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Abstract: This article explains a mathematically consistent approach for solving the equations of Timoshenko’s beam theory for statically
loaded beams. Theoretic sections 3.4 - 3.5 give a good description of the shear deformation and the primary approach for calculating
deflections of beams under bending, taking into account both causes for deflection: bending moment and shear force. Values for the shear
correction factor are discussed in section 4. This work was started to check the validity of an equation for deflection of a symmetrically
loaded short rectangular beam with span/height ratio = 3 under four-point bending with upper-span/span ratio = 1/3. The exact solution is
not presented here, but we can confirm that the presented theory, when applied for the mentioned loading scheme, leads to this equation
using a shear correction factor k = 5/6.
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D. Zhouravski had investigated how shearing stress is
distributed by the height of the cross-section and derived a formula
Many structural members in working conditions are subjected  for its approximate assessment, see eq. 64 in [3, p. 111-113].
to bending. Usually, the bending is not pure, ie. the structural
t_element endures both bending moment and shearlng_ for(_:e. These the curvature of the beam has been made by Grashof (1878) and
internal forces cause deformation of the beam, ie. its shape W.J.M Rankine (1895), [2, p. 31]
changes. The deviation of the centre of a cross-section from its - PR
original position is called deflection. It is known for slender beams JW. Raleigh investigated vibrations of strings, rods,
that deflection caused by the shearing force is negligible. membranes, plates and shells. The author demonstrates some
properties that an engineer can extract from the application of
generalised forces and generalised coordinates. The idea of
calculating frequencies directly from the energy condition without

1. Introduction

An elementary derivation of the effect of the shearing force on

A practical problem for determining the exact deflection of
short rectangular beams under four-point bending raises the need to

clarify the theory, more precisely, the theoretical base of the : - . :

. - . . 3 solving differential equations was subsequently developed by
following equation, published in standard ASTM C1018-97. Walter Ritz. The Rayleigh-Ritz method is now widely used not only
1 _ 23F 13( 4 2604 (5)2) in the study of oscillations but also in solving problems of the
@ f= 1296E1 115 \I theory of elasticity, theory of structures, not linear mechanics and

Where f is the deflection of the neutral plane, F is the load, | is the other branches of physics, [1, p. 404].

span, E is the estimated elastic modulus, | is the second moment of In the early 20" century, S.P. Timoshenko proposed an
area, h is the specimen height, and v is the Poisson’s ratio. The approach as an adjunct to the Euler-Bernoulli theory in order to take
mentioned standard is related to the test method ASTM C78 that into account the effect of the transverse force on the transverse

requires the span length to be three times the specimen depth (I/h =  vibrations of a cantilever beam [4]. According to it:
3) and upper-span/span = 1/3.
) pper-span/sp @ Z_: Coiy
2. Synopsis of the historical development . M= g%
An approach is known for calculating the deflection caused by ®) T
bending moment with main contributors of Jacob Bernoulli, Daniel ®) 0 = kGAy
Bernoulli and Leonard Euler, [1]. When considering deflection of a
cantilever beam, loaded at the free end by force F, Euler [1, p. 45] Where ¢ is the angle of rotation of the cross-section due to the
reached the differential equation (2): bending moment M, v is the angle induced by the tangential force
y Q, El is the flexural rigidity of the cross-section, A is the cross-
2 Cm:VVW =Fx section area, G is the shearing modulus of elasticity and k is a

) ) ) o constant which depend on the cross-section, [4]. This coefficient is
Where x is the distance from the point of application of the  introduced because the tangential stress is not distributed evenly
force to a cross-section under consideration, C is constant, w is the  along with the height of the cross-section. As it is well known, the

deflection of the centre of the cross-section, w' = Woond w = tang_ential stress is zeroth at the upper and lower edge of the cross-
2w dx section, and it is greatest near the neutral plane. The angle y can be
R eliminated from Egs. (4) and (6):

In the real constructions, small deflections are considered (7 Q = kGA (—(p + d_W)
usually. In this case, the rotation angle is minimal, respectively dx
w'«1, and for engineering purposes, the simplified equation (3) is In his work [4], Timoshenko analyses the system of equations
solved: (5) and (7) in order to determine the effect of tangential force on the
@3 cw' = Fx frequency of transverse vibrations of a rectangular beam.

Later, Saint VVenant carefully considered the hypotheses: 1. the In the textbook [3], Timoshenko presents eq. (6) otherwise:
cross-sections in the deformation remain flat, and 2. the adjacent ®) dy, _ @
longitudinal fibres do not influence each other, being in a state of dx  GA
tensile or compression [1, p. 164]. He shows that the initially plane Where y; is deflection due to shear and respectively y =

cross-sections change their shape due to the tangential stresses gy, /dx. The coefficient ¢ is explained as "a numerical factor with
acting in the cross-section [1, p. 165]. Saint-Venant has formulated  \which the average shearing stress (Q/A) must be multiplied in order
a solution for bending a cylindrical cantilever beam of a constant g obtain the shearing stress at the centroid of the cross-section”, [3,

cross-section by a terminal load [2, p. 316; p. 133]. p. 170]. This definition “has been clearly shown to give
unsatisfactory results” [5], but the main equations (3)-(7) are still
applicable.
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Many articles are aiming more precise definition for the shear
coefficient and its determination. Based on the Jouravski’s formula,
one technique is published in the textbook [6] and is presented
below in this article.

From the comparison of Egs. (6) and (8) it can be seen that

_1_0
9) k=== Ay

It should be noted that the term “shear correction factor” is not
clearly defined. In most articles, [5, 10, 15 etc.], we could see that it
refers to coefficient k and eq. (6), but in other works, [6, 11], it
refers to the factor ¢ and eq. (8). One should use some published
shear coefficient with a clear idea for its proper place in the
equation.

Most of the textbooks explain well how to calculate the
deflection caused by the bending moment - "Euler-Bernoulli
Method". However, the deflection caused by the tangential force is
not commented or is indicated that it is negligible for long (slender)
beams. For example, standard EN ISO 178, [7] requires the use of
long specimens, with a span/height ratio = 16 for usual specimens.
However, for tick fibre-reinforced specimens this ratio should be =
60; for thin specimens — it should be = 8, and for flexible materials
it should be = 32.

When we need to work with short beams, the question about the
magnitude of the tangential deflection cannot be neglected!
Textbooks like [8] and [19] do not explain the Timoshenko beam
theory.

There is a significant interest about vibrations of Timoshenko
beams in several conditions, [10-15] etc. However, the
mathematical apparatus in these publications is too complicated and
it is not suitable for easy understanding and assessment of shear
deflection of statically loaded beams.

Recently, Ke Gong [20], Ghugal et al. [21] suggested new
theories about the deflection of thick beams.

With the purpose of clarifying and gathering on one place these
accomplishments, there is a consistent presentation below of the
static beam deflection theory, including shear correction.

3. Theoretical approach
3.1 Scheme and coordinate system

Consider a horizontal beam, somehow fixed in space and loaded
with forces and distributed loads. We use a coordinate system with
the x-axis to the right, y to us and z — downward (Fig. 1). We
consider a situation in which the loads are directed in the vertical
direction z.

3.2 Load and support reactions

The equilibrium conditions of the beam are considered. From
these equations are find the support reactions, i.e. forces and
moments at the anchorage points, depending on the loads applied to
the beam.

3.3 Internal forces in the beam

The beam is divided into segments, with borders - where there
is a concentrated load or at the ends of the distributed loads. These
segments are examined sequentially. For each segment, a mental cut
is made through the beam at a distance x from the end of the beam.
Fig. 1 illustrate a beam segment under distributed load, mentally cut
at distance x.

By applying the equilibrium conditions, we find the
dependences of the tangential force Q, on x and the bending
moment M, on x. The following dependencies apply in all cases:

d Z
©) o

el 1C9)
(10)

aM,
E - Qz(x)

121

Here, q is the load distributed on the beam. For example, the
load by the weight of the beam.

]

Fig. 1 beam section under distributed load, fixed in point A and mentally cut
atdistance x.

Equation (9) shows that the distributed load (in the z-direction)
causes a tangential force in the beam. Concentrated forces cause the
tangential force to jump in the applied points, so these points should
be the boundaries of the segments considered.

The tangential force causes a bending moment in the beam,
according to Eq. (10).

3.4 Deformation of the beam

The centre line of the beam in question coincides with the x-axis
initially. The deformed state of the beam is described by the
equation of the elastic line w(x), which indicates the deflection, i.e.
displacement of the centres of the cross-sections in the z-direction.

It is known that bending moment causes bending (flexure) of
the beam, which changes its shape. This is expressed by a change in
the slope and position of the cross-sections under consideration in
the plane xz, Eq. (5).

It is known that tangential force causes a tangential
displacement between adjacent cross-sections of the beam,
increasing the rotation of the cross-sections by an angle vy, Eq. (6).

Timoshenko considers the bending as a sum of two
components, Eq. (4). In integral form, the overall deflection also
has two parts: deflection due to bending moment and deflection due
to shear force.

(11) w=wy + wy

Bernoulli-Euler's theory only considers deflection caused by the
bending moment, and the second component is neglected. This is
acceptable for slender beams.

3.4.1 Deflection due to bending moment

The bending moment M,, causes an elastic bending and rotation
of the beam, which, for small deflections, is described by the
equation:

da

(12) El--=M, (x)

Where: da is the angle between two initially collinear cross-
sections, on a distance dx from each other, E — elastic modulus of
the material, | — area moment of the cross-section. The solution of
the differential equation (12) gives the angle of rotation a of the
cross-section under consideration, generated by the bending
moment, depending on the position x of the section.

Deflection of a section under consideration depends on its
slope: dwy/dx = —tg(a). At small angles a=tg(a) and deflection
due to bending moment can be sought according to equation (13):
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D = —q(x)
X

(13) .

After the determination of the internal forces, by integrating
Egs. (12) and (13) one can find the deflection caused by the change
in beam shape due to the bending moment.

(14) wy (%) = — [ a(x)dx
3.4.2 Deflection due to shear force

The tangential force Q, causes a displacement of adjacent cross-
sections in a tangential direction, known as shearing or sliding. It is
known that tangential stress has some distribution t,,(y,z) over
the cross-section — Fig. 2 B). However, if we do not know the exact
distribution, or it is too complicated, we could use a simplified -
rectangular distribution of the stress (or average shear stress):

_e

(15) y

TR
in combination with some correction factor. Here A is the cross-
sectional area. In this case (of rectangular distribution), for the
elastic angular deformation of an elementary volume with thickness
dx, the Hooke’s law is:

dwg

dx

&

(16) y

—-Gy=G

Where G is the shear modulus of elasticity and dw, is the
tangential displacement between the two sides of this volume.
These ideas are visualised in Fig. 2. The angle y presents the
difference between deformed shape by Q (DS Q) and un-deformed
shape by Q (UDS Q). The angle vy here is assumed as negative and
therefore (-y) is positive when @, > 0. This section is in
equilibrium because the shearing force generates a bending
moment, dM,, = Q,dx, but near cross-sections hold it.

A) B)

Tyz . 2)

DS Q

Fig.2 Simplifying the scheme for shearing. A) Angular deformation of cross-
section by transverse shear force. B) Real distribution of the shear stress.

C) An assumption for simplified and corrected — rectangular distribution of
the shear stress.

In his paper [4], S.P. Timoshenko does not discuss a hypothetic
rectangular distribution that should generate the same deflection as
the actual distribution of tangential stresses. However, he
introduced a correction factor k (Shear correction factor,
Timoshenko shear coefficient) in Eq. (6). It takes into account the
fact that used average shear stress (Q,/A) must be corrected so that
it has the same effect as the actual distribution of the stress (as
shown in Fig. 2 C).

In the present work, the shear force is considered as known, and
the shear displacement is sought:

dwg _ Q,(x)

(17) dx kGA

Shearing deflection of a beam with variable cross-section is
found by solving Eq. (18):

122

kGA(x)
When considering beams with constant cross-section and using
eg. (10), the equation (19) holds:

(18) dx

(19 LM, +C

wo(x) = kGA

Therefore, the sag pattern is similar to the bending moment
diagram for beams with a constant cross-section. The integration
constant C is determined according to a known boundary condition.

3.5 Calculation of the shear correction factor

For beams subjected to bending, in the Timoshenko’s equation
(6), the Q/A ratio represents some mean tangential stress of the
section. However, it is known that the actual tangential stress is zero
at the upper end and at the lower ends of the section, and it is
maximal at the neutral line. To express the dependence of the
tangential stresses 7,, on the coordinate (height) z, for a cross-
section of arbitrary shape, one usually uses the approximate formula
proposed by D. Zhuravskii:

_%5®
27 p(2)l,

(20)

Where:

Q, — Shear force for the cross-section under consideration with
coordinate X,

I,, — The second area moment with regard to y-axis.

b(z) — Length of the dense part of the cross-section with
coordinate z. For a rectangular section, b is constant.

Sy(2) = [[°z.dA - Static moment of the dense part of the

b

i

cross-section, bounded by the straight-line b(z) and the outer
contour (zc) of the cross-section.

Fig. 3 Schemes for rectangular cross-section and circular cross-section,
explaining the variables in Zhuravskii’s formula and Eq. (23), [6, p. 295].

If we consider a hypothetic situation in which the tangential
force is evenly distributed in a cross-section with area A and
thickness dx, then the accumulated (specific) potential energy in
this section would be:

o _ &
(1) dx ~ 2GA
When considering the same cross-section, but using a
distribution of the shear stress according to the Zhuravskii’s
formula, then this potential energy is given by Eq. (22), [6, p. 294]:

au, &ZZ
22) dx 264
Formula (23) is obtained for the correction coefficient c.
A S%(2)
(23) c= EIA byz(z) dA

As it was stated above, the static moment is calculated for the
dense part of the cross-section bounded between line b(z) and the
outer contour.
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The correction coefficient ¢, obtained by Eq. (23), could be used
in Eq. (8) and other related equations. If one prefers to use the
original definition of the Timoshenko’s correction factor, Eq. (9)
will help.

3.5.1 Correction coefficient for rectangular cross-section

We consider a rectangular section of width b and height h, [6, p.
295] and apply Eq. (23):

A=Dbh,I b b(z) = const
il y 121 .

S, (2) =b(§—z).(§+z)/2,dA=bdz

_ 144.bk

6
(24) Cy = bZho

—ZZ)Zbdz=5=—

h/2 b? h?
f iy

0 4p2 4

3.5.2 Correction coefficient for circular cross-section

We consider a circular cross-section of radius r, [6, p. 295] and
find the shear correction factor by Eq. (23):

A=mr?l, =nr*/4,z = rsinB,b(z) = 2rcosp,

Sy(2) = §r3cos3ﬂ, dA = b(z)dz = 2r%cos?Bdp

64 51

o162 9

o_ 1

fn/z Lrtcos*B.2r2cos?Bdp =

16
(25) CO=T[—62 0 5

T ko

4. The shear correction factor, according to some
authors

There are other suggestions in the literature for these
coefficients, which have been obtained when considering
hypotheses for a more complex and probably more accurate
distribution of the tangential force in the cross-section.

According to Cowper [16], the shear correction factor for
rectangular cross-section depends on the Poisson’s ratio in
conformance with Eq. (26) and for circular cross-section — by Eq.
7).

— [ 0i=0.3)
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— = =K(ni=0.2)
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(26), (27) kg =
Fig. 4. The shear coefficient for rectangular cross-section depends on the
shape (h/b) and on the Poisson’s ratio.

More precise values for the shear correction factor of
rectangular and circular cross-sections are suggested by Kaneko
[17]:

123

_ 5+5v
T 6+45v

_ 6+12v+6v?
O T 7r12v+402

(28), (29) ka

For circular cross-section Stephen [5] gives Eq. (29). However,
for rectangular cross-section, the chosen distribution of the stress is
more complicated and Stephen obtained a relationship [5] that
depends not only on the Poisson’s ratio but also from the aspect
ratio (h/b , height/width). It is shown in Fig. 4 for two typical
values for Poisson’s ratio and is compared there with the reference
coefficient k = 5/6. According to this relationship, kg = 0.860 for
material with v = 0.20 and square cross-section.

5. Conclusion

This article explains a mathematically consistent approach for
solving the Equations (4), (5), (6) in Timoshenko’s beam theory. It
is based on separate integration of both terms in the right side of eq.
(4). In this integration, the functions for the bending moment and
shear force are used.

Theoretic sections 3.4 - 3.5 give a good description of the shear
deformation and the theory for calculating deflections of beams
under bending, taking into account both causes for deflection:
bending moment and shear force. Fig. 2 visualises the shear-
deflection and shear-correction method in a new way.

This work has been started with an aim to check the validity of
Eq. (1). An exact solution is not presented here, but we can confirm
that the presented here theory leads to this equation for short
rectangular beams with shape as specified in the mentioned
standards and subjected to four-point bending when a shear
correction factor k = 5/6 is accepted.

The Stephen’s approach suggests probably more accurate value
for mortar and concrete: kg = 0.860 for materials with v = 0.20
and square cross-section.
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