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Abstract: Mean value models are essential for developing control engineering methods, e.g., speed control concepts, failure monitoring 

features. This work briefly summarizes the main parts of such a second-order mean value model, suitable for control engineering purposes. 

The nonlinear model is linearized around one operating point, and a linear state controller is designed, both for single-input and multiple-
input, without and with an integral component to eliminate steady-state deviations. Limitations of the proposed linear control concepts, 

potential advantages of nonlinear flatness-based control concepts, and possible extensions of the model for fuel identification are discussed 

in the outlook. 
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1. Introduction 

The European Union (EU) has agreed to reduce greenhouse gas 
emissions by 55 percent by 2030 compared to 1990 levels. To 

achieve this ambitious reduction, it is inevitable to drastically 

reduce CO2 emissions from transport. In addition to the further 
development of novel drive concepts, e.g., electromobility or 

hydrogen-powered vehicles, it is required to reduce the emission of 
pollutants from conventional combustion engines. Lower Emissions 

can be achieved on the one hand by developing more intelligent 
engine management and control concepts, and on the other hand by 

using synthetic, means CO2 neutral, fuels. However, one must 
adapt the engine control systems to the different fuel types to 

operate in the optimum range, e.g., low emissions. For such 

intelligent control concepts of modern combustion engines, 
mathematical models with reduced complexity but considering 

essential system dynamics with sufficient accuracy are crucial. 
Mainly when used in the low-cost segment or less computationally 

powerful ECUs, the models and algorithms used must be resource-
efficient. Standard computational fluid dynamics (CFD) simulation 

models or characteristic curve fields are unsuitable for this purpose. 
For just such requirements, so-called mean value models have been 

developed, representing the essential system behavior as a function 

of time. The term mean value model was probably introduced by [1] 
and applied to internal combustion engines by [2]. A detailed 

overview of mean value engine models is given in [3, 4]. Such 
mean value models form the basis for developing linear and 

nonlinear control concepts, which serve as a fundamental tool for 
more in-depth analysis, e.g., for identifying the fuel characteristic. 

In [5–7], for example, the ethanol content of the fuel is estimated. 

Section 2 briefly summarizes the main subsystems of a mean 

value model of a spark-ignition engine with port injection described 
in detail, e.g., [8]. Based on the linearized resulting nonlinear 

model, a linear state controller is designed in Section 3 for both the 
single-input and the multiple-input cases, which is then extended to 

include an integral component to suppress steady-state errors. 
Simulation results in Section 4 show the effectiveness of such 

control schemes. Finally, Section 5 gives a short outlook on 

nonlinear flatness-based control concepts. 

2. Mean Value Model 

Both highly complex CFD motor models and frequently used 
characteristic maps are not suitable for control engineering tasks. 

For the development or implementation of state-of-the-art control 

engineering methods, abstracted dynamic models reduced to the 
essentials are necessary. Usually, these mathematical models 

consist of a set of differential equations. So-called mean value 
models average over one engine cycle. For this reason, the 

independent parameter is also time and not the crankshaft angle, as 
is usually the case. Typically, mean value models have lumped 

parameter models, specified by nonlinear differential equations, 

often even ordinary differential equations. Such models are suitable 
for ECU implementation and offer online (real-time) monitoring 

functionalities, e.g., online parameter estimation, or provide 
adaptive control features. 

The mean value model presented here is a physics-based 

control-oriented model. It models the input-output behavior with a 

reasonable precision but with low computational complexity, 
suitable for ECUs. We assume a four stoke port injection engine, 

consisting of two dynamical systems, namely air path and 
mechanical system with the subsystems: 

 Airpath (intake manifold pressure) 

o Air mass flow throttle valve 

o Air mass flow cylinder 

o Intake manifold 

 Mechanical system (engine speed) 

o Torque generation 

o Engine speed 

One finds an abstracted overview diagram in Fig. 1. 

 

Fig. 1 Schematic diagram of a mean value engine model.  

The essential subsystems with their fundamental mathematical 

relationships are presented and finally combined to form the 
complete engine model. For a better overview, the essential model 

parameters are listed in Tab. 

As shown in Fig. 2, the incoming airflow 𝑚 𝛼  depends on the 

opening area or the opening angle of the throttle. It applies 

(1) 𝑚 𝛼 ≈ 𝐴𝛼
𝑝𝑎

 2𝑅𝛽𝑇𝑎
 

where 𝐴𝛼  is the opening area of the valve, 𝑝𝑎 ambient pressure, 𝑇𝑎  

ambient temperature, and 𝑅𝛽  is the specific gas constant of fresh air. 

The cylinder is modeled as a volumetric pump, resulting in an 
approximated speed-dependent engine mass flow 𝑚 . One can use a 

pressure- and speed-dependent efficiency parameter 𝜆𝑙 𝑝,𝜔  to 

describe the deviation of the behavior from an ideal volumetric 

pump. One obtains 
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(2) 𝑚 =  𝑚 𝛽 + 𝑚 𝜑 ≈
𝑝

𝑅𝛽𝑇𝛽
𝜆𝑙 𝑝,𝜔 

𝑉𝑑
𝑁

𝜔

2𝜋
 

where 𝑚 𝛽 is the air mass flow into the cylinder, 𝑚 𝜑  is the fuel mass 

flow into the cylinder, and 𝑅𝛽  denotes the specific gas constant of 

fresh air with the corresponding air temperature 𝑇𝛽 . Additionally, 

𝑉𝑑  is the displaced cylinder volume, and 𝑁 is the number of 

revolutions per cycle, e.g., 𝑁 = 2 for four-stroke engines. 

 

Fig. 2 Schematic diagram of the mass flow into the cylinder.  

One can split the efficiency parameter into two main factors 

(multilinear formulation), namely a speed-dependent part 𝜆𝑙,𝜔(𝜔) 

and pressure-dependent part 𝜆𝑙,𝑝(𝑝), resulting in 

(3) 𝑚 =  𝑚 𝛽 + 𝑚 𝜑 ≈
𝑝

𝑅𝛽𝑇𝛽
𝜆𝑙,𝜔𝜆𝑙,𝑝

𝑉𝑑
𝑁

𝜔

2𝜋
 . 

To become independent of fuel type, for the specific gas constant 
and temperature, we assume air instead of the unknown air-fuel 

mixture, for example, 𝑅 → 𝑅𝛽 . Literature, e.g., [8], shows that this 

approximation results in an error of about 5% for pure gasoline. 

Obviously, for other fuels or fuel mixtures, it can be more 
significant. 

Using the relationship between the air-fuel equivalence ratio 𝜆 and 

the actual 𝐴𝐹𝑅 

(4) 𝜆 =
𝐴𝐹𝑅

𝐴𝐹𝑅𝑆𝑇
 

where 𝐴𝐹𝑅𝑆𝑇 denotes the stoichiometric air-fuel ratio, for the air 

mass flow into the cylinder applies 

(5) 
𝑚 𝛽 = 𝑚 

1

1 +
1

𝜆𝐴𝐹𝑅𝑆𝑇

= 𝑚 𝜎  . 

Furthermore, we assume the intake manifold to be a receiver, i.e., a 

fixed volume with constant thermodynamic states but dependent on 
time. With the simplifications or assumptions 

 no changes in kinetic energy, 

 no heat transfer via walls, 

 constant volume, 

 frictionless mass transport, 

 no work brought in through the walls, 

one can use the isothermal formulation of the ideal gas law to obtain 

(6) 
𝑑

𝑑𝑡
 𝑝 =

𝑅𝑇

𝑉𝑚
 𝑚 𝛼 −𝑚 𝛽  

suitable for lower speed or load torque. Parameter 𝑉𝑚 denotes the 

manifold volume, R and T, the mixture gas constant, and 

temperature. Again, assuming pure air instead of the air-fuel 
mixture for simplification, for (6) applies 

(7) 
𝑑

𝑑𝑡
 𝑝 =

𝑅𝛽𝑇𝛽

𝑉𝑚
 𝑚 𝛼 −𝑚 𝛽  . 

The second central part of the provided control-oriented model 
deals with the mechanical part, i.e., the mechanical torque 

generation and engine speed. Literature, e.g., [8], shows that the 
mechanical torque is a highly nonlinear function of many variables, 

e.g., fuel mass, air-fuel ratio (AFR), engine speed, ignition timing, 
etc., but not suitable for control purposes. To reduce the complexity, 

[8] suggests introducing the fuel mean effective pressure (FMEP) 

(8) 𝑝𝜑 =
𝐶𝑙𝑚𝜑

𝑉𝑑
 

where 𝐶𝑙  is the lower calorific value of the fuel, and the brake mean 

effective pressure (BMEP) or mean effective pressure 

(9) 𝑝𝑒 =
4𝜋𝑇𝑞 ,𝑐

𝑉𝑑
 

where 𝑇𝑞 ,𝑐 denotes the torque generated by the combustion process. 

With 

(10) 𝑚 𝜑 = 𝑚𝜑

𝜔

4𝜋
 

and  

(11) 𝜆 =
𝑚 𝛽

𝐴𝐹𝑅𝑆𝑇𝑚 𝜑
 

one can express (9) by 

(12) 𝑝𝑒 =
4𝜋

𝜆𝐴𝐹𝑅𝑆𝑇

𝐶𝑙
𝑉𝑑

𝑚 𝛽 𝑡 − 𝜏𝑖𝑝𝑠 

𝜔 𝑡 − 𝜏𝑖𝑝𝑠  
 

where 𝜏𝑖𝑝𝑠  describes the time delay from fuel injection to ignition. 

The relationship between theoretical mean fuel pressure and actual 

mean effective pressure is given by 

(13) 𝑝𝑒 = 𝑒 𝜔, 𝜆, 𝜁,… 𝑝𝜑  

where 𝑒 is the so-called efficiency constant, including all 

thermodynamic properties. Joining (8), (9), and (13), one obtains a 

formulation for the generated torque 

(14) 𝑇𝑞 ,𝑐 = 𝑝𝑒
𝑉𝑑
4𝜋

= 𝑒𝑝𝜑
𝑉𝑑
4𝜋

= 𝑒
𝐶𝑙𝑚𝜑

4𝜋
 . 

Taking into account friction losses 

(15) 𝑝𝑒 ,𝑓 =  𝑑0 + 𝑑1𝜔 
4𝜋

𝑉𝑑
 

where 𝑑0 and 𝑑1 describes the friction coefficients and gas 

exchange losses 

(16) 𝑝𝑒 ,𝑔 = 𝑝𝑒𝑥 − 𝑝 

with assumed constant exhaust manifold pressure 𝑝𝑒𝑥, one obtains 

the mechanical moment available for use 

(17) 𝑇𝑞 =  𝑒𝑝𝜑 − 𝑝𝑒 ,𝑓 − 𝑝𝑒 ,𝑔 
𝑉𝑑
4𝜋

= 𝑇𝑞 ,𝑐 − 𝑇𝑞 ,𝑓 − 𝑇𝑞 ,𝑔 

where 𝑇𝑞 ,𝑓 is the friction moment and 𝑇𝑞 ,𝑔 is the gas exchange 

moment (losses). Usually, there are two adjusting screws, i.e., input 

variables, to influence the generated torque and speed or velocity. 
On the one hand, via a change in the air mass flow, i.e., the position 

of the throttle valve (throttle angle) 𝑢𝛼 , and via the ignition timing. 

While the influence of the throttle valve is rather sluggish due to the 

dynamics of the air path (indirect input quantity), the change of the 

ignition angle ∆𝑢𝜁 can directly influence the combustion and thus 

the mechanical torque. To incorporate the ignition angle delay, one 
splits the efficiency constant into a speed-dependent part 𝑒𝜔  and an 

ignition angle-dependent part 𝑒𝜁 . Other thermodynamic properties 

are neglected due to simplicity. One can write 

(18) 𝑒 ≈ 𝑒𝜔 ∙ 𝑒𝜁 =  𝜂0 + 𝜂1𝜔 ∙  1 − 𝑘𝜁∆𝑢𝜁  𝑡 −
𝜏𝑠𝑒𝑔

2
 

2
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where 𝜂0, 𝜂1 and 𝑘𝜁  are model coefficients need to be estimated, 

and 𝜏𝑠𝑒𝑔  describes the time constant for torque generation. Finally, 

assuming constant moment of inertia, one obtains 

(19) 
𝑑

𝑑𝑡
 𝜔 =

1

𝐽
 𝑇𝑞 − 𝑇𝑞,𝐿  

where 𝐽 is the engine’s moment of inertia and 𝑇𝑞 ,𝐿 describes the 

external load torque. 

Equations (7) and (19) describe the dynamic system behavior. By 
inserting the presented parts, one finally obtains a nonlinear model 

of the form 

(20) 
𝒙 = 𝒇 𝒙,𝒖  

𝒚 = 𝒈 𝒙,𝒖  

with state vector 𝒙, input vector 𝒖, output vector 𝒚, and vector 

fields 𝒇,𝒈. 

Neglecting time delays, for the mean value engine model applies 

 

 

(21) 

𝒙 = 

 

 
 
−
𝑉𝑑
𝑉𝑚

𝜔

4𝜋
𝜎 𝜆𝑙,𝜔𝜆𝑙,𝑝𝑝+

𝑅𝑇𝑚 𝑝𝑎

𝑉𝑚 2𝑅𝑇𝑎
𝛼0

1

𝐽
 − 𝛽0 + 𝛽1𝜔 −

𝑉𝑑
4𝜋

 𝑝𝑒𝑥 − 𝑝  

  

 

 
+

𝑅𝑇𝑚𝑝𝑎

𝑉𝑚 2𝑅𝑇𝑎
𝛼1𝑢𝛼

 + 𝜂0 + 𝜂1𝜔  1− 𝑘𝜁Δ𝑢𝜁
2 

𝐶𝑙𝑚 𝛽

𝐴𝐹𝑅𝑆𝑇𝜆𝜔
− 𝑇𝑞 ,𝐿 

 

 
 

 

𝑦 = 𝜔 

with state vector 𝒙𝑇 =  𝑝 𝜔 , input vector 𝒖𝑇 =  𝑢𝛼 Δ𝑢𝜁 , and 
output 𝑦 = 𝜔. For a more detailed survey on mean value engine 

modeling, the kindly reader is referred to, e.g., [8]. 

Unknown model parameters have to be estimated using 
measurement data to fit the model to the real engine system. 

Depending on the form of the parameters in the equations, different 
methods are suitable. For example, parameters that occur linearly in 

the equations can be determined using least squares. A detailed 

survey about parameter estimation of continuous-time systems is 
given in [9]. For real-time application, Poisson Moment Functional 

(PMF) approach is suitable, e.g., [10]. 

3. Control Concepts 

In general, speed control can follow arbitrary transient speed 
trajectories (not only stationary or step functions), with the 

significant advantage is that it becomes possible to fulfill the user’s 

speed request and execute some fault monitoring applications. For 
example, it should be possible to follow any arbitrary transient 

speed trajectory, suitable for estimating specific parameters, maybe 
for fuel identification. 

3.1. Equilibrium Point Linearization 

The linearized model equations often describe the nonlinear 

model with sufficient accuracy for small deflections from a rest 
position or equilibrium position. According to this, it is possible to 

apply the sufficiently known and proven methods for analysis and 

synthesis, e.g., linear state controllers. One possible equilibrium 
state is the engine idle. 

Assuming sufficiently small deviations Δ𝒖 from 𝒖𝑠  and Δ𝒙0 

from 𝒙𝑠, it applies  

(22) 
Δ𝒙 = 𝑨Δ𝒙 + 𝑩Δ𝒖 Δ𝐱 𝑡0 = Δ𝒙0 

Δ𝒚 = 𝑪Δ𝒙 + 𝑫Δ𝒖  

 

where 

(23) 

𝑨 =  𝜕

𝜕𝒙
𝒇 𝒙,𝒖  

𝒙=𝒙𝑠 ,𝒖=𝒖𝑠

 𝑩 =  𝜕

𝜕𝒖
𝒇 𝒙,𝒖  

𝒙=𝒙𝑠 ,𝒖=𝒖𝑠

 

𝑪 =  𝜕

𝜕𝒙
𝒈 𝒙,𝒖  

𝒙=𝒙𝑠 ,𝒖=𝒖𝑠

 𝑫 =  𝜕

𝜕𝒖
𝒈 𝒙,𝒖  

𝒙=𝒙𝑠 ,𝒖=𝒖𝑠

 

are the matrices of the linearized model.  

3.2. Linear State Control (Fixed Setpoint Control) 

Linear state controllers have been an essential tool in modern 

control for many years. In contrast to classical input/output 

controllers, the eigenvalues of the closed-loop dynamic matrix are 
specified by weighted feedback of all system states to achieve the 

desired dynamic.i In nonlinear models, these must be linearized 
around an operating point to design the control law around this 

operating point. Because all state variables are used in the control 
law, all system states must also either be measured or estimated by 

state observers. 

 

Fig. 3 Linear state control (SISO).  

The linear state model for single-input single-output (SISO) reads 

(24) 
𝒙 = 𝑨𝒙+ 𝒃𝑢 

𝑦 = 𝒄𝑇𝒙 + 𝑑𝑢 

where 𝑨 ∈ ℝ𝑛×𝑛, 𝒃 ∈ ℝ𝑛×1, 𝒄𝑇 ∈ ℝ1×𝑛, and 𝑑 ∈ ℝ. With the 
control law 

(25) 𝑢 = −𝒌𝑇𝒙+ 𝜅𝑟𝑟 

one obtains 

(26) 

𝒙 =  𝑨− 𝒃𝒌𝑇 𝒙+ 𝒃𝜅𝑟𝑟 = 𝑨𝑒𝑥 + 𝒃𝑒𝑟 

𝑦 =  𝒄𝑇 − 𝑑𝒌𝑇 𝒙+ 𝑑𝜅𝑟𝑟 = 𝒄𝑒
𝑇𝒙+ 𝑑𝑒𝑟 

where the feedback vector 𝒌𝑇 =  𝑘0 ⋯ 𝑘𝑛−1  is used to set the 
eigenvalues of the extended dynamic matrix 𝑨𝑒 ∈ ℝ𝑛×𝑛  properly. If 

the model is in controllable canonical form, i.e., 

(27) 

𝑨𝑒 = 

 

0 1 ⋯ 0
0 0 ⋯ 0
⋮ ⋮ ⋱ ⋮

−𝑎0 − 𝑘0 −𝑎1 − 𝑘1 ⋯ −𝑎𝑛−1 − 𝑘𝑛−1

  

and 

(28) 𝒃𝑒 = 𝒆𝑛 =  0 ⋯ 0 1 𝑇 

one can quickly build the characteristic polynomial  
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(29) 
𝑝 𝑠 = −𝑎0 − 𝑘0 +  −𝑎1 − 𝑘2 𝑠 + ⋯

+  −𝑎𝑛−1 − 𝑘𝑛−1 𝑠
𝑛−1 + 𝑠𝑛  

and obtains a calculation rule for the choice of the feedback vector. 
If the model is not in control canonical form, it must be 

transformed. Provided that the system is fully reachable, i.e., 

(30) rank 𝑴𝑒 = rank 𝑩 𝑨𝒃 ⋯ 𝑨𝑛−1𝒃 = 𝑛 

the eigenvalues of the extended dynamics matrix can be placed 

arbitrarily, and the feedback vector can be calculated with 
Ackermann’s formula, i.e., 

(31) 

𝒆𝑛
𝑇 = 𝒕1

𝑇𝑴𝑒 = 𝑡1
𝑇 𝑩 𝑨𝒃 ⋯ 𝑨𝑛−1𝒃  

𝒌𝑇 = 𝒕1
𝑇𝑝 𝑨 = 𝛼0𝒕1

𝑇 + 𝛼1𝒕1
𝑇𝑨+ ⋯ 

 +𝛼𝑛−1𝒕1
𝑇𝑨𝑛−1 + 𝒕1

𝑇𝑨𝑛 

where 𝑝 𝑠 = 𝑎0 + 𝛼1𝑠+ ⋯+ 𝛼𝑛−1𝑠
𝑛−1 + 𝑠𝑛. 

To achieve stationary accuracy for step input 𝑟 = 𝜎(𝑡), i.e., 

(32) 𝑦𝑠 = lim
𝑡→∞

𝑦 = 𝑟𝑠  

for parameter 𝜅𝑟  applies 

(33) 𝜅𝑟 = −
1

 𝒄𝑇 − 𝑑𝒌𝑇  𝑨− 𝒃𝒌𝑇 + 𝑑
 . 

 

 

Fig. 4 Linear state control (MISO).  

Equations (31) and (33) can be extended to multiple-input single-

output (MISO) models 

(34) 
𝒙 = 𝑨𝒙+ 𝑩𝒖 

𝑦 = 𝒄𝑇𝒙 + 𝒅𝒖 

where 𝑨 ∈ ℝ𝑛×𝑛, 𝑩 ∈ ℝ𝑛×𝑚 , 𝒄𝑇 ∈ ℝ1×𝑛, and 𝒅 ∈ ℝ1×𝑚. Using a 
dyadic control approach, e.g. [11], one introduces 𝑢 ∈ ℝ, 𝒒 ∈ ℝ𝑚, 

and substitutes 

(35) 𝒖 = 𝒒𝑢  

resulting in the equivalent SISO model 

(36) 
𝒙 = 𝑨𝒙+ 𝒃 𝑢  

𝑦 = 𝒄𝑇𝒙+ 𝑑 𝑢  

with 𝒃 = 𝑩𝒒 and 𝑑 = 𝒅𝒒. 

The feedback vector 𝒌 𝑇 is computed using (31), and one obtains the 

feedback matrix for the MISO withii 

(37) 𝑲 = 𝒒𝒌 𝑇  . 

 

3.2. PI - State Control 

To eliminate permanent (steady-state) deviations, the state 
control law can be extended by an integral component. Literature 

shows several approaches for the selection of the weights or the 
feedforward control gain. In [12], an approach is presented, making 

it possible to take over the existing control law and design only the 

integral part anew. This has the additional advantage of switching 
the integral component on and off in real-time. According to [12], 

the extended control law reads 

(38) 
𝑥 𝐼 = 𝑦 − 𝑟 

𝑢 = −𝒌𝑇𝒙− 𝜅𝐼 𝑥𝐼 + Δ𝒌𝑇𝒙 + 𝜅𝑟𝑟 

with  

(39) Δ𝒌𝑇 = − 𝒄𝑇 − 𝑑𝒌𝑇  𝑨− 𝒃𝒌𝑇 −1 . 

 

 

Fig. 5 Linear state control with integral part (SISO).  

 

For a general multiple-input multiple-output (MIMO) system 

(40) 
𝒙 = 𝑨𝒙 + 𝑩𝒖 

𝒚 = 𝑪𝒙 + 𝑫𝒖 

where 𝑨 ∈ ℝ𝑛×𝑛, 𝑩 ∈ ℝ𝑛×𝑚 , 𝑪 ∈ ℝ𝑛𝑦×𝑛, and 𝒅 ∈ ℝ𝑛𝑦×𝑚, one can 

extend the control law and end up with 

(41) 
𝒙 𝐼 = 𝒚− 𝒓 

𝒖 = −𝑲𝒙− 𝜿𝐼 𝒙𝑰 + Δ𝒌𝑇𝒙 + 𝜿𝑟𝒓 . 

 

 

Fig. 6 Linear state control with integral part (MIMO).  
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Table 1: Mean value engine model parameters. 

Abbreviation Description 

𝑚 𝛼  air mass flow through throttle valve  

𝐴𝛼  
valve opening area 

(coefficients 𝛼0 ,𝛼1) 

𝑝𝑎 ambient pressure 

𝑅,𝑅𝛽  specific gas constant, 𝛽 denotes fresh air 

𝑇𝑎  ambient temperature 

𝑚  engine mass flow 

𝜆𝑙 𝑝,𝜔 , 𝜆𝑙,𝜔 ,𝜆𝑙,𝑝  volumetric pump, efficiency parameters 

𝑚 𝛽  air mass flow into cylinder 

𝑚 𝜑  fuel mass flow into cylinder 

𝑝 (intake) manifold pressure 

𝑇𝛽  fresh air temperature 

𝑉𝑑  displaced cylinder volume 

𝑁 number of revolutions per cycle 

𝜔 engine speed (model output) 

𝜆 equivalence air-to-fuel ratio 

𝐴𝐹𝑅,𝐴𝐹𝑅𝑆𝑇  (stoichiometric) air-to-fuel ratio 

𝑉𝑚 (intake) manifold volume 

𝑝𝜑  fuel mean effective pressure (FMEP) 

𝐶𝑙  Lower heating value 

𝑚𝜑  fuel mass burnt per combustion cycle 

𝑝𝑒 brake mean effective pressure (BMEP) 

𝑇𝑞 ,𝑐  torque generated by combustion 

𝜏𝑖𝑝𝑠  time delay from fuel injection to ignition 

𝑒, 𝑒𝜔 , 𝑒𝜁  
thermodynamic efficiency constant 

(coefficients 𝜂0 , 𝜂1 ,𝑘𝜁) 

𝑝𝑒 ,𝑓/𝑇𝑞 ,𝑓  
friction losses pressure/torque  

(coefficients 𝑑0 ,𝑑1) 

𝑝𝑒 ,𝑔/𝑇𝑒 ,𝑔 gas exchange losses pressure/torque 

𝑝𝑒𝑥 exhaust manifold pressure 

𝑇𝑞  mechanical torque 

𝜏𝑠𝑒𝑔  time constant for torque generation 

𝑢𝛼  throttle angle (model input) 

∆𝑢𝜁  ignition angle delay (model input) 

𝑇𝑞,𝐿  load torque 

𝐽 moment of inertia (engine) 

 

4. Results & Discussion 

To obtain the equilibrium system states for linearization, the 

nonlinear model is simulated with arbitrarily chosen constant model 
inputs 𝒖𝑠  

(42) 𝑢𝛼 = 2.3% Δ𝑢𝜁 = −20° 

resulting in rest position 𝒙𝑠 

(43) 𝑝𝑠 = 2.12 ∙ 104 Pa 𝜔𝑠 = 118.74
rad

s
 . 

Fig. 7 shows the simulation results of the SISO and MISO state 
controller without an integral component applied to the nonlinear 

model. Both controllers react to a sudden load torque at time 𝑡 =
2s, and equilibrium is reached. As expected, a stationary deviation 

remains due to the unknown load torque. Due to the faster 
intervention of the ignition angle delay, this is smaller with the 

MISO controller than with the SISO controller.  

 

Fig. 7 Linear state control SISO vs. MISO. Operating point 

control with step-wise load change, where green-dashed is the 
setpoint.  

If an integral component is added to the controllers, even these 
steady-state deviations can be controlled to zero, see Fig. 8. 

 

Fig. 8 Linear state control with integral part (SISO vs. MISO). 

Operating point control with step-wise load change, where 
green-dashed is the setpoint.  

5. Conclusion & Future Work 

In this work, on the one hand, the derivation of a second-order 
control engine model was shown. On the other hand, the operating 

point linearization and the concept of the linear state controller were 
explained. Simulation results show the functionality of the linear 

state controller on the nonlinear model, both for the single- and 

multi-variable case. Such control concepts are well suited for 
operating point control but not for the specification of arbitrary 

speed characteristics over an extensive speed range. This is because 
the linearized model is only valid in a small environment around the 

rest position. A change of the operating point is not trivial since the 
linearized model, and the state controller must be recalculated for 

each new operating point. Nonlinear flatness-based control concepts 
provide a remedy. With the help of exact linearization and a 

trajectory-following control, it is possible to specify arbitrary speed 

curves that can be followed precisely. 

Other useful extensions of this work include implementing a wall 
film model, e.g., [5, 13], a multi-component fuel model, e.g., [5], 

and the exhaust path. By implementing the exhaust gas path, a 
lambda control can be implemented, for example. One can estimate 

specific characteristic fuel parameters (online) based on the 
introduced or planned control concepts with a fuel model, thus 

ensuring permanent engine tuning to the fuelled fuel, e.g., [7]. 
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i Please note, if not all system states are measured, the missing 

quantities must be determined or estimated otherwise. State 

observers, e.g. Luenberger observers, or Kalman filters are suitable 

for this purpose. 
ii For practical implementation, for example, the Matlab 

command "place" is suitable. 
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