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Abstract: Interpolation is one of widely used methods reconstructing the shape of a freeform surface from data points obtained by 

measurement. The geometrical accuracy of the resulting reconstructed surface is expressed as a range of normal deviations of the surface 

from the original shape and depends mainly on the density of the input data points. In the paper, a method to determine the g eometrical 
accuracy of the interpolation surface fitted through a set of definition points arranged in a structured quadrilateral mesh with a given 

density is described. Practical application of this method is demonstrated on the processing of experimental data mathematically generated 
from a known CAD model of suitably chosen freeform surface.   
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1. Introduction 

For a shape reconstruction of a freeform surface with no CAD 

(Computer Aided Design) model available, a digitization, 
i.e. transformation of a point data obtained by measurement of the 

original shape into a computer-readable representation is a key 
operation. There are two different approaches to digitize an 

unknown surface – triangulation (linear reconstruction) [1, 2] and 

freeform surface fitting [3, 4]. Triangulation is widely used when 
processing unstructured input data in a form of point clouds, usually 

generated by optical scanning [5] of real objects. In case that the 
input data are ordered into a structured quadrilateral mesh, the 

freeform surface fitting approach is more suitable. Such input data 
can be generated by tactile point to point measurement on CMM 

(Coordinate Measuring Machine), for example. 

When using freeform surface fitting approach, it is always 

necessary to find a compromise between smoothness and continuity 
of the fitted surface and its shape deviation from the original object 

[3, 6]. This shape deviation strongly depends on the density of 
the input points. In this paper, we focus on the determination of 

geometrical accuracy of CAD model of a freeform surface 
assuming the CAD model in form of interpolation B-spline surface 

[7] passing through a set of structured definition points. In the 

following, this model is referred to as the interpolation CAD model. 
The geometrical accuracy of CAD model corresponds to the 

application in which the model is used. For example, if the 
interpolation CAD model is intended as a representation of 

reference CAD model in precision tactile CAD-based freeform 
metrology, the shape conformity of the interpolation CAD model 

with the measured surface has to be comparable to or less than 
measurement uncertainty of CMM [8, 9]. Measurement uncertainty 

is related to the MPE (Maximum Permissible Error) defined as the 

extreme value of an error permitted by specifications between the 
indication of a measuring instrument and the corresponding true 

value [10]. MPE is proportional to the measured length and its 
constant value ranges from tenths of micrometers for the most 

precise tactile CMM to tens of micrometers for portable CMM and 
optical scanners.  

This paper is organized as follows. Section 2 briefly reminds 

basic knowledges about commonly used interpolation methods, 

Section 3 describes the process to derive geometrical accuracy of 
interpolation B-spline surface for given density of definition points. 

In section 4, the proposed method is demonstrated and verified on 
experimental data processing. Section 5 summarizes the achieved 

results and gives directions for the future research work. 

   2. Interpolation B-spline Surfaces 

To get a freeform surface CAD model passing through  𝑚 +

1  × (𝑛 + 1) points arranged in a structured bidirectional mesh, 

using the interpolation B-spline surface is the simplest solution. 

Given points are considered as definition points 𝐐𝑖,𝑗  (𝑖 =  0,… ,𝑚,  

j =  0,… ,𝑛) of this interpolation B-spline surface and the degrees 

of B-spline basis functions [7] are set equal to 3, which is sufficient 

to maintain smoothness and 𝐶2 continuity of the resulting CAD 
model. Due to the different approaches for creating such 

interpolation surface, there are two main types of results – global 

and local bicubic interpolation B-spline surfaces [7]. However, both 
bicubic interpolation B-spline surfaces can be also defined as 

bicubic approximation B-spline surfaces by set of control points 
that are different from the original definition points. In case of 

global interpolation, the number of control points is (𝑚 +  1) ×

 (𝑛 +  1) and this surface is composed from  𝑚−  2 ×   𝑛 − 2  
individual patches that are connected in order to fulfill 𝐶2 
continuity condition. Considering the local interpolation, the 

number of control points is increased to  𝑚+  3 ×  𝑛 + 3  and 

such interpolation bicubic surface is composed from 𝑚× 𝑛 

individual patches connected with 𝐶2 continuity. Both cases of 
interpolation B-spline surfaces with its control point meshes and 
displayed segmentations are depicted in Fig. 1. 

 

 

Fig. 1 Global interpolation B-spline surface (on the left, red), local 

interpolation B-spline surface (on the right, green), interpolated points 
(blue). 

One of the features of local interpolation (see Fig. 1, on the 

right) is that the corner points of any individual patch are the 
original definition points. This property can be used to derive a 

dependence of geometrical accuracy of surface on density of 
definition points as is described in the following section.    

3. Geometrical Accuracy of Open Bicubic Uniform 

B-spline Surface  

Suppose single individual patch of local interpolation bicubic 
B-spline surface with 4 original definition points at its corners. This 

patch can be considered Bézier bicubic patch [7] determined by  

4 × 4 control points 𝐕𝑖,𝑗 ,  𝑖 = 0,… ,3, 𝑗 = 0,… ,3  arranged into 

quadrilateral mesh to set 4 original definition points as corners 

𝐕0,0 ,𝐕3,0 ,𝐕0,3 ,𝐕3,3 of this mesh to interpolate them. Thus, every 

individual patch can be considered an open approximation bicubic 

uniform B-spline surface with special B-spline third degree basis 
functions 

𝐶0 𝑡 =
1

6
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𝐶3 𝑡 =
1

6
𝑡3. 

This single-segment open bicubic uniform B-spline surface 

𝑻 𝑢, 𝑣  is defined by 4× 4 control points 𝐏𝑖,𝑗 ,  𝑖 =  0,… ,3, 𝑗 =

 0,… ,3  and 

(1)           𝑻 𝑢, 𝑣 =   𝐶𝑖 𝑢 𝐶𝑗  𝑣 𝐏𝑖,𝑗 , 𝑢, 𝑣  𝜖  0,1 2 .

3

𝑗=0

3

𝑖=0

 

Example of such a surface is shown in Fig. 2. Due to the 

relationship between Bézier and B-spline approximation surfaces, 

the control points 𝐕0,0 ,𝐕3,0 ,𝐕0,3 ,𝐕3,3 of the Bézier bicubic patch are 

corners of this B-spline surface 𝑻 𝑢, 𝑣 , where 𝐕0,0 =  𝑻 0,0 , 

𝐕3,0 =  𝑻 1,0 , 𝐕0,3 =  𝑻 0,1  and 𝐕3,3 = 𝑻 1,1 . 

 

Fig. 2 Single-segment open bicubic uniform B-spline surface (red) and 
its control point mesh (black). 

Geometrical accuracy of any CAD model of a surface is given 
by the range of normal deviations between the CAD model and the 

original surface and depends on the curvature of the original 
surface. The more curved the processed surface, the closer the data 

points must be for the shape reconstruction to be successful. 

Consequently, the worst conditions are in a neighbourhood of a 
point with minimum radius r of the curvature. Thus, the main idea 

is to estimate the geometrical accuracy of the interpolation CAD 
model using maximum normal deviation between a sphere κ𝑟  with a 

radius r (minimum radius of curvature) and such a surface 𝑻 𝑢,𝑣  
given by (1), the corners of which lie on the sphere κ𝑟. For 

simplicity, suppose the corners are vertices of a square, due to the 

same distance d of each two neighbouring corners. The distance d 
represents the maximum Euclidean distance of interpolation CAD 

model definition points and determines the density of input data 
points. As result, the estimation of geometrical accuracy g of the 

interpolation surface in dependence on the minimum radius of the 

curvature r of the original surface and the maximum Euclidean 
distance d of the two neighbouring interpolated points is expected. 

The unknown control points 𝐑𝑖,𝑗  of the surface 𝑻 𝑢, 𝑣  are located 

on the sphere κ𝜚  with the same center as the sphere κ𝑟 and 

an unknown radius 𝜚, see Fig. 3. 

 

Fig. 3 Surface 𝑻 𝑢,𝑣  (red) with corners on sphere κ𝑟  (blue) and 

control points 𝐑 𝑖,𝑗  (black) on sphere κ𝜚  (green). 

Without loss of generality, consider centers of both spheres κ𝑟 

and κ𝜚  at origin 𝐎 =   0,0,0  of the coordinate system. Using 

transformation into spherical coordinates 

𝑥 = 𝜚 𝑐𝑜𝑠𝜑 𝑐𝑜𝑠𝜗, 
𝑦 = 𝜚 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠 𝜗, 
𝑧 = 𝜚 𝑠𝑖𝑛 𝜗,           

where 𝜑 ∈  0,2𝜋 ,𝜗 ∈  −π/2,π/2 , all the control points 𝐑𝑖,𝑗  can 

be represented by unique triplets  𝜚,𝜑𝑖,𝑗 ,𝜗𝑖 ,𝑗  , where angles 𝜑𝑖,𝑗  

and 𝜗𝑖,𝑗  are arranged into matrices  

𝛷 =  

−3α −α α 3α
−3α −α α 3α
−3α −α α 3α
−3α −α α 3α

  

and 

𝛩 =  

3β 3β 3β 3β
β β β β
−β −β −β −β
−3β −3β −3β −3β

  

to ensure regular placement of 𝐑𝑖,𝑗  on the sphere κ𝜚 . Angles α,β are 

unknown constants. 

After substituting the control points 𝐑𝑖,𝑗  in (1), the radius r is 

equal to the magnitude of a radius vector  𝑥𝟎,𝑦𝟎, 𝑧𝟎  of corner 

𝑻 0,0 , 

(2)                       𝑟 =  𝑥𝟎
2 + 𝑦𝟎

2 + 𝑧𝟎
2 . 

Next, equation (2) is solved to express the radius 𝜚 of the sphere κ𝜚  

in dependence on the radius r 

(3)   𝜚 =
9𝑟

 3−2𝑠𝑖𝑛2𝛽  9−4𝑠𝑖𝑛2𝛽 𝑠𝑖𝑛 4𝛼+4 𝑠𝑖𝑛 4𝛼+12 𝑠𝑖𝑛 2 𝛽 𝑠𝑖𝑛 2 𝛼−12 𝑠𝑖𝑛 2𝛼
. 

Thus, let the corners of the surface 𝑻 𝑢, 𝑣  lie at the vertices of 

a square with prescribed length d of its side. From this condition, 
the relation between angles 𝛼 and 𝛽 can be expressed by 

(4)                      𝛽 = 𝑡𝑎𝑛−1 
𝑠𝑖𝑛α  3− 2𝑠𝑖𝑛2 α 

3
 . 

The geometrical accuracy g of the surface 𝑻 𝑢,𝑣  (due to 

the sphere κ𝑟) is given by a maximum normal deviation of the 

surface 𝑻 𝑢,𝑣  from the sphere κ𝑟 that occurs at point 𝐖 =

𝑻 
1

2
,

1

2
 , see Fig. 4.  

Thus 

(5)                                    𝑔 = 𝑟 −𝑤, 
 

where w is a magnitude of a radius vector  𝑥𝐖 ,𝑦𝐖,𝑧𝐖  of point W, 

𝑤 =  𝑥𝐖
2 + 𝑦𝐖

2 + 𝑧𝐖
2 . 

 

 

Fig. 4 The maximum deviation of surfaces 𝑻 𝑢,𝑣  (red) and sphere κ𝑟  

(blue). 
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Substituting (4) and (3) in (1), for prescribed distance d and 
the minimum radius of the curvature r, the values of angles 𝛼 and 𝛽 

are obtained from formula for length of a square side 

𝑑 = 2𝑧𝟎 

and these numerically obtained values are applied in (5) to compute 
the geometrical accuracy g.  

4. Experimental Data Processing  

This section demonstrates the development of an interpolation 

CAD models of three experimental input data sets varying in 
the density of these points. The data points have been generated on 

a test freeform surface with known CAD model in the form of 

clamped uniform bicubic B-spline surface, given by a mesh of  
25× 13 control points (see Fig. 5).  

The dimensions of the test freeform surface are approximately 
120 mm×107 mm×54 mm. The shape of the test freeform surface 

is considerably curved, see Fig. 6, where the Gaussian curvature 

[11] of the surface is visualized by means of a colour map obtained 
by surface analysis tools in Rhinoceros (3D modelling system based 

on NURBS representation). 

 

Fig. 5 Test freeform surface 

The minimum radius of curvature of the test surface 𝑟 =

 3.00327 mm has been obtained in Rhinoceros diagnostics, too. 

 

Fig. 6 Colour map of Gaussian curvature on the test freeform surface. 

On the test freeform CAD model, the data points sets have been 
generated by an uniform division of two suitable selected 

isoparametric curves (isocurves) of the surface – specifically, both 
curves have been divided into 48, 96 and 192 equally long 

segments. For each division, data points have been created as 
intersections of all isocurves passing through the points of the 

division of the selected isocurves (see Fig. 7).  

 

Fig. 7 Selected isocurves and generated data points (division 48). 

All densities are shown in Fig. 8. In the following, the division of 
isocurves into 48, 96 or 192 segments, is reffered as division 48, 96 

or 192 in the given order. 

 

Fig. 8 Density of sets of definition points for division 48 (blue), 96 
(green) and 192 (red). 

For each density of data points given by the division 48, 96 and 
192 of the selected isocurves, the maximum distance d of two 

neighbouring points is obtained, and then predicted geometrical 
accuracy g is computed by (5). Table 1 lists all these values.  

Table 1: Maximum distance d of two neighbouring definition points and 

computed geometrical accuracy g of local interpolation B-spline surface. 

Division [-] 
Number of 
points [-] 

Maximum 
distance d 

[mm]  

Geometrical 
accuracy g 

[mm] 

48 2401 3.876576 0.750618 

96 9409 1.940410 0.026729 

192 37249 0.972252 0.001577 

 

Consequently, local interpolation B-spline CAD model based 
on an interpolation spline cubic curve with zero second derivatives 

at the endpoints is used here. In the term of approximation B-spline 

surface, this local interpolation CAD model is determined from 
control points computed in software Maple and is referred to as 

IntSrfL. The global interpolation B-spline CAD model (referred to 
as IntSrfG) is modelled in Rhinoceros using the command “Surface 

from point grid”. Both types of these interpolation surfaces are 
modelled for each given density.  

In software Rhinoceros, using the same procedure to obtain a 

set of definition points, the set of verification points has been 

generated. The verification points are located approximately in the 
middle between the definition points, because this is where the 

interpolation B-spline surface has the largest deviation from its 
definition mesh [7]. To use one verification set for all three 

densities, the points of this set have been generated in the middle 
between the definition points from division 192. This verification 

set contains 36864 points. 

The deviations (normal distances) of the verification point set 

from all interpolation CAD models have been obtained from 
Rhinoceros. An example of visual representation of the verification 

points deviations for the density given by the division 48 is shown 

in Fig. 9. Statistical evaluation for all considered densities is 

summarized in Table 2 (for IntSrfL models) and in Table 3 (for 
IntSrfG models).  
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Fig. 9 Visual representation of verification points deviation from 
the interpolation CAD model IntSrfL (division 48). 

It is clear that all interpolation models meet their predicted 

geometrical accuracy g, because the maximum distance between 
the verification points and the interpolation surface is lower than 

the accuracy g calculated by (5) (for each given density). 
 

Table 2: Statistical evaluation of verification points deviations from IntSrfL 

CAD models. 

Division [-] 48 96 192 

Average distance 
[mm] 

0.001920 0.000215 0.000025 

Standard 
deviation [mm] 

0.003358 0.000521 0.000100 

Maximum 
distance [mm] 

0.044568 0.005598 0.001448 

Geom. accuracy g  

[mm] 
0.750618 0.026729 0.001577 

Table 3: Statistical evaluation of verification points deviations from IntSrfG 

CAD models. 

Division [-] 48 96 192 

Average distance 
[mm] 

0.001219 0.000090 0.000007 

Standard 
deviation [mm] 

0.002058 0.000192 0.000017 

Maximum 
distance [mm] 

0.025128 0.002461 0.000277 

Geom. accuracy g 

[mm] 
0.750618 0.026729 0.001577 

5. Conclusion 

In this paper, a method to predict geometrical accuracy of 
a computer-readable interpolation CAD model of a freeform surface 

with a given density of definition points is described and verified. 

The input data for the method is represented by a quadrilateral mesh 
of the points obtained, for example, by tactile point to point 

coordinate measurement of the original shape (a workpiece with 
freeform superficies). The geometrical accuracy of an interpolation 

CAD model depends not only on the density of the input points but 
also on the curvature of the original surface given by a minimum 

curvature radius. In case of the nominal CAD model of the surface 
being available, the minimum curvature radius can be obtained from 

a curvature analysis of the nominal CAD model in a suitab le 

software. Otherwise, the minimum curvature radius can be 
measured by means of radius gauges or derived from the radius of 

cutting tool. In any case, it is necessary to emphasise that the 
minimum radius of the curvature is an internal (local) property of 

the surface in terms of differential geometry [12]. Therefore, the 
global shape of the surface must be taken into account in order not 

to overestimate the radius r, and consequently, the distance d. 

For three densities of the definition points sets, the results of the 
proposed method were demonstrated and verified by processing 

the experimental data generated on a test freeform surface. Two 
types of interpolation B-spline CAD models were constructed (for 

each of the three data point set) and the estimation of geometrical 
accuracy was verified using a set of the verification points at 

suitable position. Due to the fact, that the range of normal 

deviations of the verification points sets from both types of the 
interpolation CAD models satisfied the geometrical accuracy 

condition, the proposed method was declared successful. 

The derivation of the dependence of the interpolation surface 
geometrical accuracy on the maximum distance between two 

neighbouring definition points and the minimum curvature radius 
leads to a numerical solution not applicable in the technical 

practice. Therefore, this dependence could be performed, for 

instance, like a graph of geometrical accuracy g as a function of a 
maximum distance d (for the given radius r), by approximation of 

an appropriate amount of discrete values g for d from some given 
interval I by least-squares third degree polynomials. In this case, the 

estimation of geometrical accuracy g for any maximum distance d 
from interval I could be deducted from the graph. 

The proposed method is useful, for example, in shape 

reconstruction applications and freeform surfaces inspections. The 

future research will be focused especially on applications in precise 
CAD-based freeform coordinate metrology, where the accuracy of 

the conformity of the measured freeform shape and the reference 
CAD model is essential.  
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