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Abstract: The coagulation equation, proposed by Smoluchowski, has been widely used to describe aggregation phenomena in many fields of 

science since its inception. It considers a physical system of many particles, and each particle is characterized by a change of some non-

negative scalar quantity (e.g. volume). Assuming such a system to be spatially homogeneous and unbounded, considering only pairwise 

interactions and a balance relation of interacting particles, the Smoluchowski equation can be used to describe the evolution of a system of 

many particles. In this study, we construct an exact solution to this integro-differential equation containing an exponentially-decaying source 

term. This solution, in particular, describes the steady-state structural density of endosomes per cell carrying the nanoparticles (particles 

smaller than 100 nm). In addition, we derived an exact analytical solution to the unsteady-state coagulation equation in the Laplace transform 

image space. This solution can be inverted using numerical methods for Laplace transform inversion. For practical use, we derive an analytical 

solution to the non-stationary coagulation equation stitching the steady-state and initial distributions of structural density. Choosing the 

particular form of stitching functions, we demonstrate that the nonstationary solution evolves between the initial and steady-state distribution 

functions. Thus, analytical solutions obtained represent a general theoretical basis to describe the dynamics of cargo distributions in the 

endosomal network. 
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1. Introduction 

An important tool of modern medical technologies is 

nanoparticles (particles that do not exceed 100 nanometers in size). 

Such particles, for example, are intensively used in nanodiagnostics 

[1], radiation therapy for cancer treatment [2], as well as for targeted 

drug delivery to certain organs or cells of the body [3, 4]. In addition, 

nanoparticles are intensively used in gene therapy to develop 

effective treatments for many diseases [5].  

The effectiveness of the use of nanoparticles is determined by the 

mechanisms of transfer of such particles in living cells, where their 

definite distribution is formed [6]. For example, the increase in the 

radiation dose largely depends on the intracellular distribution of 

gold nanoparticles (GNPs) [7, 8]. This suggests that the known 

distribution of GNPs within living cells can be used to control 

radiotherapy to treat diseases [9-13]. Note that GNPs are not 

uniformly distributed within cells and their distribution depends on 

the observation time [14-17]. It is also important that GNPs mainly 

accumulate in endosomes [18]. Initially, clusters of GNPs penetrate 

and accumulate inside the cell in the form of primary endocytic 

vesicles, which transport nanoparticles to early endosomes [18, 19]. 

Then, intracellular transport of early endosomes leads to aggregation 

of GNPs due to coagulation of endosomes. Note that the mechanism 

of cluster formation and evolution is caused by the mechanism of 

endosome fusion rather than the self-aggregation of GNPs. 

In this article, we investigate the process of clustering 

nanoparticles inside endosomes based on the integro-differential 

coagulation equation with a source term. Previously, a similar 

mathematical model was used by Foret et al. [20]. The authors of this 

article deduced asymptotic distribution of endosome intracellular 

density based on the Smoluchowski integro-differential equation [21-

24]. They showed that the asymptotic stationary density decreases 

with increasing cluster size in accordance with a power law with an 

exponential cut-off. In this study, we derive the exact analytical 

solution of the stationary coagulation equation, as well as construct 

an approximate solution of the nonstationary coagulation equation 

based on the stitching of known distributions. 

2. The Model 

An important circumstance is that nanoparticles enter early 

endosomes, and then they pass into late endosomes and lysosomes. 

The mathematical model developed below is based on the 

assumption that the clustering of nanoparticles occurs after the fusion 

of endosomes during their intracellular transport. To describe the 

mechanisms of coagulation and clustering of nanoparticles, we use 

the Smoluchowski integro-differential equation. Let each endosome 

contains 𝑦 nanoparticles, where 𝑦 is a continuous variable. Let us 

introduce the structural density of endosomes per cell 𝑤(𝑦, 𝑡), where 

𝑡 is time. Then the total number of endosomes 𝜇(𝑡) containing 

nanoparticles and nanoparticles inside a cell are determined by the 

integrals  

𝜇(𝑡) = ∫ 𝑤(𝑦, 𝑡)𝑑𝑦
∞

0

, (1) 

𝑊(𝑡) = ∫ 𝑦𝑤(𝑦, 𝑡)𝑑𝑦
∞

0

. (2) 

The structural density 𝑤(𝑦, 𝑡) is defined by the Smoluchowski 

integro-differential equation with a source term 

𝜕𝑤

𝜕𝑡
=

1

2
∫ 𝑍(𝑦 − 𝑦′, 𝑦′)𝑤(𝑦′, 𝑡)𝑤(𝑦 − 𝑦′, 𝑡)𝑑𝑦′

𝑦

0

 

- 𝑤(𝑦, 𝑡) ∫ 𝑍(𝑦, 𝑦′)𝑤(𝑦′, 𝑡)𝑑𝑦′∞

0
+ 𝑅(𝑦) − 𝛾(𝑦)𝑤(𝑦, 𝑡). 

(3) 

Here 𝑅(𝑦) stands for the injection rate of new endosomes containing 

𝑦 nanoparticles, and 𝛾(𝑦) is the rate of exocytosis of endosomes. 

The initial structural density should be considered as known, i.e.  

𝑤(𝑦, 0) = 𝑤0(𝑦). (4) 

For the sake of simplicity, parameters 𝑍 and 𝛾 can be considered 

as constants [20], and a source term is given by [20] 

𝑅(𝑦) =
𝐻

𝑦0
2 exp (−

𝑦

𝑦0
) , 𝐻 = ∫ 𝑦𝑅(𝑦)𝑑𝑦.

∞

0

 (5) 

Here 𝐻 designates the total flux of endosomes. 

Note that the aforementioned model has the asymptotic power-

law stationary distribution [20]  

𝑤𝑠𝑡 ∼ 𝑦−
3
2 , 𝑦 ≫ 𝑦0. (6) 

Below we demonstrate how to find an exact steady-state solution 

valid for arbitrary values of variable 𝑦. To do this, we introduce the 

dimensionless variables as follows 

𝜏 = 𝑍𝑡,   𝜅 =  
𝛾

𝑍
. (7) 

Here we assume that 𝑍 and 𝛾 are constant. 

Now equation (3) can be rewritten in dimensionless form as 
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𝜕𝑤

𝜕𝜏
=

1

2
∫ 𝑤(𝑦′, 𝜏)𝑤(𝑦 − 𝑦′, 𝜏)𝑑𝑦′

𝑦

0

 

- 𝜇(𝜏)𝑤(𝑦, 𝑡) + 𝑄exp (−
𝑦

𝑦0
) − 𝜅𝑤(𝑦, 𝜏),   𝑄 =

𝐻

𝑦0
2𝑍

. 

(8) 

Equation (8) can be solved using the well-known Laplace 

transform  

�̃�(𝑝, 𝜏) = ∫ 𝑤(𝑦, 𝜏)exp(−𝑝𝑦)𝑑𝑦
∞

0

. (9) 

Rewriting equation (8) in the Laplace space, we obtain 

𝑑�̃�

𝑑𝜏
=

�̃�2

2
− [𝜇(𝜏) + 𝜅]�̃� +

𝑄𝑦0

1 + 𝑦0𝑝
. (10) 

The total number of endosomes 𝜇(𝜏) can be found from equation 

(10) at 𝑝 = 0 

𝑑𝜇

𝑑𝜏
= −

𝜇2(𝜏)

2
− 𝜅𝜇(𝜏) + 𝑄𝑦0. (11) 

 

3. Analytical Solutions 

In this section, we consider the steady-state and unsteady-state 

cases of the structural density of endosomes per cell. 

Steady-state scenario. 

The stationary value of total number of endosomes 𝜇𝑠𝑡 can be 

determined from equation (11) and takes the form 

𝜇𝑠𝑡 = √2𝑄𝑦0 + 𝜅2 − 𝜅. (12) 

Now taking 𝑑�̃� 𝑑𝜏⁄ = 0 into account, we get the structural density in 

the Laplace space from equation (10) with allowance for the steady-

state solution (12) 

�̃�𝑠𝑡 = 𝛼 − √𝛼2 −
2𝑄𝑦0

1+𝑦0𝑝
,   𝛼 = √2𝑄𝑦0 + 𝜅2. (13) 

Multiplying and dividing the r.h.s. of equation (13) by the conjugate 

expression 

𝛼 + √𝛼2 −
2𝑄𝑦0

1 + 𝑦0𝑝
,   

we rewrite (13) in the form of 

�̃�𝑠𝑡 =
2𝑄

𝛼[𝑝 + 𝛽′ + √(𝑝 + 𝛽′)(𝑝 + 𝛼′)]
, (14) 

𝛼′ =
1

𝑦0
−

2𝑄

𝛼2 ,   𝛽′ =
1

𝑦0
.  

Inverting expression (14), we arrive at the steady-state structural 

density [25] 

𝑤𝑠𝑡(𝑦) =
𝑄

𝛼
exp (−

𝛼′+𝛽′

2
𝑦) [𝐼1 (

𝛼′−𝛽′

2
𝑦) + 𝐼0 (

𝛼′−𝛽′

2
𝑦)]. (15) 

Here 𝐼0 and 𝐼1 represent the modified Bessel functions. 

An important point is that the asymptotic behaviour of the 

structural density (15) at large 𝑦 coincides with the power-law 

expression found by Foret et al. [20], i.e. 𝑤𝑠𝑡 ∼ 𝑦−3 2⁄ . To derive this 

asymptotic behaviour, we use the following formulas 

𝐼0(−𝜆) = 𝐼0(𝜆),   𝐼1(−𝜆) = −𝐼1(𝜆), (16) 

𝐼0(𝜆) ≃
exp (𝜆)

√2𝜋𝜆
(1 +

1

8𝜆
),   𝐼1(𝜆) ≃

exp (𝜆)

√2𝜋𝜆
(1 −

3

8𝜆
) (17) 

at large 𝜆. 

Now combining (15)-(17), we get 

𝑤𝑠𝑡(𝑦) ≃
𝑄

2𝛼

exp(−𝑚𝑦)

√2𝜋
(

𝑄

𝛼2
)

−3 2⁄

𝑦−3 2⁄ , (18) 

where 

𝑚 =
𝜅2

𝑦0(2𝑄𝑦0 + 𝜅2)
.  

The steady-state and asymptotic structural densities (15) and (18) 

are compared in Fig. 1. As is easily seen, the previously known 

asymptotic distribution (18) [20] differs significantly from the exact 

analytical solution (15). As this takes place, the most significant 

difference occurs when the number of nanoparticles y is small 

enough. 

Unsteady-state scenario. 

Introducing the new function �̃�(𝑝, 𝜏) = �̃�(𝑝, 𝜏) − 𝜇(𝜏) − 𝜅 and 

taking the initial condition �̃�(0) = �̃�0 into account, we arrive at the 

following Riccati equation  

𝑑�̃�

𝑑𝜏
=

�̃�2

2
+

𝑄𝑦0

1 + 𝑦0𝑝
−

[𝜇(𝜏) + 𝜅]2

2
−

𝑑𝜇

𝑑𝜏
 (19) 

supplemented with the initial condition �̃�(0) = �̃�0 − 𝜇(0) − 𝜅. 

Now integrating equation (11), we obtain 𝜇(𝜏) in the case of 

unsteady-state growth scenario 

𝜇(𝜏) =
𝛼 − 𝜅 + (𝛼 + 𝜅)ℎ(𝜏)

1 − ℎ(𝜏)
, (20) 

where 

ℎ(𝜏) =
𝜇(0) + 𝜅 − 𝛼

𝜇(0) + 𝜅 + 𝛼
exp(−𝛼𝜏), 𝜇(0) = ∫ 𝑤0(𝑦)𝑑𝑦.

∞

0

  

Setting 𝜅 = 0 and 𝜇(0) = 0, we come to the following analytical 

expression 

𝜇(𝜏) = √2𝑄𝑦0tanh (√
𝑄𝑦0

2
𝜏), (21) 

where √2𝑄𝑦0 = 𝜇𝑠𝑡 at 𝜅 = 0. 

Combining (11) and (19), we arrive at the following equation for 

the shifted structural density  

𝑑�̃�

𝑑𝜏
=

�̃�2 − 𝜅2

2
−

𝑄𝑦0
2𝑝

1 + 𝑦0𝑝
. (22) 

An exact analytical solution of this equation can be expressed in 

the form of 

�̃�(𝑝, 𝜏) = 𝑠
(�̃�(0) + 𝑠)exp(−𝑠𝜏) + �̃�(0) − 𝑠

(�̃�(0) + 𝑠)exp(−𝑠𝜏) − (�̃�(0) − 𝑠)
, (23) 

where 

𝑠 = √𝜅2 +
2𝑄𝑦0

2𝑝

1 + 𝑦0𝑝
.  

If 𝜅 = 0 and �̃�(0) = 0, expression (23) reads as 

�̃�(𝑝, 𝜏) = μ(τ) − 𝑠0tanh (
𝑠0

2
𝜏), (24) 

where 

𝑠0 = √
2𝑄𝑦0

2𝑝

1 + 𝑦0𝑝
.  

Let us especially emphasize that the inverse Laplace transforms 

of equations (23) and (24) are unknown. These equations can be 

inverted numerically [26]. However, such a problem represents a 

separate research problem. 
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Keeping this in mind, we consider another method for 

constructing the analytical solution for a nonstationary structural 

density 𝑤(𝑦, 𝑡). Note that 𝑤(𝑦, 𝑡) lies between the known initial 

distribution function 𝑤0(𝑦) and the stationary structural density (15), 

to which 𝑤(𝑦, 𝑡) approaches with increasing time. Taking this 

behaviour into account, we apply the stitching method for analytical 

dependences 𝑤0(𝑦) and 𝑤𝑠𝑡(𝑦) [27, 28]. According to this method, 

the structural density can be written as a function of the following 

form [28, 29] 

𝑤(𝑦, 𝜏) =
𝑏0(𝜏)𝑤0(𝑦)

𝑏0(𝜏) + 𝑏𝑠𝑡(𝜏)
+

𝑏𝑠𝑡(𝜏)𝑤𝑠𝑡(𝑦)

𝑏0(𝜏) + 𝑏𝑠𝑡(𝜏)
 

(25) 
=

𝑤0(𝑦)

1 +
𝑏𝑠𝑡(𝜏)

𝑏0(𝜏)⁄
+

𝑤𝑠𝑡(𝑦)

1 +
𝑏0(𝜏)

𝑏𝑠𝑡(𝜏)⁄
, 

where 𝑏0(𝜏) and 𝑏𝑠𝑡(𝜏) represent the stitching functions. These 

functions should behave as follows: 𝑏0(𝜏) → 0 at 𝜏 ≫ 1, and 

𝑏𝑠𝑡(𝜏) → 0 at 𝜏 → 0. An important point is that 𝑏0(𝜏) and 𝑏𝑠𝑡(𝜏) 

should be selected from the condition that the theory is consistent 

with experimental data. 

 

Fig. 1 The steady-state structural density wst (solid line) and its asymptotic 

value (dashed line) plotted accordingly to expressions (15) and (18), 

respectively. Physical parameters are: Z = 10-4 s-1,  = 0.0015 s-1, x0 = 2, H 

= 0.5 s-1. 

 

 

Fig. 2 The relaxation dynamics of w(y,) between the initial w0(y) = wst(y) 

and steady-state wst(y) distributions ( = ). Physical parameters 

correspond to Fig. 1. 

 

In Fig. 2, we illustrate the evolutionary behaviour of our unsteady-

state analytical solution (25) for 𝑏0(𝜏) = 1 𝜏⁄  and 𝑏𝑠𝑡(𝜏) = 𝜏. In this 

case, expression (25) takes the form 

𝑤(𝑦, 𝜏) =
𝑤0(𝑦)

1 + 𝜏2 +
𝜏2𝑤𝑠𝑡(𝑦)

1 + 𝜏2 . (26) 

It is significant that the structural density 𝑤(𝑦, 𝜏) at small times 

coincides with the initial distribution function 𝑤0(𝑦). At large times, 

the structural density 𝑤(𝑦, 𝜏) asymptotically tends to its stationary 

solution 𝑤𝑠𝑡(𝑦). In all other cases (at 0 < 𝜏 < ∞), this function is 

between the initial and stationary distributions. For a more accurate 

description of nanoparticle dynamics in cells, it is necessary to 

compare the analytical theory under consideration with experiments 

on nanoparticle transport in living cells (e.g., with [29]). Such a 

comparison is the subject of future research. 

4. Conclusion 

In summary, we consider the theory of nanoparticle clustering in 

living cells using the integro-differential coagulation equation with a 

source term. In this paper, we have constructed an exact analytical 

solution of the steady-state model when the source term is 

exponentially damped. In the case of unsteady-state clustering, the 

model equations are solved in the Laplace transform image space. 

For practical purposes, the analytical solution of the nonstationary 

model is constructed using the initial and stationary structural 

densities stitching. This stitched solution evolves between the initial 

and final (steady-state) distributions. 
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