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Abstract: This paper is devoted to some up-to-date computational tools, which are on-line available and appropriate to remote learning as 

well as to scientific research implementation relevant to mathematics and their applications. 
The following aspects are concerned and discussed: some of the opportunities and benefits afforded by the software tools which are taken 

into consideration; necessary requirements which have to be met in order to use these tools; some disadvantages and drawbacks which may 

arise. 
Comparison of fees and prices for different mathematical software tools is done. 

For purpose of illustration realistic examples are also given. 
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1. Introduction 

Nowadays, the mathematical software tools used in research 

and engineering play a crucial role in the development of 
technology, education and science. For example, the treatment of 

complex numerical analysis with the aid of mathematical software 
is currently used in all branches of physical, medical and social 

sciences. For that matter, by means of Computer aided design 
(CAD) software the level of scientific research and in particular of 

engineering science can be significantly improved. Computer 
solutions to large algebraic systems are implemented by users in 

form of algorithms using instruction codes and special syntaxes [3]. 

Strategic use of technology makes stronger mathematics 

teaching and learning [1]. But, the global pandemic has posed 
significant obstacles to education and scientific researches. So that, 

it is absolutely indispensable to change the approach when using 
on-line the modern computer software. The purpose here is to 

present some peculiarities in the use of mathematical software, 
computer algebra systems in particular and especially free software 

resources for remote learning and scientific research. 

 

2. Mathematical Software 

In the last two years, in the conditions of the new reality, 

scientists, teachers and students in Bulgaria are facing a serious 
problem. With the increasing isolation and as a consequence -- 

working from home (permanently or for different periods of time), 
most often they do not have appropriate software tools in their 

home office. This naturally makes it necessary for them to make a 

reasonable decision and a wise choice of suitable mathematical 
software with which they can conduct their work remotely. 

This is the place, according to the problem taxonomy of the 

National Institute of Standards and Technology (USA), to recall 
what does mathematical software mean: 

Definition 1. Mathematical software is software used to model, 

analyze and/or calculate numeric, symbolic and geometric data. 

 

According to this definition, even computer (software) 

calculators are mathematical software of the simplest kind, through 
which one is able to perform simple mathematical operations and 

data input is usually done by hand. 

At the other side are the so-called computer algebra systems, 
which are the subject of this work (see, e.g. [2]): 

Definition 2. Computer Algebra System  (CAS), also called 

Symbolic Algebra System (SAS), is a package which includes 

mathematical algorithms and special functions for performing 
symbolic manipulations on algebraic objects, a language for their 

implementation and an environment in which the language to be 
used. 

This means that, using CAS, one may manipulate mathematical 

expressions in a way as if he do it manually.  

Computer algebra systems can be conditionally divided into two 

types: 

 specialized, which are devoted to a specific part of 

mathematics; 

 general-purpose, which are useful to a user who works in 

any scientific field in which it is necessary to perform 

manipulationя of mathematical expressions. 
 

Usually symbolic manipulations in CAS include: expression 

simplification; substitutions of symbols or numeric values in 
expressions; modifications of the form of expressions (expanding 

products and powers, factorization, transforming trigonometric 
functions in exponential form, transforming logic expressions, etc.); 

differentiation (partial and total); symbolic integration for some 
functions (indefinite and definite), symbolic optimization 

(constrained and non-constrained); linear and some nonlinear 
equations solving over various domains; some differential and 

difference equations solving; some limits solving; integral 

transforms; series operations (expanding, sums, products); matrix 
operations; statistical computations and even theorems verification 

and proving.  

Also, for the purposes of teaching and research in mathematics 

and its engineering and economic applications, CAS needs to 

include: arbitrary precision numeric operations; exact integer 
arithmetic; plotting graphs and parametric plots (2D and 3D) and 

amination of them; mathematical expressions in two-dimensional 
form editing; a programming language for purpose of 

implementation of own algorithms. 

The choice of a particular mathematical software tool by a 

scientist/teacher/student is determined by at least the following 

several factors, given not necessarily in order of importance: 

 Research area and problem statement; 

 Goals and level of work of the user; 

 Financial capacity and attitudes of the user; 

 The user's long- and short-term developmental intentions 
and prospects; 

 User's available hardware, operating platforms, etc.; 

 Consistency with the team the user is working with.  
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3. Computer Algebra Systems 

Nowadays, there is a wide variety of computer algebra systems. 

Among the commercial systems, Maple, Mathematics and Matlab 

seem to be the most popular and commonly used. 

 

Maple (https://www.maplesoft.com/) is a symbolic and numeric 
computing environment as well as a multi-paradigm programming 

language, developed commercially by the Canadian software 
company Maplesoft. Several areas of technical computing are 

covered: symbolic operations, numerical analysis computations, 

data processing, data visualization, etc. A toolbox MapleSim adds 
functionality for multidomain physical modeling and code 

generation. 

Maple is a general-purpose computer algebra systems, because 
of its capacity for symbolic computation and visualization. At the 

same time numeric computations to arbitrary precision are 
supported.  

Users can enter mathematics using traditional mathematical 

notation. Custom user interfaces can also be made. There is also 

opportunity to convert expressions from traditional mathematical 
notation to markup suitable for LaTeX system. 

Maple is compatible with: Linux, macOS, Windows. Maple 

2021 system requirements are: 4 GB recommended RAM (disk 
space 10 GB).  

 

MATLAB, which is an abbreviation of "matrix laboratory" 

(https://www.mathworks.com/), is a programming language and 

numeric computing environment developed by MathWorks. By 
means of MATLAB one is able to make matrix manipulations; to 

plot functions and data, to implement some algorithms; to transfer 
results and incorporate them into other packages. 

Most functions accept arrays as input and operate element-wise 

on each element. 

Although MATLAB is intended primarily as a system for 

numeric computations, an optional toolbox uses the MuPAD 
symbolic engine thus providing access to symbolic computing 

capabilities. Its additional package, Simulink, adds graphical multi-
domain simulation and model-based design for dynamic and 

embedded systems, which in a number of cases makes MATLAB 
preferable in engineering investigations. 

MATLAB is compatible with: Linux, macOS, Windows. 

MATLAB and Simulink requirements are: 3.4 GB of HDD space 

for MATLAB only, 5-8 GB for a typical installation; RAM 4GB 
minimum, 8 GB recommended. 

 

Wolfram Mathematica, which is usually termed Mathematica 

(https://www.wolfram.com/mathematica/), is a software system 
with built-in libraries for several areas of technical computing that 

allow symbolic computation, manipulating matrices, plotting 
functions and various types of data, implementation of algorithms, 

creation of user interfaces, and interfacing with programs written in 

other programming languages. Features include instant dynamic 
interactivity, high-impact adaptive visualization, symbolic interface 

construction, load-on-demand curated data, image and audio-
processing, neural networkings, 3D printing, and tools for 

connecting to DLL, SQL, Java, .NET, C++, Fortran, CUDA, 
OpenCL, and http-based systems. Together with Maple, it is one of 

the major general-purpose computer algebra systems. The 

programming language used in Mathematica is the Wolfram 
Language. 

Mathematica is available for onsite machines running Windows, 

Mac OS X, Linux, or Unix. Home-use licenses are available for 
machines running Windows, Mac OS X, or Linux. 

Mathematica 12 System Requirements are: 4 GB+ 
recommended RAM (disk space 19 GB). 

Mathematica was conceived by Stephen Wolfram and is 

developed by Wolfram Research of Champaign, Illinois.  

Some additional opportunities and computational resources 
provided by Wolfram Research will be considered into the next 

section. 

Based on the data from the table below, a comparison can be 

made of the prices of the three computer algebra systems 
considered. Given the objectives of this paper, the table is limited to 

Student, Home/Personal and Education/Academic Plan.  

 

Table 1. Annual fees (in EUR) of the most popular and major 

computer algebra systems [6-8] 

 Student Home/ 

Personal 

Educatio
n/ 

Academic 

Maple 

 

101 € 195 € 1274 € 

MATLA

B & 

Simulink 

35/69 € 119 € 250 € 

Mathema

tica 

 

152 € 328 € 1428 € 

 

Along with commercial ones, there are many free computer 

algebra systems, some of which are more than a successful 
alternative. It is in place here to give the Free Software definition 

written by Richard Stallman [5] and published by the Free Software 
Foundation [11]: 

Definition 3. Free software is computer software distributed 

under terms that allow users to run the software for any purpose as 
well as copy, distribute, study, change and improve it and any 

adapted versions. 

A program is free software if some necessary conditions are 

fulfilled. Namely, a program is free software if the program's users 
have the four essential freedoms (see [11]): 

 The freedom to run the program as you wish, for any purpose 

(Freedom 0); 

 The freedom to study how the program works, and change it so 

it does your computing as you wish (Freedom 1). Access to 

the source code is a precondition for this; 

 The freedom to redistribute copies so you can help others 

(Freedom 2); 

 The freedom to distribute copies of your modified versions to 

others (Freedom 3). By doing this you can give the whole 
community a chance to benefit from your changes. Access to 

the source code is a precondition for this. 

 

While MATLAB is a very popular numerical computation 
software package, some other free alternatives are available, such as 

the open source GNU Octave. 

GNU Octave (www.gnu.org/software/octave/) is an open-

source and free mathematical modeling and simulation software and 
computation language that provides a command interface for 

solving linear and nonlinear equations numerically and for 
executing other numerical experiments using a language that is 

mostly compatible with MATLAB.  
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Moreover, it may also be used as a batch-oriented language. 
GNU Octave is primarily intended for numerical computations. As 

a part of the GNU Project, it is free software under the terms of the 
GNU General Public License. 

The syntax of GNU Octave is math-oriented which makes it 

preferred by many mathematicians.  

GNU Octave is compatible with Linux, macOS, BSD, 

Windows. 

Other free alternatives to MATLAB include Scilab and 
FreeMat. In fact, GNU Octave is more compatible with MATLAB 

than Scilab is; as for FreeMat, it has not been updated since 2013.  

 

Scilab (https://www.scilab.org/) is a free and open-source, 
sophisticated, cross-platform numerical computational package and 

a high-level, numerically-oriented programming language. Scilab is 

well-suited for engineers and offers a powerful platform for 
numerical computation. It can be used for signal processing, 

statistical analysis, image enhancement, fluid dynamics simulations, 
numerical optimization, modeling, simulation of explicit and 

implicit dynamical systems, etc. It also supports more than 2000 
mathematical functions; can produce complex algorithms and if the 

corresponding toolbox is installed, symbolic manipulations are also 

available. 

In Scilab, users can display their 2D and 3D data, to animated 
figures, charts, graphs. This platform comes along with source code, 

help menu and user guide in English.  

Scilab is available free of cost under an open source license. 
Due to the open source nature of the software, some user 

contributions have been integrated into the main program. 

Scilab is compatible with Windows, Linux, macOS. 
 

SageMath (https://www.sagemath.org/), previously Sage – an 

abbreviation of "System for Algebra and Geometry 
Experimentation", is a computer algebra system with features 

covering many aspects of mathematics, including algebra, 
combinatorics, graph theory, numerical analysis, number theory, 

calculus and statistics. 

SageMath is free software, distributed under the terms of the 
GNU General Public License version 3, which serves as a real open 

source alternative to Maple, Mathematica, and MATLAB. It is very 

useful for education, studying, and research as it covers various 
mathematical areas. 

The interface of this program is a notebook in a browser or the 

command-line. With the help of a notebook, SageMath connects 
either locally to your own Sage installation or to a Sage server on 

the network. Notebooks can be examined locally or remotely, and 
the connection can be secured with HTTPS. Inside any notebook, 

one can draw graphics in a perfect way, typeset mathematical 

expressions, add/delete input, and share his work across the 
network. 

SageMath is compatible with Windows, Linux, macOS. 

  

4. Wolfram|Alpha and Wolfram Cloud 

This section is devoted to resources powered by Wolfram 

Research, which can be used on-line and/or free. In case of isolation 

and remote learning and scientific work they are useful, powerful 
and effective tool for students, teachers, scientists in any scientific 

branch related to mathematics, structural mechanics, physics, 
chemistry, etc. 

 

Wolfram|Alpha (www.wolfram.com) is an online 

computational knowledge engine or answer engine that answers 

factual queries directly by computing the answer from externally 

sourced curated data, rather than providing a list of documents or 
web pages that might contain the answer, as a search engine might. 

Additional data is provided from both academic and commercial 
websites and some of the data is kept updated in real time. The data 

sets include astronomical, chemical, geopolitical, language, 
biomedical and weather data, in addition to mathematical data. 

Wolfram|Alpha is developed by WolframAlpha LLC, a subsidiary 

of Wolfram Research. The service was officially launched on May 
18, 2009 with purpose to provide integrated storage, interface, 

computation, knowledge, linguistics and deployment capabilities. 

In Wolfram|Alpha users submit queries and computation 
requests via a text field. Then Wolfram|Alpha computes answers 

and relevant visualizations from a knowledge base of curated, 
structured data that come from other sites and books.  

In Wolfram|Alpha is built-in free form input (Fig. 1), which is 

most often preferred by the students and young scientists. Of 

course, it is also possible to use the syntax of Wolfram Language.  

Example 1. If we want to compute 
b

a

dx)x(f  using 

Wolfram|Alpha, we can enter  

Integrate[f(x),{x,a,b}] 

according to Wolfram Language (Fig. 2); on the other hand we can 

give a request in free form (Fig. 1):  

integrate f(x) from a to b. 

It is also possible to enter only integrate into the text box, and 

then fill in the attributes of the corresponding integral in the fields 
that appear (Fig. 3). 

 

  

Fig. 1: 8b,3a,
x

1x
)x(f 
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Fig. 2: f(x) = x cosx, a=0, b=π 

 

If we have to compute an indefinite integral, the fields 

coresponding to lower and upper integration limit have remain 

empty. 

 

Fig 3:   b,a,e)x(f
2x

 

 

Although the use of a free form inputs has its reasons and brings 

some advantages, the authors believe that it is better to stick to 
Wolfram Language [4]. A user of Wolfram|Alpha, who has taken 

advantage of the free form of queries for some time, would find it 
difficult to switch and adapt to some of the computer algebra 

systems, which have strict syntactic rules and are usually case 
sensitive. 

Wolfram|Alpha can be directly, on-line used successfully and 
completely free of charge, without any registration. This manner of 

work has been effectively applied by the authors in remote learning 
for immediate demonstration and illustration of theoretical facts, 

dependencies and statements (some plots; derivatives; functions and 
sequences properties; integrals; integral trensforms, matrix 

manipulations; equations and systems solving; vector calculations; 

data fit; statistics as well as some strong mathematical definitions). 
The engine is also used by the authors and their students as a very 

useful auxiliary tool during practical exercises and when doing 
homework. Given this, sometimes the lack of step-by-step solutions 

capabilities is a very positive fact! 

Using Wolfram|Alpha without registration brings a number of 
disadvantages: a sequence of actions cannot be set for execution and 

we have to enter a separate request at each stage of the work 

without being able to use previous results; the results are not saved 
as a working document and the user has to decide for himself how 

to do this; the options for many of the functions are restricted and so 
on. 

On the other hand, we can easily copy inputs and results in math 

mode to clipboard; the Wolfram Language code of the 
corresponding request and result is also available. This fact is 

extremely useful for improving the user's Wolfram skills. 

However, in order to get wider and more complete opportunities 

which Wolfram|Alpha provides, one can make a user registration 
for Wolfram|Alpha and choose some of the offered user plans. In 

2012, Wolfram|Alpha Pro (https://www.wolframalpha.com/pro/) 
was released. Wolfram|Alpha Pro lets us to do much more than 

Wolfram|Alpha: to upload our own data and images for analysis, to 
get customized and interactive visuals for presentations, to 

download data, to get more computation time, to access optimized 

Web Apps.  

The following user plans are available (see [9]):  

Students: Basic - Personalized experience with customizable 

settings; does not include step-by-step solutions capabilities; it is 
free with sign-in; Pro - Enhanced features with step-by-step 

solutions, increased computation time and calculator Web Apps; 47 
€ annually; Pro Premium - Complete access to all features and 

priority customer support; 79 € annually; 

Educators: Basic - Personalized experience with customizable 

settings; does not include step-by-step solutions capabilities; it is 
free with sign-in; Pro - Unlock additional classroom resources with 

step-by-step solutions, printable worksheets and extended 
computation time; 47 € annually; Pro Premium: Complete access to 

all features and priority customer support; 79 € annually. 

 

An another opportunity is Wolfram|Alpha Notebook Edition 

(https://www.wolfram.com/wolfram-alpha-notebook-edition/), 

which combines the best of both Wolfram|Alpha and Wolfram 
Mathematica into a single, unified tool perfect for teaching and 

learning. Free-form input, like in Wolfram|Alpha, can be used to get 
instant answers to questions, create and customize graphs, and turn 

static examples into dynamic models. Inputs and results are saved 
as an interactive Wolfram Notebook. In a Wolfram Notebook the 

user can not only save, but also use previous results, and build up or 

work through a whole computation. Notes can be added and 
notebooks can be used as class or reference materials, or can be 

presented as dynamic slide shows. 

Let us note that the question how does Wolfram|Alpha 
Notebook Edition work depends on the machine the software 

package is running on. The plans available can be seen from [10]. 

 

Wolfram Cloud (https://www.wolfram.com/cloud/) is a 

computational cloud-based platform for symbolic and numeric 
computations, analysis, programming and visualization. It is 
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accessible in a direct way in the web-browser of the user -- no 
installation and configuration required.  

The platform contains the following features: libraries of 

mathematical functions; matrix and data manipulation tools; 2D and 
3D data, function and geo-visualization and animation tools; solvers 

for systems of equations; finite element analysis with 2D and 3D 

adaptive mesh generation; database collection for mathematical, 
scientific, and socio-economic information and access to 

Wolfram|Alpha data and computations; tools for parallel 
programming and many others.  

Wolfram Cloud technology powers a number of products 

including Wolfram Mathematica, Wolfram|Alpha, Wolfram|One, 
Wolfram Programming Lab, Wolfram Enterprise Private Cloud, 

instant Web Apps and others. Paid subscription plans for 
Wolfram|One, Mathematica Online, Wolfram|Alpha Notebook 

Edition and Wolfram Programming Lab are offered. It is also 

possible to use a Basic Plan subscription, for which only user 
registration is required. 

With any paid subscription plan, all files stored in the Wolfram 

Cloud do not expire, while with a Cloud Basic plan, any file expires 
60 days after its creation. One way to prevent this is to upgrade to a 

paid Wolfram Cloud subscription plan; an another one is to convert 
the files to pdf format and save them to hard drive. It is not a good 

idea to copy notebook-files to the disk; to open the files you need an 

installed desktop version not earlier than Wolfram Mathematica 11.  
Cloud Basic plan includes 200 MB of file storage and when it is is 

exceeded, the user will not be able to upload or create any new files. 

When files expire, they will still be visible in the account, but 
will not be accessible. Expired files will still count towards limits 

on cloud storage, so that they should be deleted from the account. 

Users who upgrade to a paid Wolfram Cloud subscription from 

Cloud Basic will be able to recover any previously expired files, but 
not any deleted files. 

There is a huge variety of different paid Wolfram Cloud 

subscription plans. For scientists conducting high-level research, we 
recommend, for example Wolfram|One Personal (Desktop and loud 

access, Upgrades; 2 GB file storage; 207 € annually) or Standard 
Desktop +Cloud Wolfram Mathematica (Desktop and Cloud 

Mathematica, Upgrades, Standard support, Personal-computer 

license; 15 GB file storage; 720 € annually).  

For students it is best to use a Cloud Basic plan. In this case, 
they can easily switch from Wolfram|Alpha (unregistered user) to 

Wolfram Cloud. 

Example 2. Given X={0, 200, 400, 600, 800, 1000, 1200, 1400, 
1600, 1800} and Y={373, 156.1, 113.6, 93.1, 81.5, 73.7, 67.4, 62.4, 

58.3, 55}, find the least squared best fit for. 

 

Fig 4: Wolfram Cloud Notebook (Basic Plan) 

 

We will work by means of Wolfram Cloud, Basic Plan. We 
open a cloud notebook and our first step is to enter both X and Y and 

to pair  them (see Fig. 4, input 1).  

Plotting the data, we desice to search for logarithmic least 
squares best fit into the form f(x) = a ln(x+0.01)+b. 

The Wolfram implementation can be seen in Fig. 5 below. 

Nonlinear model function is used (Fig. 5, input 5); some indicators 

can be computed (Fig. 5, input 6) as well as the standard deviation 
(input 7). Finally, we can show the plot the logarithmic fit which we 

oblained together with the data (input 8). 

 

Fig 5: Wolfram implementation of least squares best fit 
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