use of the Gray Code sequence to transform the

classic relation (1) into a recursive relation with two operands. The

main element of such an approach is the basis {V1, V2, …, Vm} that

is represented by a generating square matrix W of size m×m. The 

matrix can have any entries. The only restricting factor is the linear 

independence of the set of vectors Vi [6]. To reduce the area 

overhead required for storing the matrix W and to assure their 

maximum rank, an original method for generating matrices of 

special types like the Hankel matrix and the Toeplitz matrix was 

proposed [6].  

3. Switching activity

To judge the properties of the address sequences A(n) = am am1 

am2 … a2 a1, generated with Antonov´s and Saleev´s method, the 

new metric F(aj), j{0, 1, 2, …, m1} was introduced. It defines 

the number of switches (changes) of the j-th bit of aj in such a 

sequence. The deciding factor for the judgement of the switching 

activity is the type of the generating matrix W, as shown in [5]. In 

the case of the Toeplitz matrix, the basis vi of the matrix W is 

presented by a Set of linearly dependent binary vectors constructed 

from 2m−1 binary values v1, v2, … v2m−1 (2).

(2) 

 For a generating matrix W and an arbitrary value j the value of 

the metric will be calculated by the expression (3).   

(3) 

The maximum value maxF(aj) and minimum value minF(aj) of 

this property, taking the values of 2m−1 and 1 respectively, are equal 

to the corresponding values for a generating matrix with linear 

independent vectors vi [5]. However, in this case an even greater 

correlation between the switching activities of the digits of the 

address sequence can be observed. So, all the entries of the m-th 

column of the matrix W being equal to 1, namely v1 = v2 = … = vm 

=1, ensure the maximum switching activity of 2m−1 of the digit a1

of the address sequence A(n). Respectively, the switching activity of 

the m-th digit of an cannot be less than 2m−1, since for the first 

column of the matrix vm = 1 and the switching activity of the m−1-

th bit is equal to 2m−2 (vm+1= 0).

Based on the specific of the generating matrix W (2), namely 

the structure of its rows, the integral measure of the switching 

activity for the number sequence can be calculated by this 

expression: 

(4) 
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The second sum in relation (4) represents the number of ones in 

the i-th row of the matrix (2). For the general case considered in (5), 

the switching activity F(A) (4) of the address sequence A(n) takes 

the minimum value for the Gray Code sequence [6] that is 

determined by the matrix type (2). Then, for a matrix that consists 

out of m different rows, each containing one entry 1, we have 

minF(A) = 2m1 according to (4). The highest estimate of F(A) is 

also uniquely defined by the type of the generating matrix [6] that in 

this case has only entries 1 in the first row and one zero in all the 

other rows. Then 

 
(5) 

The given estimates of the switching activity of F(aj) and F(A) 

are fair for the Toeplitz matrix (2) as well as for the Hankel matrix. 

The range of possible values of the specified characteristics is 

defined by the maximum and the minimum values and shows the 

possibility of generating address sequences with given values for 

these characteristics. 

4. Standard address sequences 

The main generalized mathematical model (1) and it´s 

modifications considered in the previous sections is the generating 

matrix W on which the main properties of the address sequences 

and their subsets depend. For the implementation of a memory 

BIST the generator should generate at least a subset of these 

sequences, since their combinations have characteristic properties 

that are closely related to the possibility of memory fault discovery 

[1, 3, 4].  The considered method for generating address sequences 

allows to generate a huge number of address sequences, having an 

estimated maximum of 22m, out of which the standard sequences 

take up an important portion [3]. The set of of such sequences 

includes: linear sequences; Gray Code sequences; sequences of the 

Complement type; sequences of the Limited type; sequences with 

hamming distance equal to 1 for all pairs of addresses; and a 

number of other sequences. 

Let`s consider the generation with the proposed method of the 

most important and widely used address sequences listed in [3] and 

shown in table 1 in the form of their generating matrix W.  

Linear address sequences A(n), also called counting sequences, 

are the main sequences in the sequence family for memory BIST. 

An example of such a sequence is shown in table 1, for the case of 

m = 4, in form of a generating matrix W, that is a Hankel matrix. 

For minimal load during the test, sequences with minimum 

switching activity are used. Out of these sequences, the Gray Code 

sequences stand out.  

In the general case, the generation of address sequences with 

minimum switching activity is performed with a matrix W with 

minimum amount of zero values. Both the Hankel matrix with a 

diagonal of ones or the Toeplitz matrix with the main diagonal 

consisting of ones (see table 2) can be used for this purpose. At the 

same time, the maximum load during testing requires the maximum 

switching activity of the address sequences. For this purpose, the 

Complement sequences and the Limited sequences often find use. 

As can be seen from table 1, the maximum value of the switching 

activity is achieved by the maximum number of nonzero values in 

the generating matrix W. Indeed, for sequences of the Limited type, 

the number of nonzero values in the matrix w reaches the maximum 

possible value for matrices of maximum rank of m2  m + 1. which 

provides the ultimate switching activity. For both cases the Toeplitz 

and the Hankel matrices can be used. Address sequences with a 

hamming distance of one for all pairs of addresses [3] can be only 

generated for the case of i = m  1 with the Toeplitz matrix (see 

table 1 for an example where m = 4) and for i = 0 with the Hankel 

matrix. The proposed method allows to generate a large set of 

quasi-random sequences [8] with the use of different Toeplitz 

matrices. An example of such a matrix is shown in table 1. It should 

be noted that the maximum rank of the matrix W is a necessary 

condition for all of the reviewed cases 

Table 1. Generating matrices for standard address sequences  

 

Linear Gray Code Complement 

   

Limited 2
i
 = 8 Random 

 
  

 

 

5. Conclusion 

In this paper a method of construction of a generator for address 

sequences with given values of switching activity, based on the Idea 

of Antonov and Saleev and with use of Toeplitz and Hankel 

matrices, was proposed. The broad possibilities of this approach and 

the limitations associated with conflicting requirements for the 

values of the rows of the matrix and their linear independence are 

shown. Examples of the formation of standard address sequences 

used for self-testing of storage devices are described.  
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