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Abstract: The definitions of Hermitian splines with nonlinear expressions in the links are given. Formulas for the parameters of
Hermitian splines with exponential-power links with four parameters are derived. The definition of the balance approximation of functions
by splines is given. The formula for the balance approximation error for Hermitian splines with four parameters are obtained. The error of
approximation of functions by polynomial Hermitian splines is compared with the error of approximation of functions by Hermitian splines
with exponential-power expressions in the links.
Keywords: HERMITIAN SPLINES, BALANCE APPROXIMATION, APPROXIMATION ERROR, APPROXIMATION ERROR
KERNEL

where ai – parameters of links of spline, i  0,3 , i. e. quantity of

1. Introduction

parameters is even m  1  4 .

Approximation of functional dependencies is necessary for
practical calculations in many fields of technology and in research.
Analytically given functions, which are represented by a complex
expression, often need to be replaced by a simpler expression, so
that their properties are preserved. This is required when calculating
functions on a computer.

The aim of the article is to construct Hermitian splines with
exponential-power links with four parameters and to obtain a
formula for estimating the error of approximation for functions by
these splines.

3. Definition of Hermitian splines with nonlinear
expressions in the links

To increase the accuracy of the representation of functional
dependencies, various approximation methods are used: minimax
approximations, least squares method, spline approximation of
different types and so on. A number of problems require
approximation not only of the function itself, but also its
derivatives. Hermite splines are used for this purpose in papers
[1,2,3]. To improve the accuracy of the approximation of functions
in the spline links, you can use not only polynomials, but also
nonlinear expressions
(1)

We give the definition of Hermitian splines with nonlinear
expressions in the parameters (below we shall use the shot form
nonlinear Hermitian splines) with an even number of parameters..
Definition

In works [4,5,6] expressions are got for the parameters of
Hermitean splines with exponential and logarithmic links, by links
as a sum of exponent and polynomial, relation of polynomial to the
linear function. In works [7,8] formulas are shown out for the errors
of approximation of functions by polynomial Hermitean splines. By
analogy to the minimax approximation [9] in the article [4,10] a
theorem that allows to take approximation nonlinear Hermitean
splines with difficult expressions in links (for example
superposition of power function and a polynomial) to polynomial
Hermitean is proved.

(5)

m 1

Hermitian spline with even quantity of parameters
(m  2n  1) .

 

From system (5) we get S ( A; x)  C ,  . An expression
n

F ( Ak ; x) is called the link of Hermitian spline. Approximation
error of function f (x ) by using Hermitian spline S ( A; x) is
characterized weighting distance (function of error)

1, u  0
nodes of interpolation. (u )  
– the characteristic
0, u  0

(6)

 

function of half-interval 0,  . C ,  – the set of functions
continuous
values

of

n

w( x)  0 for x  ,  .

derivatives
the

function

F1 ( A; x)  a0 exp a1 x x a a x , x  0 ,

(3)

F2 ( A; x)  a0 exp a1 x  a2 x 2 x a , x  0 ,

 

From definition 1 follows, that for determination of parameters
for every link of a nonlinear Hermitian spline it is necessary solve
the system of equations (5).

 

(2)

( x)   f ( x)  S ( A, x) w( x) ,

where weighting function of approximation w( x)  C ,  ,

f ( x)  C ,  and its derivatives up to n are given on the set X .
It is needed to build a Hermitian spline with the links of the form

4. Derivation of formulas for the parameters of
Hermitian splines with exponential-power links

3



f (i ) ( xk )  S (i) ( A; xk )  0; i  o, n; k  o, r,

where Ak - parameters k ' s link of spline, is called the nonlinear

Denote by X  x  , :   x0  x1    xr   the set of



S ( A; x)   F ( Ak ; x)  (( x  xk 1 )( xk  x)) ,

which satisfy the system of equations

Let α and β be given real number, such that 0       .

2

f (x) ,

functions

k 1

2. Formulation of the problem

n

that

r

(4)

which
have
f : ,   R

k
f ( x), k  0, n . Assume that

Suppose

F ( A; x)  F (a0 , a1 ,, am ; x)  C n ,  . A function

F ( A; x)  F (a0 , a1,, am ; x) .

n

1.

First, we construct a Hermitian spline with a link, which is
represented by expression (2). Since the approximate expression (2)
does not change the sign, this expression can be used to

3

3
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f1
x1
f

ln 1 .
f1 x1  x0 f 0

approximate functions that do not change the sign. Suppose for
specificity that f ( x)  0 .

 2  x1

According to definition 1 parameters of the link of Hermitian
spline (4) with the link (2) satisfy a system of equations (5). In this
case we have the following system:

We have obtained a system of two linear equations (10) and
(11) with respect to two unknowns parameters a2 і a3 . Solving it
we get expressions for the parameters a2 and a3

 f 0  a0 exp a1 x0 x0a2  a3 x0  0

 f 0  a0 exp a1 x0 x0a2  a3 x0 1 

 a3 x0 1  ln x0   a2  a1 x0   0

,

a a x
 f1  a0 exp a1 x1 x1 2 3 1  0

a2  a3 x1 1

 f1  a0 exp a1 x1 x1

 a3 x1 1  ln x1   a2  a1 x1   0


(7)

(12)

a2 

1 2   21
,
1 2  21

(13)

a3 

1  1a2
.
1

From formulas (8) – (9) and (11) – (12) for the parameters

ai , i  0,3 follow that the necessary condition for the existence
of the Hermitian spline approximation with link (2) is the
fulfillment of the condition x  0 and.

where x0 – left limit and x1 – right limit of the link, x0  x1 ,

fi( j )  f ( j ) ( xi ) , i  0,1 , j  0,1. Let us solve the system (7)

We derive the expressions for the Hermitian spline with the link
(3). According to definition 1, the parameters of the link for the
Hermitian spline (4) with the link (3) satisfy the system of equations
(5). We have the following system:

for unknown parameters ai , i  0,3 .
From the first and third equations of the system (7) we find the
expressions for the parameter a0

 a1 x0 x0a2  a3 x0  ,

a0  f 0 exp 
(8)



a0  f1 exp  a1x1 x1a

2

 a3 x1 

.

(14)

We equate the expressions for a0 and get the expression a1
(9) a1 


1  f1
 ln
 a2  a3 x0 ln x0  a2  a3 x1 ln x1  .

x1  x0  f 0


and a2 are the solution of a system of two linear equations and are
calculated by formulas

x0
ln x0  ln x1  ,
1  1 
x1  x0


x0
x1
ln x0 
ln x1  ,
1  x0 1  ln x0 
x1  x0
x1  x0



f 0
x0
f

ln 1 .
f 0 x1  x0
f0

(15)

a1 

 3 4   4 3
,
3 4  43

(16)

a2 

 3  3a1
.
3

where

Substitute the second expression for a0 and the expression for

3 

a1 into the fourth equation of system (7) and obtain the second
linear equation with respect to unknown parameters a2 and a3

x1  x0
 x0 ,
x
ln 0
x1

3 

x12  x02
 2 x02 ,
x0
ln
x1

f
ln 1

f0
f 0
x 
 3  x0

,  4  x12 1  2 ln 1   x02
f 0 ln x0
x0 

x1

2 a2  2 a3   2 ,

where

2  1 




the unknowns parameters ai , i  0,3 . The process of deriving
formulas for parameters is similar to deriving formulas for
parameters of Hermitian spline with link (2). Therefore, we omit the
detailed conclusion and present the final result. The parameters a1

1a2  1a3  1 ,

(11)




fi( j )  f ( j ) ( xi ) , i  0,1 . Let us solve system (14) with respect to

where

1  x0




where x0 – left limit and x1 – right limit of link, x0  x1 ,

Substitute the first expression for a0 and the expression for a1
into the second equation of system (7) and obtain a linear equation
with respect to unknown parameters a2 and a3
(10)




 f 0  a0 exp a1 x0  a2 x02 x0a3  0

 f 0  a0 exp a1 x0  a2 x02 x0a3 1 

 a3  x0 a1  2a2 x0   0

,

2 a
 f1  a0 exp a1 x1  a2 x1 x1 3  0

2 a3 1
 f1  a0 exp a1 x1  a2 x1 x1 

 a3  x1 a1  2a2 x1   0


x1
ln x0  ln x1  ,
x1  x0


f x
f
x 
4  x1 1  ln 0   x0 ,  4  x1 1 ln 0  ln 1 .
f
x
f
x
0
1
0
1 




x0
x1
2  x1 1  ln x1 
ln x0 
ln x1  ,
x1  x0
x1  x0



Parameters a3 and a0 we calculate by formulas

4

MATHEMATICAL MODELING 1/2022



(17)

(18)

a3 



a1 x1  x0   a2 x12  x02  ln

f1
f0

x
ln 0
x1





A number of numerical experiments are performed. Thus, when



approximating the function tan(x) on the segment 0.1, 

,

a0  f 0 exp  a1 x0  a2 x02 x0a .
3

0.086386. When approximating the function

Hermitian spline approximation with link (3) is the fulfillment of
the condition x  0 and f ( x)  0 .

5. Error of approximation of functions by
Hermitian splines
One of the important characteristics of splines as a means of
approximating functions is the error of approximation. Here is the
definition of balance (with the same maximum error on each link)
approximation of functions by splines.

7. Conclusion
Hermitian splines with exponential-power links of two types
with four parameters are constructed. The formula for estimating
the error of balance approximation of functions by Hermitian
splines is given. Analytical expressions for kernels of errors for
Hermitian splines with exponential-power links are obtained.
Theoretical results are confirmed by practical calculations. Since
the error of approximation of functions by Hermitian splines with
exponential-power links is in some cases smaller than that of a
polynomial Hermitian spline, it is expedient to use them to
approximate functions. The prospect of research in this direction is
the construction of Hermitian splines with more parameters in the
links. Since physical processes are described by various nonlinear
dependences (logarithmic, fractional-rational, in the form of the
sum of a polynomial and exponential or power expressions), to
obtain more accurate models of the described processes it is
advisable to build and study Hermitian splines with other nonlinear
expressions.

Definition 2. The approximation of a function f (x ) by a
Hermitian spline S ( A; x) is called a balance approximation with a
given quantity of links r , if

max
| ( f ( x)  S ( A; x)) / w( x) | , i  1, r ,
x[ zi 1, zi ]

where  i – error of approximation for the link with number i

which define on the segment zi 1, zi  , zi – extreme points of
links, x, zi   [, ] , i  1, r .

It is known [1,4] that the error of the balance approximation of
functions by Hermitian splines with an even number of parameters
is calculated by the formula

1

8. Literature

m1



  f , F 

dx

m1
m1  
2 m  1!r
  w( x)



where r – quantity of links for spline on
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 ,
1  O
 r 

the segment ,  ,

kernel of error of
approximation. To use formula (19), it is necessary to have an
expression for the kernel of error of approximation ( f , F ) , which
would not depend on the parameters

ai , i  0,3 the link

F ( A; x) of the spline. Expressions for kernels can be found using
the properties of kernel of errors that follow from exchange
theorems [4,10]. So for links (2) and (3) the kernel of error has the
form

d 2 ln  x 2 ln f x  

,
 f , F1   f x 
x 2 dx 2
d 3 ln  xln f x  

.
 f , F2   f x 
xdx3
It is known [4], that for Hermitian splines with a link in the
form of a polynomial of the third degree the kernel of error is equal
to ( f , P3 )  f

1
on the segment
1 х

0.1,10  the approximation error of the Hermitian spline with the
link (2) is 0.047731 with the link (3) – 0.103071 and by the
Hermitian spline with the link in the form of a polynomial of the
third degree – 0.746865. From the given examples the advantage in
accuracy of approximation by Hermitian splines with exponentialpower links is obvious. The disadvantage of exponential-degree
Hermitian splines is that they can approximate only functions that
acquire positive values at x  0 .

ai , i  0,3 that the necessary condition for the existence of the

1
m1

, the

error of approximation by the Hermitian spline with the link (2) is
0.053638, , with the link (3) – 0.032912 and by the Hermitian spline
with the link in the form of a polynomial of the third degree –

It follows from formulas (15) - (18) for the parameters

i 

3

4 x .

6. Results and discussion
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Behaviour of SPP waves frequency spectrum for dielectric/metal/dielectric structures
Petro Kostrobij1, Vitalii Polovyi1,* Iryna Ryzha1
Lviv Polytechnic National University Lviv, 12.Stepana Bandery Str. Lviv1
Vitalii.Y.Polovyi@lpnu.ua
Abstract: In this paper, the authors studied the influence of different phenomena and materials properties on the frequency spectrum of the
surface plasmon-polariton (SPP) waves behaviour in “dielectric/metal/dielectric” structures. Among them are spatial dispersion,
quantization of energy levels, electron-electron interaction (Coulomb correlations) thickness of a metal layer. Established that for atomically
thin metal films mentioned effects affect the frequency spectrum significantly. Mentioned that taking into account quantum-sized effects
reveals a specific oscillatory picture of the spectrum that repeats one obtained for chemical potential. Proposed model yields results that
have a quite good agreement with an experimental data.
Keywords: SURFACE PLASMON-POLARITONS, FREQUENCY SPECTRUM, ATOMICALLY THIN METAL FILMS, QUANTUM-SIZED
EFFECTS, COLOUMB CORRELATIONS

2. Prerequisites and means for solving the problem

1. Introduction
The basic application of surface plasmon-polariton waves in socalled plasmon structures (i.e., structures in which propagate SPP)
is the developing on their basis of compact highly sensitive optical
waveguides [1,2], plasmon biosensors [3-5] designed to study the
presence of impurities, the effect of drugs in a real time, etc. which
work is based on the surface plasmons resonance effect [6] and
laser stethoscopy devices [7].
Also, since plasmons are characterized by a high localization
and intensity increase at the nanoscale, the control of the light at the
nanoscale is a promising field. In addition, it should be noted that
another important application of plasmonics is the use as a
conductive material of a planar graphene [8-12], which is
characterized by a high activity of charge carriers [10,13] and,
therefore, leads to less energy losses [11,12,15].
Another promising application of plasmonics that will be of
most interest to us in this paper is the use of metal-dielectric
heterogeneous structures to excite plasmon waves, such as
dielectric/metal, metal/dielectric or dielectric/metal/dielectric [1,1523]. Usage of different materials for metals or dielectrics makes it
possible to obtain plasmon waves with different integral
characteristics, such as frequency or length of propagation.
Given the variety of application, various properties of SPP
waves and existence of necessary tools for research, both
mathematical and experimental, this topic also attracts the attention
of many experimental scientists [22-27].
In this paper we focused our attention on a
dielectric/metal/dielectric structures, when a metal is an atomically
thin film (ATMF) with a thickness up to 100 nm.

A structure we simulated propagation of SPP waves in consists
of two dielectrics with sandwiched ATMP between (Fig. 1). The
coordinate for the structed is chosen so the XOY plane divides
ATMP on two even parts. SPP wave will propagate along X axis.
According to this we have the following mathematical boundaries
for the areas:

Ω1 ,
𝑧 < −𝑙/2,
Ω = Ω2 , −𝑙/2 < 𝑧 < 𝑙/2,
Ω3 ,
𝑧 > 𝑙/2.





Dielectric permittivity of insulators 𝜀1 (𝜔) and 𝜀3 (𝜔) are taken
in the high-frequency approximation, thus, they are functions of the
time variable / frequency. On the contrary, the dielectric
permittivity of a metal depends on both time variable and spatial
coordinates 𝑟 , 𝑡.



𝜀 𝑟 , 𝑟 ′ , 𝑡 − 𝑡 ′ .


Here we assume that external charges (stimuli) ρ in the area of
ATMF are absent, so the Maxwell system of equations are such



𝑑𝑖𝑣𝐷 = 0, 𝑑𝑖𝑣𝐵 = 0,



𝑟𝑜𝑡𝐻 =

𝜕𝐷
𝜕𝑡

, 𝑟𝑜𝑡𝐸 =

𝜕𝐵
𝜕𝑡



.

Here 𝐻 and 𝐸 are vectors of magnetic and electric strength and
𝐷 and 𝐵 are vectors of electric and magnetic flux density.
As we mentioned before in our model, we considered a spatial
dispersion in the area of ATMF. In this case a connection between
𝐷 and 𝐸 vectors are non-local as process we investigate is nonstationary by nature [28]



𝐷 𝑟 , 𝑡 = 𝛺 𝑑𝑟 ′ 𝑡 𝑑𝑡 ′ 𝜀 𝑟 , 𝑟 ′ , 𝑡 − 𝑡 ′ 𝐸 𝑟 ′ , 𝑡 ′ .

Also, we considered a transverse magnetic (TM) polarization of
vectors 𝐻 and 𝐸 vectors as for this type of polarization SSPs exists.
Then we have the following form of these vectors:


𝐻 = 0, 𝐻𝑦 , 0 , 𝐸 = 𝐸𝑥 , 0, 𝐸𝑧 





𝐻 = 𝐻 𝑧 𝑒 𝑖𝑘 𝑥 𝑥 𝑒 −𝑖𝜔𝑡 .

After applying a Fourier transform to equations (3) and (4) and
considering (5) we obtain a system of wave equations





Fig. 1.

𝜕 2 𝐻𝑦
𝜕𝑧 2
𝜕 2 𝐻𝑦
𝜕𝑧 2

𝑙



+ 𝑘02 𝜀1 𝜔 − 𝑘𝑥 𝐻𝑦 = 0, 𝑧 < − ,
2

𝑙

𝑙

2

2

+ 𝑘02 𝜀2 𝑧, 𝜔 − 𝑘𝑥 𝐻𝑦 = 0, − < 𝑧 < ,
𝜕 2 𝐻𝑦

𝑙



+ 𝑘02 𝜀3 𝜔 − 𝑘𝑥 𝐻𝑦 = 0, 𝑧 > 

2
The solution the equations for areas Ω1 and Ω3 is
straightforward and simple. As for the equation in the ATMF Ω2
we have an equation with a non-constant coefficient 𝑘02 𝜀2 𝑧, 𝜔 −
𝑘𝑥 and, therefore, cannot be solved analytically. Thus, we needed to
make some additional assumption about 𝜀2 𝑧, 𝜔 to proceed with a
problem solution.

dielectric/metal/dielectric structure.
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In [31] we showed that the dielectric permittivity function (17) and
a wave function of electron (9) significantly depend on coordinates
only at the dielectric-metal and metal-dielectric interfaces. Means
that (17) significantly varies from constant only at boundaries of the
potential well. So, we can make the following assumption about
(17)

3. Solution of the examined problem
Based on results obtained in [29] for a metal layer, we
considered a model of an electron gas in a symmetric rectangular
potential well of an infinite depth. The dielectric function based on
the diagonal component of the dielectric permittivity tensor has the
following form for this model:



𝜀2 𝜔, 𝑧 = 1 −

𝜔 𝑝2

𝑛 𝑚 𝑎𝑥
𝑖=1

2𝜋𝑛 𝑒 𝜔 2

𝑘𝐹2

−

𝛼𝑖2

𝜑𝑖 𝑧

Here 𝑛𝑒 – electron concentration in a metal, 𝜔𝑝 =

2

.

4𝜋𝑛 𝑒 𝑒 2
𝑚𝑒



∞ 𝑖𝑓 𝑧 ≤ 0, 𝑧 ≥ 𝑙,

0 𝑖𝑓 0 < 𝑧 < 𝑙,
where 𝑙 – width of a potential well. Function

, 𝑘𝐹





2

𝜓𝑛 𝑧 =

𝑆



is a wave function of an electron in metal, 𝑞 = 𝑘𝑥 , 𝑘𝑦 , 𝑟 =
𝑟|| , 𝑧 , 𝜑𝑛 𝑧 – the solution of the Schrödinger equation with a
Dirichlet boundary conditions
ℏ2 𝑑 2 𝜑 𝑛 𝑧
2𝑚

𝑑𝑧2

+ 𝑈 𝑧 𝜑𝑛 𝑧 = 𝑊𝜑𝑛 𝑧 ,

2



𝑙

𝑠𝑖𝑛 𝑎𝑧

𝛼𝑛 =

𝜋𝑛
𝑙

, 𝑛𝑚𝑎𝑥 =

𝑙𝑘 𝐹
𝜋

,

2𝑚𝜇



𝑘𝐹 =
,
ℏ
where [⋅] is a ceiling function and 𝑘𝐹 is a magnitude of the
Fermi wave vector,  is a chemical potential [30].
It is known that for satisfying the conditions of electroneutrality
the width of the potential well due to the presence of an exponential
"tail" of the electron density in dielectrics near the surface of ATMF
(so called quantum spill-out effect) does not coincide with the
boundaries of ATMF and depends on the penetration depth of
electrons into the dielectric [29]. As shown in [30]



𝑙 = 𝑙𝑠𝑙𝑎𝑏 + 2𝑑,



𝑑=

3𝜋
8𝑘 𝐹

+

𝜋2
8𝑘 𝐹2 𝑙

𝑙

3𝜋

2

8𝑘 𝐹

𝑙 𝑘𝐹 = +

+

𝑘𝐹2 − 𝛼𝑛2 𝜑𝑛 𝑧



2 ,

𝑙

+ 𝑘02 𝜀2 𝐿, 𝜔 − 𝑘𝑥 𝐻𝑦 𝑧 = 0.

When the wave equation has such form, the dispersion relation
can be easily found and has the following form [31]
𝑘1 𝑘2
−
𝜀2
𝜀
𝑘
+ 2
𝜀1 𝜀2

𝑘3 𝑘2
−
𝜀3 𝜀2
𝑘3 𝑘2
+
𝜀3 𝜀2

,

(22)

𝑘𝑥2 − 𝑘02 𝜀𝑖 .

(23)

4. Results and discussion
Study of the obtained model were conducted for such structures
“SiO2/Ag/Si”, “Vacuum/Ag/Si”, “Vacuum/Ag/Al2O3” and,
characteristics of the metal are taken from [29] and of the dielectrics
from [32] (Tab. 1). The results of simulation are shown in Fig. 2-5.
Table 1: Properties of dielectrics for considered structures.

1

2

SiO2/Ag/Si

2.4

12

Vacuum/Ag/Si

1

12

Vacuum/Ag/Al2O3

1

9

Structure



.


Fig. 2.
Dependence of plasmon spectrum on metal thickness for
“Vacuum/Ag/Si” structure (with the Coulomb correlation).

is a function of 𝑘𝐹 and a geometric thickness of a ATMF 𝑙𝑠𝑙𝑎𝑏
.Combining together (14) and (15) for 𝑙 we have [30]:



𝑛 𝑚𝑎𝑥
𝑛=1

𝜕𝑧 2

𝑘𝑖 =



𝜀2 𝑧, 𝜔 𝑑𝑧 =
0

𝜕 2 𝐻𝑦 𝑧

10

𝑖𝑓 0 < 𝑧 < 𝑙,

𝑙

1

𝐿



0
𝑖𝑓 𝑧 ≤ 0, 𝑧 ≥ 𝑙.
Quantum numbers 𝛼 and maximum number of bound states
𝑛𝑚𝑎𝑥 are given by relations:
𝜑𝑛 𝑧 =

2𝜋𝑛 𝑒 𝜔 2

𝑒 −4𝑘 1 2 = 𝑘11


lim𝑧→∓∝ 𝜑𝑛 𝑧 = 0.

W – is a full energy.
Equation (10), (11) with the potential (8) yield the expression
for the wave function [29]:


𝜔 𝑝2



𝜑𝑛 𝑧 2 = 0 𝜑𝑛 𝑧 𝑑𝑧.

𝑙
In this case, we limited ourselves to considering the first
equation of the system



𝜑𝑛 𝑧 

𝑒 𝑖 𝑞 ⋅𝑟

=1−

1
𝑙





𝑈 𝑧 =

𝜀2 𝑧, 𝑧 ′ , 𝜔 ≈ 𝜀2 𝑙, 𝜔 ,
𝜀2 𝑙, 𝜔 =

– the Fermi wave vector [30], 𝛼 – quantum numbers, 𝑛𝑚𝑎𝑥 – a
number of bound states (energy levels).
The presence of surfaces is described by potential





16𝑘 𝐹2 𝑙 2 +24𝜋𝑘 𝐹 𝑙+25𝜋 2
8𝑘 𝐹

.



It should be mentioned that in a proposed model we consider
Coulomb correlations but only through their influence on the
chemical potential  and, consequently, the number of
quantization levels 𝑛𝑚𝑎𝑥 in the dielectric function of ATMF and
neglecting their influence on other parts of the system.
Considering all the above we have an expression for a dielectric
function 𝜀2 (𝑧, 𝑧 ′ , 𝜔) in ATMF



𝜀2 (𝑧, 𝑧 ′ , 𝜔) = 𝜀2 (𝑧, 𝜔)𝛿(𝑧 − 𝑧 ′ ) =



𝜔 𝑝2

= 1−

𝜋𝑛 𝑒 𝜔 2

𝑛 𝑚𝑎𝑥
𝑛 =1

𝑘𝐹2 − 𝛼𝑛2 𝜑𝑛 (𝑧)

2

𝛿(𝑧 − 𝑧 ′ )



Fig. 3. Frequency spectrum for “SiO2/Ag/Si”. Without the Coulomb
correlations - red surface, with the Coulomb correlations - blue surface.

7

MATHEMATICAL MODELING 1/2022

6. References
Table 2: Comparation of the model simulation with an experimental data.

𝑘𝑥 (𝑛𝑚−1 )

A (eV)

B (eV)

E (eV)

0.0278

0.696

1.288

0.62

0.0487

0.889

1.789

0.8

1. S.A. Maier, Springer – Verlag, Plasmonics: Fundamentals and
Application (2007)
2. M. Ono, T. Hideaki et al., NTT Technical Review, 16, 7, 14-19
(2018).
3. J.R. Mejía-Salazar, N.O. Oliveira, American Chemical Chemical Reviews, Society, Plasmonic Biosensing, 118 (2018)
4. J. Liu, M. Jalali et al., Analyst - The Royal Society of
Chemistry, 145 2, 364-384 (2020)
5. H. Šípová, S. Zhang, Anal. Chem., 82, 24, 10110–10115
(2010)
6. J. Nico, J. Marcel, E. Fischer, Surface Plasmon Resonance,
627, ISBN: 978-1-60761-669-6 (2010)
7. C. Chen, D. Mohr et al., American Chemical Society - Nano
Letter, 12, 12, 7601-7608 (2018)
8. M. Jablan, H. Buljan, M. Soljačić, Phys. Rev. B 80, 245435
(2009)
9. D. C. Pedrelli, B. S. C. Alexandre, EPL 126 27001 (2019).
10. L. Xiaoguang, Q. Teng, et al., Materials Science and
Engineering: R: Reports, 74, 11, 351-376 (2013)
11. A. Principi, M. Carrega et al, Phys. Rev. B 90, 165408 (2014)
12. L. H. Zeng, C. Zhang et al., Sci Rep 5, 8443 (2015)
13. K.I. Bolotin, K.J. Sikes et al., Solid State Communications,
146, 9–10, 351-355 (2008)
14. S. V. Boriskina, T. A. Cooper et al., Advances in Optics and
Photonics, 9, 4, 775-827 (2017)
15. E. E. Narimanov, Phys. Rev. A 99, 023827 (2019)
16. D. Ziemkiewicz, K. Słowik, and S. Zielińska-Raczyńska, Opt.
Lett. 43, 490-493 (2018)
17. Qi Zhang, Chaohua Tan et al., Chin. Opt. Lett. 13, 082401
(2015)
18. S. Ali Hassani Gangaraj and F. Monticone, Optica 6, 11581165 (2019)
19. T. Tomohiro et al., J. Phys.: Condens. Matter 31 305001
(2019)
20. A. Marini, D. V. Skryabin, and B. Malomed, Opt. Express 19,
6616-6622 (2011)
21. V. G. Achanta, Reviews in Physics, 5, 100041 (2020)
22. M. Abd El-Fattah, Zakaria & Mkhitaryan, Vahagn & Brede, et
al., Plasmonics in Atomically-Thin Crystalline Silver Films (2019)
23. A. R. Echarri, J. D. Cox, F. J. Garcia de Abajo, Quantum
Effects in the Acoustic Plasmons of Atomically-Thin
Heterostructures, [arXiv:1901.07098v3] (2019)
24. L. Zheng, U. Zywietz, A. Evlyukhin, Sensors (Basel) 19
(21):4633 (2019)
25. L. Grave de Peralta, D. Domínguez, Optics Communications,
286, 151-155 (2013)
26. L. Lin, Manipulation of Near Field Propagation and Far Field
Radiation of Surface Plasmon Polariton, Springer Theses (2017)
27. Gao, Xi and Cui, Tie Jun, Nanotechnology Reviews, 4, 3, 239258 (2015)
28. J. D. Jackson, Classical Electrodynamics, John Wiley & Sons
(2007)
29. P. Kostrobij, B. Markovych, Philosophical Magazine Letters,
Effect of Coulomb interaction on chemical potential of metal film
(2018)
30. N. Ashcroft, N. Mermin, Cornell University, Harcourt, Solid
State Physics, (1976)
31. P. Kostrobij, V. Polovyi, MMC, 6, 2, 297-303, Influence of the
Thickness of a Metal Nanofilm on the Spectrum of Surface
Plasmons (2019)
32. V. Pogosov, A. Babich, and P. Vakula, Phys. Solid State 55,
2120 (2013)

Fig. 4. Frequency spectrum for “Vacuum/Ag/Si”. Without the Coulomb
correlations - red surface, with the Coulomb correlations - blue
surface.

5. Conclusions
The results show that even a rather "rough" consideration of the
Coulomb correlations, namely, their influence on the chemical
potential leads to significant changes in the frequency spectrum of
SPPs compared to the classical approach and correct considering of
the condition of electroneutrality for a non-interacting system of
electrons. This is explained by the fact that in the case of an
interacting system, the influence of quantum size effects increases
significantly [29]. The oscillation pattern of the spectrum with an
increase in the film thickness becomes less noticeable Fig.2, which
coincides with the corresponding behavior of a chemical potential
[30], the decay speed of the oscillation peaks also largely depends
on the Wigner-Seitz radius. It is worth noting the dependence of the
spectrum on the dielectrics surrounding ATMF which can be seen
by comparing the data given in Fig.3,4,5.
It is important to note that the inclusion of Coulomb
correlations also leads to a significant improvement in the
agreement with the experimental data Tab.2, and this proves the
need to take these correlations into account when modeling the
processes of propagation of SPPs waves in ATMF.

Fig. 5. Frequency spectrum for “Vacuum/Ag/Al3O2”. Without the
Coulomb correlations - red surface, with the Coulomb correlations blue surface.
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Verified model of plasticization of polymers during injection moulding as a tool optimizing
the design of injection moulding machine components
Iwko J., Wróblewski R.
Faculty of Mechanical Engineering – Wroclaw University of Science and Technology, Poland
jacek.iwko@pwr.edu.pl
Abstract: The article briefly presents the possibilities of the created and verified model of polymer plasticization during injection molding.
Exemplary characteristics generated by the model are presented and examples of applications of the described model for supporting the
design of plasticizing systems of injection molding machines are indicated.
Keywords: INJECTION MOLDING, PLASTICIZATION, MODELING, OPTIMIZATION, INJECTION SCREW

2. The simulation model

1. Introduction
One of the elements enabling the reduction of the production costs
of polymer products is the optimal selection of the design of
processing machines and processing conditions. This statement also
applies to processing methods using screw transport processes.
These methods include, in particular, extrusion and screw injection
moulding, which are definitely leading among all methods of
polymer processing. Both extrusion and injection moulding include
two stages, i.e. plasticizing and shaping of material, which have a
decisive impact on the quality of polymer products and the costs of
their production. The main task of the plasticizing stage is obtaining
a plasticized material with high material and thermal homogeneity,
as well as high efficiency and low energy consumption.

The full model of the plasticization process during injection
molding was developed [1-3]. It allows to predict all the most
important output values of the injection plasticization process, such
as :
1.
2.
3.
4.
5.
6.
7.

Differences in the plasticization process during extrusion and
injection molding are mainly visible in the different geometry of
plasticizing systems, especially screws in injection moulding
machines and extruders. The experience of designers and
technologists was used to optimize the geometry of these systems
for a long time. In recent years, the theoretical approach has gained
more importance. It is related to the creation of mathematical
models of the plasticization process based on the laws of
conservation of mass, momentum and energy, as well as knowledge
of the characteristics of materials. These models link the basic
plasticization characteristics of a given material with the geometry
of the plasticizing system, thus enabling the optimization of design
solutions.

profile of the relative width of the solid material bed
along the length of the barrel,
material pressure profile along the length of the barrel,
material temperature profile along the length of the barrel,
average torque on the screw during its rotation,
mass yield of the plasticization process,
specific energy consumption by the plasticizing system,
screw rotation time and injection cycle time.

The model includes the analysis of the transport of solid material,
starting from the hopper, then the transport of granules in the screw
channel, next the process of melting the material (dynamic and
static melting), and finally the process of transporting the polymer
melt.
Examples of model characteristics for POM injection are presented
below (operating parameters: Tb = 210C, vr = 240rpm, tp = 20s, th
= 4s, pp = 10MPa).

Based on the bibliographic analysis carried out by the authors in the
work on the model, it can be shown that, in principle, there were no
comprehensive models of the polymer plasticization process during
injection molding, including the analysis of the solid material
transport zone, melting and melt transport, which would be widely
experimentally verified, available in the literature. Existing models
usually describe the plasticizing process in a partial way, excluding
some dynamic zones of the injection moulding machine, and they
have not been verified or their verification was fragmentary.
Fig. 1. The relative width of solid bed of POM in screw channel during
injection molding

A few years ago, the authors created the first, full model of the
polymer plasticization process during injection molding, which was
widely experimentally verified on a specially designed test stand.
This paper presents very briefly selected characteristics of the
experimentally verified model of polymers plasticization during
injection molding, then some practical applications of this model
are presented.

Figure 1 shows the relative width of the POM solid bed during
injection molding. We can see (red line) that its channel would be
half filled with solid polymer if the screw continued to rotate
(extrusion process). However, the presence of a static melting phase
in injection molding causes the polymer to melt faster. Hence,
injection screws are shorter than extruder screws.
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Fig. 2. The relative width of solid bed of POM (after dynamic melting) in
screw channel during injection molding at different screw stroke N5
[number of coils]

Figure 2 shows the relative width of the POM solid bed during
injection molding with different screw stroke values for injection
process. It is possible to observe the expected shift of the end of
polymer melting towards the end of the screw as the value of the
stroke NS increases. The generally recommended injection screw
stroke is in the range of 1-3D.

Fig. 5. Other characteristics of POM injection molding at different screw
rotational velocity v [rpm]

Figure 5 shows other characteristics of injection molding of POM as
curves as a function of rotational screw velocity of screw. We can
see significant increase in power demand and torque on the screw
with increased velocity of screw. Yield of plasticization process, as
well as SEC increase slightly. One can see expected reduction of
recovery time and cycle time.
This model has been widely experimentally verified on a specially
made research office, consisting of a Battenfeld 350/70 injection
molding machine with appropriate equipment and software. This
office and the results of experimental tests are described in various
articles [3-6]. The results obtained in the model verification process
resulted in the modification of the model in many segments in order
to increase the accuracy of its indications. After the required
corrections, the model of polymer plasticization during injection is
characterized by a good prediction of the above-mentioned
characteristics of the plasticization process, with average errors
between the model results and the experimental characteristics up to
10% [3].

Fig. 3. The temperature of POM in screw channel during injection molding
at different screw rotational velocity v [rpm]

Figure 3 shows the POM temperature during injection molding at
various values of the screw rotational velocity v. The expected
slight increase in the temperature of the polymer melt above the
barrel temperature Tb = 210C is observed. Increasing the velocity
of the screw causes a slight increase in the temperature of the
molten material at the end of the screw, in this case by about 5C
for each additional 100 rpm.

3. Application of the modelling results in the
optimization of design of injection screws
The results generated by the experimentally verified model of
plasticization of polymers during injection molding provide a lot of
information that can be used in practically many ways. In addition
to purely cognitive and educational knowledge of the course of
characteristics, they can also be used in the design of plasticizing
systems of injection molding machines, in particular injection
screws.
As an example, we will simulate HDPE injection process. The
geometrical parameters of the screw are shown in Fig. 6, the
working parameters of the injection molding machine are shown in
Fig. 7, and the properties of the polymer we can see in Fig. 8. The
melting characteristics (solid bed profile) in the HDPE injection
process with such geometrical, working and material parameters are
presented in Fig. 9. Fig. 10 shows the pressure characteristics, while
Fig. 11 shows other, determined by the model of the HDPE
plasticization process characteristics. It can be seen that the solid
bed is practically completely melted (solid bed profile A = 0, blue
line) at the height of L = 12.5 (L - position along the length of the
screw channel). Note that the total working length of the screw is
22D (total number of turns in all three zones). The maximum
pressure is just over 18 MPa, and the energy consumption per unit
mass of the material in the plasticizing process (SEC) is 189.1 kJ /
kg.

Fig. 4. The pressure of POM in screw channel during injection molding at
different screw rotational velocity v [rpm]

Figure 4 shows the POM pressure during injection at various values
of the rotational speed of the screw v. The observed course of the
pressure curves results from the dynamics of the process and the
properties of the transported material: solid at the beginning, then
melted. In the vicinity of 6-8 turns, the exponential pressure
increase is visible, characteristic of the transport of solid materials.
Then we observe the deceleration of the exponential pressure
increase related to the melting of the polymer. In the further part of
the screw, the pressure changes in the material are linear,
characteristic of melted polymers. The observed pressure maximum
is characteristic for the correct course of the process and in this case
it occurs around the 19th turn.
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Fig. 10. The pressure profile of the HDPE injection process (R=2,2)

Fig. 6. Geometrical parameters that have been entered into the model

Fig. 11. Other characteristics of the HDPE injection process (R=2,2)

Let's see how the SEC of the process will change with a slight
change in the geometry of the screw. We will reduce the
compression ratio of the R screw (R = Hfeed / Hmetering) by increasing
the height of the channel in the metering zone from 1.9mm to
2.8mm. Then the compression ratio R will change from R = 2.2 to R
= 1.5 (Fig. 12). Plasticization, pressure and other characteristics will
change as shown in Figures 13, 14, 15.

Fig. 7. Working parameters that have been entered into the model

Fig. 12. Geometrical parameters that have been entered into the model with
compression ratio R=1,5

Fig. 8. Material parameters that have been entered into the model

Fig. 9. The melting profiles of the HDPE injection process (R=2,2)

Fig. 13. The melting profiles of the HDPE injection process (R=1,5)
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4. Summary
The tool for predicting with good accuracy various output
characteristics of the polymer plasticization process during injection
molding has been developed as a result of work on a mathematical
model of the polymer plasticization process during injection
molding. The knowledge of these characteristics is important not
only from the cognitive and didactic point of view, but also allows
to estimate the parameters of the plasticizing process important
from a practical point of view, such as power consumption by the
plasticizing system or plasticizing efficiency. It is also the tool for
computer-aided analysis and design of injection screws,
consequently enabling lower energy consumption by the
plasticizing system of the injection molding machine or increased
process efficiency.

Fig. 14. The pressure profile of the HDPE injection process (R=1,5)
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able to present the results graphically due to the limitations of the
size of the article. We will gladly send such results (or any others)
by e-mail on request.

6. Iwko J., Steller R .: Experimental verification of a computer
model of the polymer plasticization process during injection
molding. NS. 2, Comparative Research (in polish). Plastics
Processing 2015, 2, 108-116.
7. Iwko J., Wróblewski R., Steller R.: Experimental study on energy
consumption in the plasticizing unit of the injection molding
machine, Polimery, 2018, 63, 362-371.

It can therefore be seen that by controlling certain geometrical
parameters of the screw, such as the height of the screw channel or
the number of turns in individual zones, we can reduce the energy
consumption of the screw by up to several percent. At the same
time, we can observe the other characteristics of the process, taking
care that the mass efficiency of the process does not decrease too
much or that the point of complete melting of the material in the
screw channel does not shift too much towards the end of the screw.
This could cause a reduced material and thermal homogenization of
the molten material, which would have a significant impact on the
mechanical and visual properties of the product.
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Study of binary liquid capillary bridges stretched between two solid flat surfaces
Nikol Borisova1, Plamen V. Petkov2,* and Hristo Iliev3
1 James Bourchier Blvd. Sofia 1164, Bulgaria, nikolrr@uni-sofia.bg1
5 James Bourchier Blvd. Sofia 1164, Bulgaria, pvpetkov@phys.uni-sofia.bg2,*, h_iliev@phys.uni-sofia.bg3

Abstract: Liquid capillary bridges (CBs), created between two flat solid surfaces, parallel to each other, are of significant importance for
number of scientific and industrial applications. In this paper, we present our experimental investigation of the liquid CBs at stretching,
created by two immiscible liquids: cedar oil–water and paraffin-water with common interface. The behaviour of these binary structures was
studied and compared with that of the single liquid CBs. It was found that the binary liquid CBs exist in the same definition domain as the
single liquid CBs. Moreover, the current paper is focused not only on static, but also on non-equilibrium behaviour of CBs. We demonstrate
that the binary liquid CBs can be engineered by the proper combination of polar (water) and non-polar (oil) fluids and these CBs exist
within the theoretically predicted domain. The experimental results of water/cedar oil and water/paraffin binary CBs shows that the paraffin
spreads in water surface and modifies the overall surface tension of the system, while the cedar oil and water retain their surface properties
within the binary structure.
Keywords: BINARY, LIQUID, DEFINITION DOMAIN, STRETCHING, CAPILLARY BRIDGES
scaled by 𝑟𝑚 (the CB waist radius). The parameter C is the
𝑋 sin 𝜃 −1
𝑟
dimensionless capillary pressure: 𝐶 =
≡ ∆𝑃 𝑚 , where  is
𝑋 2 −1
2𝜎
the surface tension [17].

1. Introduction
Behavior of liquid capillary bridges (CBs), created between two
solid surfaces is a topic that attracts the attention of mathematicians
and physicists more than two hundred years. These shapes possess
constant mean surface curvature, a property discovered by the
French astronomer C. Delanay [1]. The ability of liquid water to
create CBs was known and used by the ancient civilizations (as
example on the walls in the tomb of the Egyptian nomarch,
Djehutihotep is depicted a scene of a deliberately CBs creation in
order to be increased the stiffness of the sand during the
transportation of a colossal statue [2]).

Previously, we developed a theoretical approach for analysis of
stretching behavior of a capillary bridge between two flat surfaces.
We derived two important equations, related to the dimensionless
dependence of height and volume from the radius. We introduced
𝑅
the dimensionless contact line radius 𝑋 = , and R, dimensional
𝑟𝑚

contact line radius [17]. In the current paper we analyze
experimentally obtained data in relation of the dimensionless height
to dimensionless coordinate X, which is in the theoretical form as
follows:

Investigation of CBs at stretching is a well-known approach in
their analysis. This approach reveals not only their ability to exist
but also the possible ways for industrial applications such as
soldering [3], tire adhesion to road [4] etc. as well as selfassemblies of particles in liquid films [5].
CBs breakage can be investigated in two directions: The first
one is dedicated to investigation of CBs instabilities, originally
proposed by Rayleigh, [6]. Over the years various authors
contributed to this topic [7-15]. The second direction is based on
their pure static behavior. Stretching the bridge with constant
volume as a set of steady-state states, at different height, where the
height is increased until the breakage took place. In our previous
papers [16-18], we theoretically show that the liquid bridge between
two flat solid surfaces can exists within mathematically defined
boundary, that we call a definition domain. Additionally, we
introduce the curves formed with equal contact angles, isogones
(see below Fig. 3&4).

𝑋

𝐼0 𝑋, 𝐶 =
1

𝑟

𝑟𝑚

and 𝑦 =

𝑧

𝑟𝑚

1 + 𝜉2 𝐶 − 1
𝜉2 − 𝜉2 𝐶 − 1

2

𝑑𝜉

2

3. Materials experimental setup and method
Materials
In the current study, we used distilled water, cedar oil (CAS-No.
8000-27-9, R:38 by VALERUS) for microscopic applications and
liquid paraffin (CHEMAX PHARMA) for pharmaceutical
application, made according to Ph. Eur [0240]. The physical
properties of the liquids are summarized in Tab. 1. The oils possess
density slightly lower than the water density. The viscosity of cedar
oil is more than 10 times higher than the liquid paraffin at 20 C.
Because the refractive indexes of both oils are higher than the
1.
refractive
index of water, then they could be distinguished on the
optical images.

The subject of our investigation is CBs in conditions of lack of
gravity, sketched in Fig. 1. The geometry equation that needs to be
solved, was formulated by Princen, [19] and in dimensionless form
[17] is:

where 𝑥 =

2

However, suitable numerical methods for integration can be
applied if needed and based on this we calculated the isogones
(black and grey curves in Figs. 3&4). These curves are very helpful
in order to investigate the theoretical contact angle relation to the
experimental data. They outline the CBs characteristics at static and
quasi-static stretching conditions. In our previous papers [17, 18],
we performed the experimental verification of this approach which
is a reliable alternative to the traditional solution as mentioned in [5,
19], where incomplete elliptic integrals [20-22] are involved.

2. Theoretical background

2

− 𝐼0 𝑋, 𝐶

The dimensionless parameter 𝐼0 𝑋, 𝐶 cannot be integrated
analytically:

Current paper extends these studies to non-equilibrium behavior
of the CBs during their stretching. Chapter two summarizes the
theoretical background for the current analysis. Chapters three and
four present our experimental procedure as well as the used
materials and the design of the equipment. Chapter four describes
our experimental approach. The obtained results are presented in
“Results and discussion” chapter. Finally, Chapter six summarizes
the results and conclusions, based on them.

𝑑𝑦
𝐶 𝑥2 − 1 + 1
=∓
𝑑𝑥
𝑥2 − 𝐶 𝑥2 − 1 + 1

1 − 2𝐶
− 𝑋2 − 1
2𝐶2
1 − 2𝐶
2𝐶2

ℎ
𝜋
1
=
−
asin
𝑟𝑚 4𝐶 2𝐶

1

are dimensionless cylindrical

coordinates, r is the current radius, z is the axial coordinate, both
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Table 1: Physical properties of the liquids used in the experiments [23, 24,
25].
Paraffin
Cedar oil (CO)
Water
(PO)
Thujopsene (27.6%),
Cedrol (15.8%),
methane
α - Cedrene (27.2%),
series
Contents
β - Cedrene (7.3%),
mixture,
α - Copaene (6.3%)
CnH2n+2
Widrol (1%)
refractive index n 20/D
1.519
1.473
1.333
2000-5000
100-145
1.0
Viscosity, mPa.s (20C)
HLB
16.7
10.5
Surface tension mN/m:

to water
0.5
50.5
31.4
45.1
72.7

to air
Density,g/cm3
0.940-1.000
0,827 - 0,89
1.0

shape of a part of a circle [17]. After several minutes waiting for
equilibration, manually, with constant speed, an increase of the CBs
height take place until a breakage occurs. This, entire process is
recoded by the camera and the obtained video is used for further
analysis.

4. Experimental approach
In our previous papers, we demonstrated that independently
from the type of the bridge (single or binary), if expanded
quasistatic way (as a number of static states) during its height
increase, the break-up is initiated around the boundary of the
definition domain (Fig. 3&4). We found previously that in the static
cases the three phase contact angles at the supporting plates do not
depend significantly on the used liquids. In the stretching at that
case, they do not change [16]
Current experimental study involves stretching of two types of
CBs: First, we create a single-liquid capillary bridge (Fig. 2a) in
order to identify the breakup boundaries, applied on pure liquids.
We continuously increase the height without stopping for
equilibration (unlike the approach for stretching applied in previous
papers [17-18]). We investigate three different liquids: distilled
water, cedar oil and liquid paraffine (oil). The increase of the CBs
height was performed in three different constant speeds for
sensitivity study of the breakage, as a function of the speed. As a
result, boundary cases of pure liquid are outlined.

Experimental setup
The following equipment was acquired and assembled for the
purpose of the investigation: The specially designed cell, consists of
two supporting plates: The lower, Fig. 1(1), is fixed and the upper
one, Fig. 1(2) can be moved in controllable way on z-axis (up and
down) by a micrometric screw (5). On the plates are placed special
type supporting tables, Fig. 1, upper (3) and lower (4), which in the
current investigation hold pre-cleaned glasses 22x22 mm of
thickness: 0.13 – 0.16 mm (cover glass for microscopy by
Deltalab). The glass plates are replaced before each new droplet
deposition for a CB creation. The recording camera is HAYEAR
16MP 1080P 60FPS USB C-mount, 3M censor, 1080P output, with
60 fps recording speed. The optical system allows to be recoded
images in polarized light, which significantly increases the contrast
of recoded images. The entire equipment is installed on four-axis
precise positioning system, which allows us to achieve very high
precision in positioning of the camera toward the analyzed
structures.
Method and the procedure
The concept of binary liquids usage in CBs study is not new,
see Ref. [26]. Unlike the other methods, we control the volumes of
each liquid, as well as their common contact interface by stretching.
The method of study in this investigation is optical recording of the
created CBs during their stretching until a breakage takes place. The
obtained images are recorded with a speed of 60 fps. The selected
frames from the records are analyzed by the help of the software
IMAGEJ, [27].

Fig. 2 Schematics of CBs, stretched between two solid flat surfaces: a)
created from a single liquid drop; b) created from two liquid drops, one of
them water and the other is from oil.

At the second step, we create binary liquid bridges in
combination of polar and nonpolar liquids, as shown in Fig. 2b. The
possibility, to create such a bridge, that the volumes of two droplets
are equal is very low (the contact surface A0, Fig. 2b), therefore we
consider sensitivity studies, of two combinations (Fig. 2b): upper
volume smaller than lower volume (B0 contact surface) and
opposite, where the liquids interface is expected to be the contact
surface B1. Further, two separate cases of upper droplet made from
non-nonpolar liquid while the lower volume is made from the polar
liquid and the opposite, see Tab. 2. This way, we investigated the
change of stretching properties of the modified CBs.

(5)
(2)
Recording
camera

Polarized light
source
(3)
(4)

(1)

We are looking to investigate the behavior of surface modified
liquid. Comparison of the of binary liquid bridge to corresponding
single liquid bridge stretching properties is an essential part of the
study. Finally, we look for reproducibility of the stretching
measurements, to obtain reliable results.

Fig. 1. Sketch of the experimental setup: (1) lower support plate, (2) upper
support plate, (3) and (4), plates (substrates) where are placed the glass
substrates (5) micrometric manual control.

The procedure of a single CB creation is well described in our
previous papers [17-18]. The actual procedure for creation of a
binary CBs involves placement of a pendant droplet on the upper
plate (4) and another, sessile on the lower plate (3), exactly below
the sessile one. One of them is made by the selected oils and the
other by water. In case of single liquid capillary bridge creation,
only one droplet is placed on the bottom plate (3), Fig. 1. Using the
micrometric control, the two droplets approach each other, until a
common oil/water interface is created. In this way, the binary CB is
formed, and its further stretching is subject of our investigation. The
newly created bridge is compressed until the generatrix takes the

5. Results and discussion
The selection of initial sizes of droplets is presented in Tab. 2.
There are considered eight binary cases: four of them are created
with bigger size of the water droplet and the remaining are created
with bigger size of the oil droplet. The column “Behavior” indicates
the water and oil volume difference (Tab. 2). The sign “–“indicates
the bigger oil volume than the volume of the water. In order to
study the sensitivity of this approach, in four of the cases the
pendant droplet is made by water, while in remaining cases, the oil
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droplets are placed pendant. The opposing sessile droplet is made
from water in case of pendant oil droplet and opposite if pendant
droplet is made from water.

The case represented in Fig. 4 shows two boundary cases,
similarly to Fig. 3, marked with circles (water single bridge, the
same cases in Fig. 3) and squires (cedar oil single bridges). The
stretching in these two cases takes place again with three different
speeds: the fastest cases of stretching are marked with green, the
slowest: with blue and the intermediate cases are denoted with
purple. The two guiding lines, help to follow the trends: green solid
for water cases and the blue solid for cedar oil cases. The breakage
of cedar oil CB takes place even closer to the boundary of the
definition domain than the water, despite its lower surface tension.
This indicates that cedar oil single liquid CBs, is in less extend
affected by the speed of increase of the height (in both cases very
similar, see description below Fig. 4), compared to single liquid
water bridge.

Table 2: Characteristics of droplets that are used for the creation of CBs
Upper droplet
Lower droplet
Total
CB
volume
Behavior
Vol.
Vol.
No
Material
Material
mm3
mm3
1
0,014
water
0,017
Cedar
0.031
-0.003
2
0,015
water
0,047
Paraffin
0.062
-0.032
3
0,016
cedar
0,044
water
0.06
0.028
4
0,019
paraffin
0,033
water
0.052
0.014
5
0,051
water
0,022
cedar
0.073
0.029
6
0,037
cedar
0,012
water
0.049
-0.025
7
0,036
paraffin
0,013
water
0.049
-0.023
8
0,049
water
0,032
paraffin
0.081
0.017

From Fig. 4 is seen that the cases (red and yellow triangles)
where the initial pendant droplet is made from water, show
reproducible behavior and the stucrure is so strong that the initiation
of the breakage takes place beynd the point of single water bridge
breakage.

Figs. 3&4 shows the dynamics of the stretching in macroscopic
𝐻
1
coordinates 𝐻 ∗ = as a function of the coordinate , according to
𝑟𝑚

𝑋

the derived in previous paper, [17], Eq. (2).

The other cases of CBs made from cedar oil, pendant droplets
show strong dependence on the difference in volime of two initial
droplets. This conclusion is based on tha fact that the estimated
stretching speed in these two cases is almost identical but the
behavior of two binary bridges is very different. The brown
sequence (No. 3, Tab. 2) with bigger water volume than cedar oil
shows behavior that tends to imitate the behavior of water single
capillary bridge. The other case of initial upper water pendant
droplet but smaller volume than the volume of cedar oil tends to
behave as a single volume cedar oil bridge (sequence No. 6, Tab. 3).

In Fig. 3 is presented investigation of the case of paraffine/oil
binary liquid bridges. The two boundary cases are marked with
circles (water single bridge) and triangles (paraffine single bridges).
The stretching in these two cases takes place with three different
speeds: the fastest stretching is marked in green, the slowest: in blue
and the intermediate cases are denoted in purple. The two guiding
lines, help to follow the trends: “green solid” for water cases and
“blue solid” for paraffin cases. We found out that in the case of
dynamic stretching (without intermediate stopping for
equilibration), the definition domain is not exceeded. However, the
points of spontaneous breakage are different for water and paraffin
cases. Moreover, we found that at different stretching speeds the
breakage takes place at the same points. The binary bridges, made
from pendant paraffin droplets (yellow and red triangles) show
insignificant dependence on the relative size difference of two
initial droplets. The breakage takes place somewhere between
breaking points of water and paraffin single bridges, which is clear
indication of the overall surface tension modification, possibly
because of the oil spreading on the entire CB surface, due to
gravity. The opposite cases of pendant water droplets exhibit
different behavior: stronger dependence on the initial droplets
volume difference as well reduced modification of the surface
tension by the oils. The breakage of CB takes place near to the
boundary of the definition domain.
0.8

dimensuionless height, H*

0.7

Boundary
30.0

Based on the observations of data in Fig. 4, one can conclude
that no spreading of the cedar oil on the water surface takes place.
In this case, the binary structure of the one, described in Fig. 2b is
created, while in the case of paraffin/water binary bridge the water
surface is modified additionally by the paraffin surface spreading
which leads to the behavior of a new structure with different surface
properties than the expectations.
Boundary

Water CB breakage

Water CB breakage

0.6

Cedar oil CB
breakage

15.0

0.5
7.5

0.4

0.57

0.3

Fig. 4 Stretching of binary cedar oil/water bridges, compared with
stretching of single liquid water and cedar oil CBs: for water green, purple
and blue circles correspondingly indicate 65.3, 46.4, 38.9 μm/s stretching
speed (guided by green solid line); for cedar oil green, purple and blue
triangles correspondingly indicate 67,3, 63.6, 50.1 μm/s stretching speed
(guided by blue solid line); binary CBs No. 1 and 5 in Tab. 2, stretching with
51.2 and 94.1 μm/s marked correspondingly with yellow red triangles
(guided with yellow and red dashed curves); binary CBs No. 3 and 6 in Tab.
2, stretching with 57.3 and 54.5 μm/s, marked correspondingly with brown
and purple rhombs, (guided with brown and purple dashed curves).

Paraffin CB
breakage

0.2
0.1
0.0
0.2

0.4

0.6
0.8
dimensionless radius, 1/X

1.0

Fig. 3 Stretching of binary paraffin/water bridges, compared with
stretching of single liquid water and paraffin CBs: for water green, purple
and blue circles correspondingly indicate 65.3, 46.4, 38.9 μm/s stretching
speed (guided by green solid line); for paraffin green, purple and blue
triangles correspondingly indicate 91.9, 70.0, 63.2 μm/s stretching speed
(guided by blue solid line); binary CBs No. 4 and 7 in Tab. 2, stretching with
89.8 and 104.6 μm/s marked correspondingly with yellow red triangles
(guided with yellow and red dashed curves); binary CBs No. 2 and 8 in Tab.
2, stretching with 59.8 and 99.9 μm/s marked correspondingly with brown
and purple rhombs (guided with brown and purple dashed curves).

Figure 5 presents samples of CBs stretchng. The CBs in Fig.
5a&b show increase of binary cedar oil/water CBs heights. If
compare these sequences with single liquids CBs stretching, water
(Fig. 5e) and cedar oil (Fig. 5f) the binary bridges behavior
recembles more the CBs made from pure oils. This is confirmed
with the data, presented in Fig. 4.

15

MATHEMATICAL MODELING 1/2022

From Figs. 5c&d is seen that during CBs stretching, the
syneretic effect of two oils mixing apears more significantly if
compared with the stretching of the CBs made by single liquids,
water (Fig. 5e) and paraffin (Fig. 5f). This indicates that indeed the
structures of CBs were modified, which is a way to engineer their
surface properties.

5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

Fig. 5 Selected pictures from different CBs stretching: a) sequence No. 3 in
Tab. 2; b) sequence No. 5, in Tab. 2; c) sequence No. 8 in Tab. 2; d)
sequence No. 2 in Tab. 2; e) sequence of water single capillary bridge; f)
sequence of cedar oil CB; g) sequence of paraffin.

21.

22.

6. Summary and conclusions
Binary CBs are interesting engineering structures that can find
future application in the industry. The current investigation
indicates that creation of the binary CBs is a complicated process
that can lead to water surface tension modification by the non-polar
liquid and the behavior of the structure is different than the CBs
made by source liquids.

23.
24.
25.

We investigated two binary bridges: water/paraffin and
water/cedar oil. Our results indicated that water/cedar oil CB is
promising structure in terms of Fig. 2b. The results show that
despite we assume the negligible influence of the gravity. It
strongly affects the behavior of CBs. Our binary structures can
overcome the gravity influence, Fig. 5e.

26.
27.

Our further work will be dedicated to development of a suitable
theoretical model for prediction of the binary CBs behavior as well
as an experimental determination of their surface tension.
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Abstract: In this paper, we analyse the relationship between the primary surplus/deficit and debt for the group of eleven Central and Eastern
European EU countries. Temporary spending and temporary output are also added to the regression equation as explanatory variables. We
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specification and diagnostic tests. Our analysis reveals there is a significant positive response of the primary surplus to an increase in debt,
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2. Methodology

1. Introduction
As explained in Kavkler (2021), the literature on the
sustainability of fiscal policy encompasses various approaches,
ranging from models based on the government's intertemporal
budget constraint (Bohn, 1998; Bohn, 2008) or cointegration in
fiscal time series (Bartoletto, Chiarini & Marzano, 2012), to
testing the stationarity of fiscal time series (Simo, 2021).
However, most of these models largely ignore different possible
fiscal regimes.

2.1 Smooth transition regression models
The following description of the smooth transition regression
modelling approach is taken from Kavkler and Böhm (2003) and
Kavkler (2006), where it is summarized from Teräsvirta (1998)
and Teräsvirta (1994).
Many elements of economic theory mention the idea that the
economy behaves differently when the values of certain variables
lie in one region than in another, or, in other words, follow
different regimes. The first attempt to model such phenomena is
represented by discrete switching models, where a finite number
of different regimes is assumed. The central tool of this class of
models is the so-called switching variable, which can be either
observable or unobservable.

Piergallini and Postigliola (Piergallini & Postigliola, 2013;
Piergallini & Postigliola, 2016; Piergallini and Postigliola, 2020)
consider a nonlinear approach using the smooth transition
regression (STR) model, which is a generalization of discrete
switching models with a finite number of different regimes. The
authors examine historical budget data for Italy for the period
from 1861 to 2016 and draw two important conclusions. First, the
nonlinear surplus-debt relationship performs better than the linear
model. Second, the authors identify a threshold level of the debtGDP ratio (around 105 %) above which there is a significant
positive response of the primary surplus to an increase in debt.

Since a smooth transition between regimes is often more
convenient and realistic than just a sudden change, several
scholars have proposed a generalization of discrete switching
models in the following form:

Bohn (2008) studies the sustainability of fiscal policy in the
United States for the period from 1792 to 2003. The author argues
that the most credible evidence in favour of fiscal sustainability is
the robust positive response of primary surplus to changes in debtGDP ratio.

yt  xt   xt  G( , c; st )  u t ,
where

Mendoza and Ostry (2008) explain the “model-based
sustainability approach” (MBS) based on the work of Bohn (1998,
2005). The proposed test examines whether an increase in public
debt leads to an increase in the government‟s primary fiscal
balance. The test is based on the intuition that the fiscal authorities
raise primary surplus as a consequence of increasing public debt.
According to Medoza and Ostry (2008), Bohn proved that if in the
regression of primary surplus on public debt (augmented with the
transitory government spending and the cyclical component of the
real GDP), the regression coefficient of public debt is positive
(and statistically significant), this is sufficient to establish
empirical support for sustainability of fiscal policy.

  (0 ,1 ,

t  1, 2, , T

(1)

,p ) and   (0 ,1 ,, p ) are the

parameter vectors, xt is the vector of explanatory variables
containing the lags of the endogenous variable and the exogenous
variables, i.e.
xt  (1, xt1 , , xtp )  (1, yt 1 , , yt m , zt1 , , ztn ) ,

whereas u t denotes a sequence of independent identically
distributed errors. G denotes a continuous transition function that
is usually bounded between 0 and 1. Because of this property not
only the two extreme states can be explained by the model, but
also a continuum of states that lie between these two extremes.
The parameter γ  0 is an indicator of the speed of the transition
between 0 and 1, while c indicates where the transition occurrs.
The transition variable s t is usually one of the explanatory

This paper is structured as follows. First, we describe the
methodological approach of smooth transition regression (STR)
models and panel STR models. Using the data for the group of 11
Central and Eastern European EU countries, we study the
sustainability of fiscal policy with a panel regression model. The
results obtained are analysed and compared with empirical studies
by other authors.

variables or the time trend.
The most often used functional forms of the transition
function are as follows:
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LSTR2 model: G 2 (γ, c1 , c 2 ; s t ) 

filter, as suggested by Piergallini and Postigliola (2020).

1
1 e

 γ(st  c1 )(s t  c 2 )

Piergallini and Postigliola (2020) describe the rationale for
constructing the last two time series using the Hodrick-Prescott
filter and refer the reader to Bohn (2008) and Mendoza and Ostry
(2008) for a more detailed explanation. Piergallini and Postigliola
(2020) argue that therefore "temporary variations in output and
spending are assumed to be generated by and ex post filtering".
For the empirical analysis in the next section, the software
package EViews was used.

This is a non-monotonic transition function that is particularly
useful in reswitching.


ESTR model: G 3 (γ, c; s t )  1  e  γ(st c)

2

The function is symmetric about c and very similar to the LSTR2
case with c1  c 2 . Therefore it is sometimes difficult to
distinguish between an ESTR and an LSTR2 model.

4. Results and discussion

Comprehensive discussion on how to test the null hypothesis
of a linear model against the alternative of an STR model can be
found in Teräsvirta (1998) and in Luukkonen, Saikkonen and
Teräsvirta (1998a, 1998b). The STR modelling technique is
explained in detail in Teräsvirta (1998). For a detailed description
of misspecification tests, see Eitrheim and Teräsvirta (1996) and
Lin and Teräsvirta (1994).

As the first step, we estimate the linear panel regression model
with surplus as the dependent variable and the constant and the
lagged variables debt, temp_output and temp_spending as the
explanatory variables. The model is specified as the fixed effects
model with cross-section and period fixed effects. White crosssection coefficient covariance method is applied. The estimation
results are given in Table 1.
All explanatory variables are significant at the 5 %
significance level. The coefficient of the lagged debt variable
(0.0149) conveys a significant positive response of the primary
surplus to an increase in debt in the previous time period. Our
results are thus consistent with those of Piergallini and Postigliola
(2016, 2020) for Italy and with Bohn (2008) for the United States,
and confirm the sustainability of fiscal policy in the observed
panel of countries.

2.2 Panel STR models
Gonzales et al. (2005) develop the panel smooth transition
regression (PSTR) models. The authors define the basic PSTR
model with two extreme regimes as

yit  i  t  xit   xit  G( , c; sit )  u it
(2)
for t = 1, 2, …, T and i = 1, 2, …, N, where T and N denote the
time and cross-section dimensions of the panel model,
respectively. yit is the dependent variable, xit is the k-dimensional
vector of time-varying exogenous variables, μi and λi stand for the
fixed individual and time effects and uit denotes the errors. G is
the transition function, as already described in the previous
subsection and sit is the transition variable.
The specification, estimation and evaluation of PSTR models
is described extensively in Gonzales et al. (2005). The authors
also study the small sample properties of the developed LM type
tests and provide size and power simulations.

Table 1: Estimated fixed effects panel regression model
Dependent Variable: surplus
Sample (adjusted): 1997 2020
Periods included: 24
Cross-sections included: 11

3. Data
Our empirical analysis is conducted for the 11 Central and
Eastern European EU countries, namely Bulgaria, the Czech
Republic, Croatia, Estonia, Hungary, Latvia, Lithuania, Poland,
Romania, Slovakia and Slovenia. The fiscal time series needed for
our study are from the Eurostat Economics and Finance Database
(2022). We used annual data for the period from 1997 to 2020,
which is the widest range of data available on the Eurostat website
for all the countries and all the time series needed. Following
Piergallini and Postigliola (2020), the following time series were
used in our analysis:
1.

the surplus or deficit as a percentage of gross domestic
product (GDP), called surplus in our analysis.

2.

the debt as a percentage of gross domestic product,
referred to in our analysis as debt.

3.

the growth rate of real GDP (percentage change from
the previous period). The temporary output variable
(denoted temp_output in our analysis) was obtained by
detrending the real GDP growth rate with the HodrickPrescott filter, as suggested by Piergallini and
Postigliola (2020).

4.

Variable

Coeff.

Std. Err.

t-Stat.

c
debt(t-1)
temp_output(t-1)
temp_spending(t-1)

-3.4637
0.0149
0.0848
-0.1483

0.2797
0.0075
0.0386
0.0477

-12.383
1.9965
2.1965
-3.1110

Root MSE
Mean dependent var
S.D. dependent var

1.8569
-2.8745
2.9256

R-squared
Adjusted R-squared
S.E. of regression

Prob.
0.000
0.047
0.029
0.002
0.5956
0.5312
2.0032

Similarly, Mendoza and Ostry (2008) analyse debt
sustainability for a group of 22 industrialized countries over the
period 1970 – 2005 and for 34 developing countries during the
1990 – 2005 period. The authors estimate a panel regression
model with country-specific fixed effects and show that the
coefficient of the debt variable is positive and statistically
significant. The result holds true for the industrialized as well as
emerging countries. Emerging economies exhibit a stronger
response of the surplus variable. Several specifications are
estimated as a robustness check.

5. Conclusion
In this paper, we analysed the relationship between primary
surplus/deficit and debt for the panel of eleven Central and
Eastern European EU countries. Our analysis revealed there is a
significant positive response of the primary surplus to an increase
in debt, providing empirical support for the sustainability of fiscal
policy, according to the “model-based sustainability approach”
developed by Bohn (1998, 2005). In the next step of our research,

expenditure as a percentage of GDP. The temporary
spending variable (denoted temp_spending in our
analysis) was obtained by detrending the time series of
spending relative to GDP using the Hodrick-Prescott
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the American Statistical Association, Vol. 89, Issue 425, pp. 208 –
218.
21. Teräsvirta, T. (1998). Modelling economic relationships
with smooth transition regression. In: Giles, D., Ullah, A., Ed.,
Handbook of Applied Economic Statistics. New York: Marcel
Dekker, pp. 507-522.

we intend to estimate the nonlinear panel smooth transition
regression model and compare the results with the linear
modelling approach.
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Abstract: Sustainability is a complex issue and framework for companies, with the common goal of meeting economics, environmental
awareness and social justice. The focus should be on achieving medium- and long-term goals, and the environmental and social impacts of
corporate operations should be examined. The Sustainability Balanced Scorecard, which takes into account ESG aspects, is one of the
strategic controlling tools that can be adapted to this framework. The Sustainability Balanced Scorecard also includes a sustainability
dimension to embed environmental, social or ethical considerations, including sustainability objectives and performance indicators. The
paper attempts to identify the most usable, optimized Sustainability Balance Scorecard model for companies that will be part of
sustainability reports in the near future. I have done research on Environmental Management Accounting / Green Controlling, the paper
presents a conceptual model, using an interpretive and synthesizing approach by recombination of work in the field.
Keywords: ENVIRONMENTAL MANAGEMENT ACCOUNTING, ESG, SUSTAINABILITY BALANCED SCORECARD, CONCEPTUAL
MODEL
strategy, includes the logical relationships and steps by which a
company is able to create its own - specific - Sustainability
Balanced Scorecard. This is actually nothing more than a data
model. A well-structured set of data is called a database, from
which useful information can be extracted later.

1. Introduction
Global warming, climate change, sustainability of quality of
life, the production of more durable products (using less packaging)
or pollution are becoming more and more central to our lives,
fortunately. Our world does not exist to serve only one generation.
The desire for development is natural, as development is good by
itself, but even better if it is also sustainable development.

In this model, which is also a database, we see individuals (the
part of reality that can be distinguished from other things that we
want to describe with properties), relationships (relationships
between individuals), and characteristics (a property that
characterizes an individual). To describe our environment, we need
to observe, collect data about its objects, summarize their
properties, and observe the relationships between them. After that
we can get new knowledge and information from the available,
stored data. In compiling this, we obtain the data (Hampel, 2020).

According to a 1997 report by the Brundtland Commission,
―Sustainable development is development that meets the needs of
present generations without compromising the ability of future
generations to meet similar needs‖ (WCED, 1987). This growth
must also take into account the economic, social and environmental
dimensions, and we expect it to be less material and energyintensive. Under pressure from external stakeholders and because of
new regulatory compliance requirements, the management of
responsible companies now incorporates sustainability criteria into
the decision-making processes and operations of the organization.
These companies have recognized the importance of sustainability
accounting and reporting in a number of areas. Aiming to enable
investors to judge the performance of companies, or even
governments, objectively, taking into account sustainability
considerations (Hasna, 2007).

2.2. Sustainability accounting and sustainability
reports
The definition of sustainability accounting is still an unclear,
inhomogeneous, multidirectional and constantly evolving field of
research (Lamberton, 2005). According to Gácsér and Szóka's
research, sustainable accounting consists of two parts. It is primarily
used to measure, analyse and report on the social and environmental
impacts and economic sustainability of companies, and secondly to
a set of principles and guidelines (standards) for the economic
implementation of environmental awareness and social justice. The
company must also report on how it has used social and
environmental resources and what impact this has on society and
the economy. Measuring this is challenging because financial goals
are linked to clear, measurable, short-term metrics, but
sustainability measurements are often uncertain and long-term
(Szóka, Gácsér, 2021). Compared to financial reports, sustainability
reports have a short history, with most reports on environmental and
social activities only existing since the late 1980s. There are no
binding guidelines in the sustainability reports regarding the formal,
content and formal requirements of these reports, and on the other
hand, disclosure is still not mandatory (see on ESMA, 2021). There
are several frameworks and standards, Rogmans and El-Jisr, for
example, classify seven types in their study, each focusing on
different factors and taking into account the needs of other
stakeholders. Standards were placed in a 2x2 matrix according to
focus and audience (Rogmans, El-Jisr, 2022).

The work of management and thus controlling is also changing,
instead of focusing on short-term, mainly financial results,
sustainability aspects must also be integrated into management in
the future. Organization’s commitment to sustainability is well
demonstrated when relevant indicators and expectations are
integrated into the performance measurement and targeting system
at all levels, i.e. traditional indicators are complemented by
sustainability considerations. A well placed Sustainability Balanced
Scorecard can incorporate these considerations into evaluations.
Unlike a traditional Balance Scorecard, it has a different central
idea and includes different types of KPIs and perspectives. In the
following, let us review the theoretical background, the concept and
the possibilities of setting up the Sustainability Balance Scorecard
model.

2. Methodological Framework and Theoretical
Background
2.1. Conceptual model
A conceptual data model is a collection of tools designed to
describe reality. It is important that the model created be able to
answer questions about reality (Watson, 2006). The aim of the study
is to set up a Sustainability Balanced Scorecard conceptual model
that frames the overall structure of a firm’s strategy and
perspectives (indicators). This structure, built on a sustainability

The European Union has contributed to the regulatory
framework for sustainability reporting, with the adoption in 2014 of
a directive requiring a large number of companies to disclose nonfinancial and diversity information. The European Union has
developed a classification system that lists the economic activities
classified as sustainable, the so-called EU taxonomy (DIRECTIVE
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Perhaps the most exciting and labour-intensive concept is to
completely redesign the original hierarchy. In this model, the
financial perspective is replaced by a sustainability perspective, so
we do not subordinate the other goals to achieving the financial
goals. We completely subject all activities to sustainability and
develop (causal) relationships that describe our relationship with
reality from a sustainability perspective. The relationship and
characteristics (properties) of individual factors to sustainability
need to be sought and measured. In order to create a database,
environmentally relevant data must be collected and characterized,
and linked to financial (cost) data. E.g. amount of waste, extent of
damage, cost of disposal. If e.g. we want to start an investment, we
think about the burden on the environment (how to be climateneutral), or if we want to produce a new product, we can solve it
with climate-friendly technology.

2014/95 / EU). Four years later, the European Commission adopted
a proposal for a Corporate Sustainability Reporting Directive,
which amended the current reporting requirements of the NonFinancial Reporting Directive. The proposal applies to all large
companies and all companies listed on a regulated market, provides
for the audit of the information provided and introduces a detailed
reporting obligation. The European Financial Reporting Advisory
Group will develop a mandatory Community Sustainability
Reporting Standard. The first draft standard will be developed at the
end of 2022, in line with EU policies (EUROPEAN
COMMISSION, 2020).
This is the starting point for measuring sustainability, and they
can be used to define, measure and report on sustainability
indicators. The sustainability report is partly a tool (document) for
accountability, often referred to as an environmental disclosure
statement. This reporting represents the first level of ESG, i.e.
Environmental, Social and Governance maturity. Capital markets
and investors will use these ESG ratings as a starting point and
incorporate them into their own valuation models.

4. Conclusion
The conceptual model of the Sustainability Balanced Scorecard
is, of course, a model that every company must adapt to. By
creating and operating the model, we can gain a competitive
advantage and prepare for the application of the soon-to-beimplemented sustainability standards and the preparation of
sustainability reports. In addition, we can reduce the risk of our
business and become more attractive to investors and other
stakeholders. Thus, sustainability will be part of the corporate
strategy. It is a challenge for companies to take a systems-based
approach, to build the proper structure of the strategic map, and not
just to select the indicators we like, because it is working well for
the company right now. Creating an SBSC is a strategic decision,
let us be patient, it takes time to design, refine, and measure longterm performance. Finally, let us not forget that we also have to pay
attention to the financial and economic viability, the main goals of
the for-profit company are still the positive – and growing –
payment of profits and dividends (in addition to sustainable
operations).

2.3. Sustainability Balanced Scorecard
The role and focus of controlling is constantly changing, and
due to its close relationship with the strategy and its future
orientation, it is especially important that controlling now meet the
requirements of sustainability. This means that it is not enough to
optimize a company for a single parameter, all the interests of the
stakeholders must be taken into account. In addition to the purely
financial approach, the concept of a sustainable company has
emerged. The aim of this ecological approach is to collect, analyze
and manage the environmental impacts of economic activities
(Szóka, 2022). The organization’s commitment to sustainability is
well demonstrated if the relevant indicators and expectations are
integrated into the system of performance evaluation and targeting
at all levels, i.e. the traditional KPIs are supplemented with
sustainability aspects and indicators.
Company performance must therefore be measured in terms of
sustainability, one of the tools of which is the Sustainability
Balanced Scorecard (hereinafter SBSC). The SBSC differs from the
traditional Balanced Scorecard in that it includes other types of
KPIs and perspectives, so we integrate the idea of sustainability into
performance evaluation (Szóka, 2022).
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Abstract: The economic benefits have been also addressed, evaluating the energy production and distribution throughout the year and cost
of electricity generation for small PV plants up to 2MW. Renewable energy sources, including solar, wind, hydropower, biofuels and other
renewable sources that may be developed in the future are the main focus of the energy transition ensuring a safe step on the path to an
intensity system. low energy, with minimal impact of greenhouse gases (GHG) and with a minimal cost for end users. Over the last two years
PV systems have attracted a large amount of monetary and investment globally, especially in EU countries. The responsible ministry (MEI)
and its subordinate institutions have drafted and approved the "National Strategy of Energy 2018-2030 ", consisting of 6 possible scenarios
of energy transition towards a sustainable, reliable and diversified energy system. The national strategy seeks to meet its objectives based on
Renewable Energy Sources (RES) and Energy Efficiency (EE). Hence, the economic aspects and identification of the most influenced
parameters is identified and highlighted.
Keywords: PVWP, PVsyst, RES, Irrigation
1.

Introduction

PV power generation is very essential in today’s society
development. As the cost of wind power technologies are falling
lots of wind power systems have been developed and installed
around the globe. Electricity costs from renewables have fallen
sharply over the past decade, driven by improving technologies,
economies of scale, increasingly competitive supply chains and
growing developer experience [1]. Effects of environmental,
economic, social, political and technical factors have led to the
rapid deployment of various sources of renewable energy-based
power generation.
Increased demand for energy, indiscriminate use of fossil fuels/
energy reserves coupled with environmental pollution problems
around the globe, have increased the demand for large-scale
commissioning of energy production capacities based on solar
energy. On the other hand, the installation of photovoltaic systems
is associated with high demand for land area. Consequently, in
order to conserve valuable terrestrial resources, it may be very
promising to install photovoltaic systems on the salty soil found in
the region of Divjaka. This study presents the overall economicfinancial analysis, profitability and limitations of the photovoltaic
plant with a capacity of 2MW built in the village of Tërbuf, part of
Divjaka Municipality. The development of renewable energy
sources as a means of meeting the global energy demand and
simultaneously replacing fossil fuels as one of the key drivers of
climate change has become one of the major societal challenges of
our time.

Figure 1: RETScreen Expert tool overview and conceptualization
[2].

First of all, a comprehensive long term energy system analysis is
aimed at ensuring a good energy-related policy and to enable the
right investment decision. Planning increases the nation’s capacity
to anticipate and respond to changes and opportunities arising in
the sector. Like other instances of public energy policy, it has been
informed mainly by recourse to analytical models. Energy
modelling is key in the energy sector, it happens to be data
intensive which is a challenge for several countries. Hence in this
work RETScreen Expert tool for precise economic simulation for
the case of Terbuf PV plant is chosen.

This model helps us as energy planers in national level to
determine the annual reduction in the emission of greenhouse
gases stemming from using the proposed technology in place of the
base case technology. The model uses a computerized system with
integrated mathematical algorithms and top to bottom approach
which has been developed to overcome the barriers to clean energy
technology implementation at the preliminary feasibility stage. It
provides a cost analysis, GHG emission reduction analysis,
financial summary, sensitivity analysis, provides a low-cost
preliminary assessment of RES projects with a small set of a
detailed information. Methodology 2 as the more suitable to
perform the techno-economic analysis is chosen [2-3].
One of the primary benefits of using the RETScreen software is
that it facilitates the project evaluation process for decisionmakers.The Financial Analysis worksheet, with its financial
parameters input items (e.g. discount rate, debt ratio, etc.), and its
calculated financial viability output items (e.g. IRR, simple
payback, NPV, etc.), allows the project decision-maker to consider
various financial parameters with relative ease.

3.

4.

2.

Energy planning and the role of RES to the road map of
diversification of energy system.

Materials and Methods

Economic Analysis Methods

Economic analysis can be conducting using neither "Absolute
analysis" by checking if the costs are higher or lower than the
beneﬁts? or "Relative analysis" especially for RES projects such
defining the rank of the proposed wind farm in terms of costs and
beneﬁts.

Actually, there are several models available for conducting a set of
analysis including environmental impact and benefits. RETScreen
Expert is a clean-energy awareness, decision-support and capacitybuilding tool [2].
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Cost-beneﬁt analysis: A time period is chosen and the sum of
all costs and beneﬁts in that period is determined. The net
beneﬁt is determined by subtracting total beneﬁts and total
cost in that time period.
Total Benefit=(benefits) (cos ts)





1



(benefits)
(cos ts)

2

Discount cash flown =

Simple payback period (SPB): This is one of the most
common ways of ﬁnding the economic value of a wind energy
project. Payback considers the initial investment costs and the
resulting annual cash ﬂow. The payback time (period) is the
length of time needed before an investment makes enough to
recoup the initial investment.
SPS=

 (investment

cost s)

3

(yearly benefits  yearly cost)



(yearly benefits yearly cost)
*100%
(investment cost)

4

Discount cash flown =

This initial rate of return acts as a minimum threshold indicator for
the investment. If the internal rate of return is below this minimum
threshold there is no need to proceed with the investment.






Levelized cost of energy (LCOE): All the costs are added
during a selected time period which is divided by units of
energy. A net present value (NPV) calculation is performed
and solved in such a way that for the value of the LCOE
chosen, the project’s NPV becomes zero. This means that the
LCOE is the minimum price at which energy must be sold for
an energy project to break even.
LCOE=

 cos ts / no. years

5.

n

n

n

7

 benefits   cos ts
n

n

(1  i)n

 NPV

8

 benefits   cos ts
n

(1  i)n

n

0

9

Data inputs and assumption

Tabele 1: Distribution of costs of PV plant in (€/kW) according to
components of PV plant with capacity 2MW, Terbuf village,
Divjaka municipality.
%
€/kW
€
PV Panels
47
349
698462
Inverter
11
82
163470
Rack installation
13
97
193192
Electrical parts
12
89
178331
Civil & Installation
12
89
178331
74304
Development
5
37

Cash ﬂow analysis: One of the most ﬂexible and powerful
way to analyze an energy investment is the cash-ﬂow analysis.
This technique easily accounts for complicating factors such as
fuel escalation, tax-deductible interest, depreciation, periodic
maintenance costs, and disposal or salvage value of the
equipment at the end of its lifetime. In a cash ﬂow analysis,
rather than using increasingly complex formulas to
characterize these factors, the results are computed
numerically using a spreadsheet. Each row of the resulting
table corresponds to one year of operation, and each column
accounts for a contributing factor. Simple formulas in each cell
of the table enable detailed information to be computed for
each year along with very useful summations. Cash ﬂow is
always positive.

cashflow =benefits  cos ts

n

Internal rate of return (IRR): This is perhaps the most
persuasive measure of the value of a wind energy project. The
IRR allows the energy investment to be directly compared
with the return that might be obtained for any other competing
investment. IRR is the discount rate that makes the NPV of
the energy investment equal to zero. When the IRR is less
than discount rate, it is a good indicator for the project.
IRR  NPV=0 i.e

5

annual yield (kWh)

n

(1  r )n

Net present value (NPV): NPV compares the value of a
dollar today to the value of that same dollar in the future,
taking inﬂation and returns into account. If the NPV of a
prospective project is positive, it should be accepted.
However, if NPV is negative, the project should probably be
rejected because cash ﬂows will also be negative. To calculate
NPV; choose the time period for the project and sum all the
discounted cash ﬂows in that time period.

Initial rate of return: This is the opposite of simple payback
period. The value makes the investment look too good.
Initial rate of return=

 benefits   cos ts

r=the discount rate represents the interest rate used in calculating
the present value of future cash ﬂows and n = the years from the
system starts operation. The present worth factor in the above
equation is given 1/(1+r)n. The value that is chosen for r shows
that “weigh” the decision towards one option or another, so the
basis for choosing the discount rate value must clearly be carefully
evaluated. The discount rate depends on the cost of capital,
including the balance between debt-ﬁnancing and equity-ﬁnancing,
and an assessment of the ﬁnancial risk must be applied.

However, the payback does not account for savings after the initial
investment is paid back from the proﬁts (cash ﬂow) generated by
the investment (project). This method is a “ﬁrst cut” analysis to
evaluate the viability of investment. It does not include anything
about the longevity of the system.


Discounted cash ﬂow (DCF): DCF analysis uses future free
cash ﬂow projec- tions and discounts them to arrive at a
present value, which is used to evaluatethe potential for
investment. If the value arrived through DCF analysis ishigher
than the current cost of the investment, the opportunity may be
a goodone. The purpose of DCF analysis is to estimate the
money one would receive from an investment and to adjust for
the time value of money.

Beneﬁt to cost ratio (BCR): A time period is chosen then the
sum of all costs and beneﬁts in that period is determined. The
ratio of beneﬁt to cost gives the beneﬁt to cost ratio.
BCR=



where n is the number of years of operation from the start system
operation.

TOTAL

100%

743

1 486 089

From table 2 the main techno-economic parameters and
assumptions used as primary indicators in the study are given.
Power capacity range, electricity export rate, and other financial
parameters in the country context are accepted. The grid extension
cost (25-55000 €/km) per 35 km is taken in the sensitivity analyses

6
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LCOE is affected by the interest rate applied on the investment in
the period of 15 years considered in our study.

and O&M cost are identified and taken into consideration in this
study. Based on these recommendations we have calculated the
monetary values that are expected to be spent during the operation
phase (O&M) of the 2MW project, at €50 000 per year.

85,00
80,00

Unit
MW
€/MWh
€/kW
%/ year
%
%
%
year
%
€
year
€/MWh

75,00
70,00
LCOE (€/MWh)

Table 2: Financial parameters and assumptions.
Components
Value
Installed Capacity
2
Electricity export rate
65
Investment Cost
743
Discount Rate
5-7-11
Debt rate
70
Debt interest rate
5.5
Inflation Rate
3.0
Debt term
15
Reinvestment rate
0
GHG reduction credit rate
25
Module Lifespan
25
(O&M) Cost
15
Not
Land lease
applicable

90,00

i@6.45 (%)
i@7.425 (%)

[ZELLBEREIC
H]

[ZELLBEREIC
H]

60,00

[ZELLBEREIC
H]

50,00

40,00

Not applicable

Figure 3: LCOE (€/MWh) as a function of the total investment cost
(€) and the interest rate in the range ±35% and constant discount
rate 8%.

Results and analysis

The reference interest rate is taken 5.5% and the sensitivity
analyses is extended on ±35% of the total investment cost and
interest rate.

From the simulation of the proposed PV system the final results for
the efficiency of the system and other techno economic features.
Table 3: The equity payback of the proposed PV plant for the
chosen financial parameters given in table 2.

2000000
42.5 (€/MWh)

53.63(€/MWh)

65 (€/MWh)

76.38(€/MWh)

87.75(€/MWh)

↓17.5%@1 341
523€

0%@1 626 089€

7.0

16.4

25.0

53.63(€/MWh)

4.0

6.8

13.4

19.1

24.3

65 (€/MWh)

2.9

4.4

6.7

11.1

16.8

76.38(€/MWh)

2.2

3.2

4.6

6.6

10.0

87.75(€/MWh)

1.8

2.6

3.5

4.8

6.6

1500000

↑35%@2 195
220€

1260629
1015988

1000000

NPV (€)

↑17.5%@1 910
654€

↓35%@105 6957€

1505271

42.5 (€/MWh)

Electricity export
rate
(€/MWh)

[ZELLBEREIC
H]

i@4.54 (%)

45,00

The technical aspects of PV type selection directly affect the
annual revenue generated by each module. The total investment
cost assumed in this study is considered 1 626 089€ and the results
below is fully based on this investment.
6.

i@3.575 (%)

65,00

55,00

[ZELLBEREIC
H]

i@5.5 (%)

771347
526705

500000

0
↓35%@105 6957€

↓17.5%@1 341
523€

↓0%@1 626 089€

↑17.5%@1 910 ↑35%@2 195 220€
654€

-500000

-1000000
Total investment cost (€) at 8% discount rate and extended 35% sensitivity analysis

Figure 4: NPV variation at a range of sensitivity analysis ±35%.

The model calculates the equity payback, which represents the
length of time that it takes for the owner of a facility to recoup its
own initial investment (equity) out of the project cash flows
generated. The equity payback considers project cash flows from
its inception as well as the leverage (level of debt) of the project,
which makes it a better time indicator of the project merits than the
simple payback. In our case study for a given electricity export rate
of 65 (€/MWh) and total installation cost of 1 626 089€ the
payback results 6.7 year (see table 3 number highlighted in red).
For the supposed investment and suggesting a rise to 17.5% and
35% of the electricity export rate the payback time is reduced to
4.6 and 3.5 respectively.

The model calculates the Net Present Value (NPV) of the project,
which is the value of all future cash flows, discounted at the
discount rate of 8%, in today's currency. NPV is related to the
internal rate of return (IRR). NPV is thus calculated at a time 0
corresponding to the junction of the end of year 0 and the
beginning of year 1. Under the NPV method, the present value of
all cash inflows is compared against the present value of all cash
outflows associated with an investment project. The difference
between the present value of these cash flows, called the NPV,
determines whether or not the project is generally a financially
acceptable investment. Positive NPV values are an indicator of a
potentially feasible project. The model calculates the NPV using
the cumulative after-tax cash flows. In cases where the user has
selected not to conduct a tax analysis, the NPV calculated will be
that of the pre-tax cash flows. For electricity export rate
€42.5MWh NPV results negative and payback period is more than
25 years reaching the maximum time period of the PV.

The model calculates the energy (electricity) production cost per
kWh (or MWh), this value (also called the Levelized Cost of
Electricity or LCOE) represents the electricity export rate required
in order to have a Net Present Value (NPV) equal to 0. The GHG
reduction revenue, the “Other” revenue (cost) and the Clean
Energy (CE) production revenue are not included in this
calculation. From the graph in figure 3 it is clearly shown that
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For the chosen total investment cost of 1 626 089€ and electricity
prices equal or more than €65/MWh the project is profitable and
NPV results positive.
80,0

53.63(€/MWh)

65 (€/MWh)

76.38(€/MWh)

60,0

87.75(€/MWh)

Pre-Tax-IRR-Equity (%)

42.5 (€/MWh)

70,0

In order to perform economic aspects at a high accuracy level
Methodology 2 in RETScreen Expert is chosen. Sensitivity and
Risk Analysis (Monte Carlo simulation) is performed on sensitivity
of important financial indicators in relation to key technical and
financial parameters.
From the simulation the annual electricity generated, and export
rate and total cost are the main parameters influencing the potential
of small PV plants.
The PV plant of 2MW of installed capacity, at the proposed
location can generate an annual electricity of 3319MWh,
NPV=1015988 € and payback time 6.7 years.
The cost of manufacturing solar panels has plummeted
dramatically in the last decade, making them not only affordable
but often the cheapest form to replace the existing power systems.
Solar panels have a lifespan of roughly 30 years and come in
variety of shades depending on the type of material used in
manufacturing.
As a conclusion by installing 10 times more capacities it can not
only reduce the electricity import by 11% but in other hands helps
in the diversification of the Albanian Energy sector requested on
[6].

50,0
40,0

42,7

30,0

29

20,0

20
13

10,0

9

0,0
-10,0

↓35%@105
6957€

↓17.5%@1
341 523€

0%@1 626
089€

↑17.5%@1 ↑35%@2 195
910 654€
220€

Figure 5: Pre-Tax-IRR-Equity (%) distribution at a range of
sensitivity analysis ±35%.
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