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Some aspects of remote exams
Milena Racheva
Technical University of Gabrovo, Bulgaria1
milena@tugab.bg
Abstract: The paper is devoted to distance exams, as in that the focus is on mathematical disciplines. Some advantages are standing out,
as well as significant disadvantages have been discussed. Current modern tools are considered, which are applied both in the preparation of
students and in distance exams.
Keywords: REMOTE EXAM, TEST, PLATFORM, MATHEMATICAL SOFTWARE, ONLINE TOOLS
distance testing in a large is not only dependent on the digital skills
of the examiner and the student, but also on the functionality and
capabilities of the available software and hardware. In a number of
cases, for a student to participate in an examination There are a
number of mandatory requirements, for example, the use of a
desktop or laptop computer rather than a mobile phone; the use of
specific web browser with the latest updates; use of a camera, that is
switched on during the exam. Alongside this, the following are also
given recommended conditions, such as using an operating an
operating system that does not predate Windows 7; or a newer
version; using wired internet connection, etc.

1. Introduction
Over the last 25 years, as part of the general technological
development of the modern world, universities have increasingly
embraced a variety of forms of both hybrid and full distance
education in all kinds of undergraduate and graduate programs. This
process has been forced in the previous two years due to the
epidemic of COVID-19 and the need for social isolation. Thus
distance learning at all stages of training has become a necessary
and inevitable standard in education.
The organization and implementation of partially or fully
distance of distance learning have specific characteristics different
from those of standard, face-to-face training. This specificity
requires that the fulfillment of certain necessary conditions, the
satisfaction of which is not always possible, for example:





Remote testing may take different forms:




availability of appropriate technical equipment computers, cameras, microphones, tablets, electronic
media for transmission and storage etc.;
availability and choice of an appropriate educational
platform;
sufficient level of computer competencies of both
teachers and students;
refined and synchronized regulatory and legal framework
to rules and parameters are regulating this type of
training.

written assignments sent by e-mail;
posting assignments on the web;
completing online tests.

The most popular and widely used tests are. Even in
mathematical sciences, not only in distance learning but also in
face-to-face exams, the common practice is to use tests preferred
over traditional exam topics requiring detailed problem-solving and
analytical proof of propositions. A number of authors have argued
that with appropriate structure and content tests, the examination
process is not formal but substantive and is to actually check and
correctly establish the level of students' knowledge.
Questions are used in mathematical tests (see, e.g. [2]):

The above are just some of the conditions that need to be met,
specified, and refined in training that is in at least some distance
learning. At the same time, they are related and interconnected.
For example, when a training platform is chosen by the a
university or a lecturer, the guiding criteria are: that the platform is
more the platform is free of charge; has minimal software,
hardware, and network requirements; to launch basic functionalities
fast enough; to provide sufficiently good visualization capabilities
as well as data transfer and storage. The choice of the platform
therefore requires the availability of appropriate technical
equipment; it also sets a challenge at a proper level to computer
skills, knowledge and work habits, not so much of the students as of
their teachers.



multiple choice (one or more correct answers);



requiring a short answer (word, phrase, number);



a choice of true and false statements;



for calculation;



requiring a description.

3. On Some Advantages and Disadvantages of
Remote Exams
Remote testing relies primarily on closed-ended questions on
the grounds that they cannot be applied by copying passages from
electronic textbooks or online available resources. Also, for closedended questions, the results are automatically scored, which is a
convenience for the examiner. You should be noted, however, that
in this practice, even with a correct examination paper is correctly
completed without the use of additional resources, people, and
circumstances, an accurate diagnosis of the depth of the student's
knowledge. And this is fully valid mainly for mathematical
sciences.

With the emergence, development, and use of methods, tools,
and environments for of distance learning logically arise and
increasingly begin to methods, algorithms, and corresponding tools
for remote delivery of examinations [1]. This is the subject of the
following sections.

2. Remote Exams Implementation
The constraints associated with the global epidemic of COVID19 have forced universities en masse to begin conducting, and
students to take remote exams. Preparations for their
implementation and all the accompanying questions are being
modified, refined, and improved in a way that is different from
traditional written examinations. It is worth noting here that

There are a number of electronic platforms for creating online
tests – Moodle, Google Forms, Microsoft Forms, DisPeL,
SmarTest, etc. [3,4]. Most of them have a similar working principle.
Examination and assessment through remote testing – both online
and offline conducted – have some obvious advantages:
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These efforts are undoubted to be admired, but without
exception have for aim to prevent students in a course from copying
each other, or a student all alone trying and searching for
somewhere to transcribe.

Reduces the time required by the teacher to process the
results, especially in tests with closed-ended questions.
At the same time, however, exam preparation requires
many more resources compared to a traditionally
administered exam.
The training organization saves money on logistics, and
maintenance of study rooms. Each student uses their
own device for the exam.
There is flexibility in terms of time and venue.
Facilitates access to the exam for a large number of
students at a time convenient for them regardless of
their geographical location.
Students save the time and money needed to travel to
university.

However, other scenarios are possible, especially in
mathematics exams, which we will list at the end of this section.
In remote examinations, it is difficult to check the identity of
examinees. It is theoretically possible to conduct video surveillance
by the camera through the conferencing program, as and to use
software to monitor and/or record the screen actions on the
computer [1]. However, this is unlikely to become a regular practice
(especially when testing large numbers of students at the same time)
and faces massive disapproval worldwide due to apprehension,
concerning the invasion of privacy and misuse of personal data.

On the other hand, however, the following disadvantages
should be noted:








For now, many universities in this country and around the world
are content with using the assignment of the test subject's IP
address, access key, and exam time slot. The identity of the
examinee is assumed to be the profile that the user has in the
system.

On the teacher's side, the preparation and creation of
tests require high qualification, time, and effort [A4].
For this reason, it is most sensible to create so-called
dynamic tests (e.g. in Moodle, DisPeL, etc. [3,4]).
Initially, a question base is created, which is quite
labor-intensive. The database is structured into
categories and subcategories. The test questions are set
of an optional type and each time the test, a
combination of questions from the different categories
and subcategories. This is many times beyond the
capabilities of a teacher to manually create
combinations of questions and test options.
For the student, the examination process is highly
dependent on the availability of computer equipment and
a stable internet connection during the exam. Note that
when starting a test, the execution time is most often
fixed.
The results that students demonstrate are highly
dependent on their prior experience and computer
proficiency [5].
During the exam, there is a strong dependency on network
stability and security. In the event of a system failure, the
exam results may be irretrievably deleted.
Maintaining correctness in the execution of the exam
topic and preventing opportunities and attempts at
manipulation are under strong in a remotely administered
examination.

Due to these realities, remote exams are extremely inefficient
and their results are far from real. Completely some of the following
scenarios are possible:
А. A student takes an exam remotely using the help of one or
more experienced assistants;
B. A student has enlisted another to take the exam for him or
her, by providing a device and internet connection;
C. A student takes an exam remotely using the assistance of an
online available software tools for solving mathematical problems
(see next section).
In all of these scenarios, it is possible to use more than one
device for exam purposes.

4. Some Online Computational Software Tools
This section is devoted to some of the most used and convenient
mathematical tools available online – the so-called math(ematical)
solvers. Generally speaking, math solvers are mathematical
modeling and problem-solving software systems.
These tools are successfully applied by the teachers in remote
learning for immediate demonstration and illustration of theoretical
facts, dependencies, and statements, as well as by the students
during practical exercises and for preparing for an exam.

The last of the disadvantages listed above is of utmost
importance, as it compromises and frustrates the entire examination
process. However, the purpose of any examination is to establish
the scope and depth of a student's knowledge of the relevant subject,
resulting in which an adequate grade will be given [6].

Usually, math solvers provide a wide range of resources for
working with numerical, symbolic, and graphic data: derivatives;
functions and sequences properties; integrals; integral transforms,
matrix manipulations; equations and systems solving; vector
calculations; data fit; statistics; some plots as well as some strong
mathematical definitions. Most of them have got the capability to
provide step-by-step solutions.

Recognizing this, many professors have suggested in their
scholarly articles and apply in practice the following not very
fruitful approaches:







making the tests visible to the students immediately
before the start of the exam, with the password for access
then announced to the test;
setting a time limit for the test, which is sufficient only to
solve the problems, but not to search for ancillary
resources;
adding a timer to each question automatic swapping of the
task sequence;
automatic swapping of multiple-choice questions;
displaying questions one by one, without the possibility of
going back;
use of dynamic tests with the option of the uniqueness of
each set questions and tasks.

Math solvers are very useful for students in their self-study.
With their help, one can check the correctness of an answer to a
problem solved by a student, and the same manner is used when
solving closed-type questions in examination tests. The option of
obtaining a step-by-step solution is extremely useful in self-study
because it provides a solution to the corresponding mathematical
problem in sequential detail. At the same time, it is actively used for
deriving a solution and applying it in the examination work in
remote examinations. Note that the time required to get
independently a solution of a problem or an answer to a question
from an exam topic, regardless of open or closed type, is
comparable to the time for performing these activities using a math
solver! The crucial point here is the level of computer skills on the
part of the user.
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Wolfram|Alpha, for example, can be successfully used during
remote examination and for questions of a theoretical nature as
such, that require a word/word sequence as an answer, as well as
those with a multiple choice answer. The main obstacle here is the
level of preparation in English of Bulgarian (and not only) students.

derivatives, limits, tangent line, trigonometric equations, functions
and more. The stated goal of the site is to make scientific content
universally accessible by expanding the searchable data space onto
scientific notations, expressions, equations and formulas. This is
done by applying proprietary machine learning algorithms in order
to understand the meaning and context of the queries.

4.1. Wolfram|Alpha is an online computational knowledge
engine or answer engine that answers factual queries directly by
computing the answer from externally sourced curated data, rather
than providing a list of documents or web pages that might contain
the answer, as a search engine might. Additional data is provided
from both academic and commercial websites and some of the data
is kept updated in real time [7,8,9].

Symbolab solves any problem for free. Automated step-by-step
solutions are provided to algebraic, trigonometric and calculus
topics covering from middle school through university. Getting a
sketch of a step-by-step solution, which is quite enough for any
purpose, is free (see Fig. 1). In order to view step-by-step solutions
in the smallest details, one can subscribe weekly ($1.99), monthly
($4.99), or yearly ($29.99).

Wolfram|Alpha is developed by WolframAlpha LLC, a
subsidiary of Wolfram Research with purpose to provide integrated
storage, interface, computation, knowledge, linguistics and
deployment capabilities. In Wolfram|Alpha is built-in free form
input, which is most often preferred by the students and young
scientists. At the same time, use of the syntax of Wolfram Language
is also possible. Wolfram|Alpha has a clean and simple user
interface.

4.3. Cymath is a mathematical solver, powered by a
combination of artificial intelligence and heuristics, so that it solves
mathematical problems step-by-step like a teacher would [11]. Let
us note that cymath.com frequently ranks #1 on Google for searches
on math solvers, and the Cymath app is one of the most popular
education apps in the iOS App Store and on Google Play.

This engine can be on-line used successfully and completely
free of charge, without any registration. For purpose to use Wolfram
notebook, where to keep his own information, one should make a
registration. Wolfram|Alpha is free for personal noncommercial use,
but access to enhanced features, like step-by step solution, and adfree site use is available through a subscription to Wolfram|Alpha
Pro. The fee starts at £4.50 per month.
4.2. Symbolab is one of the most popular and useful free
mathematical solver. It is an advanced math education tool, which
allows users to learn, practice and discover math topics using
mathematical symbols and scientific notations as well as text [10].
Here, digital notebooks could be used for purpose to keep notes
and a track of mathematical problems, which are already solved.
However, registration is required to use this tool.

Fig. 1 Obtaining the derivative of the function

f ( x )  x e x

2

by means of

Symbolab

Fig. 2 Step-by step calculating of indefinite integral

Symbolab offers a wealth of smart calculators including:
equations, simultaneous equations, inequalities, integrals,

Cymath
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Here, input of a concrete problem which has to be solved is not
very convenient and sometimes strange, but in general the
integrface is not bad (Fig 2).

By clicking the corresponding button (Fig. 4), one can see in
details obtaining of the sample correlation coefficient, the linear
dependence giving best linear fit and its graphics.

Cymath can be used completely free of charge (Fig. 2). For
additional help, you can join Cymath Plus for $4.99 USD per
month. Such being the case, one can see how a step is done and why
a step is taken on most problems and on a variety of topics.

There is still much to be desired from the provided graphics.
The use of Open Omnia is completely free.
Acknowledgment. This work is supported by the Technical
University of Gabrovo Project 2206C “Applied mathematical
investigations in electric power supply and electrical equipment
focused on energy and economic efficiency”, financed by the
Ministry of Education and Science of the Republic of Bulgaria.

4.4. Open Omnia
It is worth mentioning the mathematical solver Open Omnia
[12]. It provides very detailed and well-described step-by-step
solutions for a huge variety of problems concerning various fields
of mathematics.
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Special cases in determining the critical buckling load of Euler elastic columns
Svetlana Lilkova-Markova1,*, Dimitar Lolov2
University of Architecture, Civil Engineering and Geodesy, Sofia, Bulgaria1
University of Architecture, Civil Engineering and Geodesy, Sofia, Bulgaria2
lilkova_fhe@uacg.bg, dlolov@yahoo.com
Abstract: The Energy method is widely applied to determine the critical loads in elastic systems. A widely used variant of the method
applies the Rayleigh-Ritz approach where the approximation of the buckling mode of the column is a function that satisfies the boundary
conditions. A numerical example of a two-storey column is considered. An important aspect in the problem is the solution the complex
integrals that emerge during the solution process. That problem could be overcome by the use of math software. The investigated column is
hinged at its both ends and has an additional lateral support in the middle. It is loaded with a compressive distributed load alongside its
length.
Keywords: STABILITY, CRITICAL FORCE, ELASTIC COLUMNTS, ENERGY METHOD, EULER’S FORMULA
(2) M  M t x  M F x ;

1. Introduction

l

Stability of axially compressed columns has been studied
thoroughly by Euler. If a slender column is loaded by a load above
its critical buckling value, it may buckle. If the compressive force is
less than the critical load, the rectilinear equilibrium form of the
column is stable. [4]
The stability analysis in mechanical engineering often leads to
nonlinear differential equations that could be solved numerically or
with approximate solution techniques.
In [1, 2], the homotopy analysis method is applied to determine
the critical forces in Euler columns. Article [5] is devoted to the
variational iteration method for stability analysis of a column.
In [3] the Picard’s method is applied for stability analysis of a
Euler column with pinned ends. A suitable function, satisfying the
boundary conditions, is used for the initial approximation to the
buckling mode.
This paper investigates the stability of a two-storey Euler
column using the Energy method. The column into the
consideration is pinned at both of its ends, and with a lateral support
in the middle. The method derives simplified and accurate solution
of the problem.

(3) M t x   t w x     d ;


x

(4) M F x  F w x .

2. Problem formulation
The present paper considers a buckled column of length l
under an external axial compressive force F and compressive
distributed load t alongside its length. The column, shown in Fig.1,
is hinged at its both ends and has an additional lateral support in the
middle.

Fig. 2 First buckling mode of the investigated column

The definition of the function of the deflection    is the same
as that of the function w x  .
(5)      sin

2 
.
l

Substituting the function    in the equation (3) for the
bending moment, yields
l


(6) M t x   t w x l  x      d  .


x





The solution of the integral in (6) leads to the following
expression
l

(7)
Fig. 1 Static scheme of the investigated column

x

The function of the first buckling shape of the column is defined
as follows:
(1) w x    sin

l 

   d  2   cos

2 x 
 1 .
l


After inserting equations (1) and (7) in equation (6), the
following form for the bending moment Mt x is acquired

2 x
.
l


2 x
l 
2  x 
(8) M t x   t   l  x  sin

 1 .
 cos
l
2 
l



The bending moment in any section m of the buckled column,
shown in Fig.2, is [6]

The expression (8) satisfies the following boundary conditions
for the column in Fig. 1
33

MATHEMATICAL MODELING 2/2022

(9) M t 0  0 ;

If F  0  tcr  41,76

(10) M t l   0 ;

2 x

l

The same computational procedure is followed here. The details
are omitted for brevity.


2 x
4 x  a l

(24) M t x   t l  x  a sin
 b sin

l
l  2



(12) U  WF  Wt
The strain energy U , that is accumulated in the column as it is
being bend, is

M

1
2E I

2

x  dx .

(25) U 

The solution of the complex integral in (13) is a hurdle to be
overcome. The math software could be the solution of the problem.


  2 11 

  .
 6 16 



(15) WF  

(16) WF  

F
2

l

 dw 

  dx  dx
0

(18) Wt  


0 x





   U  Wt


0;
a
a
a

(29)

   U  Wt


0.
b
b
b

(30)


t l3

 a 2EI  2

 2 1
4  6
1 
a 
   b   a  b   a  2  0 ;
8 
9  4
2 
  3


(31)


t l3

 b 2EI  2

 4
2 1   1
3 
a  b 
    a  b   b 4 2  0 ;
 3
32   2
8 
 9



2

 dw 
t
 d dx
 dx 

t  2 2
2

Let p 

(19)   U  WF  Wt

(20)

   U  WF  Wt
0.








(21)


1  2
l3
F  l  F t  l 2  2  t 2


2EI 
2


(32)

  2 11 

  
 6 16 



(33)

a 4.6648 p  9.8696  0.9444 b  0
.
0.9444 a  b 3.6336 p  39.48  0

4.6648 p  9.8696
0.9444
0.
3.6336 p  39.48
0.9444

The minimal root for p corresponds to the critical load tcr .
(34) min p  2,0895  tcr  39,65

2

l2

, then the system of equations (30) and (31)

In order to obtain a non-trivial solution, the determinant from
the coefficients in front of a and b must vanish.

F
 t 2  0 .
l

4  EI

t l3

2  2 EI
obtains the form

In order the system to be in equilibrium, the total potential
energy  must be stationary. The condition for that is the first
derivative

If t  0  Fcr 




 8 a b  3 b2  .


t 2 2
a  4 b2 .
2

The total potential energy of the system is:

 2  2

2

(28)

l

l l

16 

2

 32  2


 1  .
 3




Here there are two conditions for the stationarity of the total
potential energy

 2 2 F

1
2

12 a

l3

b 2l 3
 4 2 1  4a b l 3

   
2  9 2
3
64  2

(27)   U  Wt

2

The work of the compressive distributed load t while lowering
its acting point is
(17) Wt  

t 2  l 3a 2

2 E I  8  2

(26) Wt  

The work of the compressive force F while lowering its acting
point is

2 x 

 1
 cos
l



bl 
4  x 
 1 .
 cos
4 
l




0

1  F 2 2l
l2
l3
(14) U 

 F t 2
 t 2 2 2
2E I  2
2



2 
4 
.
 b sin
l
l

(23)     a sin

The Energy method is applied to determine the critical loads on
the elastic column in Fig.1.

(13) U 

;

2 x
4 x
.
 b sin
l
l

(22) w x   a sin


2 x
l 
2  x 
 t   l  x  sin

 1 .
 cos

l
2
l




l

l3

The accuracy of the solution could be improved by adding an
additional term in the function of the first buckling shape [6].

Inserting (4) and (8) in equation (3), yields
(11) M x   F  sin

EI

;

3. Conclusion
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The major disadvantage of the applied Energy method for
solving the stability problem of a Euler column, subjected to a
distributed compressive load alongside its length, is the great
amount of computational work that has to be done. In the course of
the solution process lots of complex integrals appear. That problem
could be overcome by the use of a math software
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Abstract: The technological progress in computer technologies gave rise to new possibilities and progresses for numerical and iterative
methods. As being one of the computational studies, computational fluid dynamics is highly related to today’s advances. There are various
types of methods and algorithms developed to model complex phenomena of fluid flow. In this study, we will introduce a new, still in
development stage, CFD code with a pre-processor and a solver. Our research is focused on developing and studying a CFD code for
mainly internal flows. Laminar and turbulent 2-dimensional flows can be analyzed using the software. The code is equipped with a graphical
user interface (GUI) to make it simple to use. The GUI has the all-necessary components to define and analyze a fluid flow problem. We used
an open-source post processor in order to visualize flow data and linked it to GUI, so the resulting software is a complete CFD package. The
entire software is written using Python which has an easy code structure and rich code libraries. In order to decrease the time for
convergence, code is modified with Numba and Cython libraries. To confirm accuracy of the solver, various basic test cases from the
literature such as backward facing step flow, impinging jet flow, flow across a square cylinder, lid driven cavity flow are tested for both
laminar and turbulent flows and the results was described in detail.
Keywords: COMPUTATIONAL FLUID DYNAMICS, NUMERICAL METHODS, COMPUTER MODELING, OBJECT ORIENTED
PROGRAMMING
execute. It consists of solvers and data manipulator files for each
case. The user can create new cases by modifying or writing files.
OpenFOAM has its own pre-processing and post-processing
environments. It does not have a user interface to make it easier to
use program. It needs practice, experience and detailed knowledge
to master the OpenFOAM.

1. Introduction
The advancement in computers and programming languages
provides new horizons for researchers in many areas. Especially in
computational mechanics which uses numerical methods to
simulate the engineering problems requires many numbers of
iterations. In that regard the advancement of computational methods
are tightly related to computers. Especially last few years gave rise
to an exponential growth of computational process speed and
memory so the accuracy of the solutions becomes better and
geometrically more complex flows can be handled. It can be said
that trend in applied physics and engineering tends to CAE
(Computer-Aided Engineering) and CFD because the method gives
lots of data at the conceptual design of a system.

Ruinz et al [2] introduced an overview of their interactive CAE
software. They developed an automatic hexa-mesher with an
interactive solver which is based on OpenFOAM libraries. Their
Virtual Wind Tunnel application uses incompressible laminar
Navier Stokes equations with PISO algorithm. They present some
result obtained from a flow test case. The main reason why their
study mentioned is that they describe what an interactive CFD code
needs. Basically, defining a variable, modifying it or changing it
effects the entire code.

From the perspective of engineers, the aim of a CFD code is to
study the system of interest to obtain general design limits of the
system. As a result of the complexity of the nature of fluid flow,
rather than modeling all flow related phenomena, a general idea
about the flow variables can be found using CFD methods. Rather
than constructing huge prototypes of the test system, CFD methods
can give various information and data. Numerical computations can
simulate flow in a part of the ocean, atmospheric phenomena, air
flow inside complex structures which cannot be constructed inside
laboratories. With this, number of experiments to verify a model
can be reduced drastically.

In some studies, GPU is used to solve the equations. The
advantage of using multiprocessing on GPU decreases the time to
solve the equations and they are powerful tools with high
performance. Cohen et al [3] implemented incompressible Navier
Stokes equations with CUDA. Double precision computations were
made and it is resulted that double precision calculations are
multiple times faster than single precision. Niksiar et al [4]
implemented a co-located incompressible flow solver on GPU with
480 processor. The CUDA is used in the process. They used lid
driven cavity flow to analyze the code with two different strategies.
They observed that using GPU, the code has become 40 times
faster. Similarly, multi languages can be used for CFD programing.
Python is used by other researchers for their CFD applications
previously. Ramachandran [5] used Python scripts with
multilanguage libraires to develop and study high resolution vortex
method.

As a result of the computer advancement, there are number of
CFD software in industry and literature. We can divide CFD
software into two main categories; open source and commercial.
Open source CFD codes can be downloaded and can be used by the
user. The user can manipulate the source code to their respective
problem. The commercial software are published under license. The
annual fee of the license changes with different attributes such as
the number of users, parallel computation capability or whether the
license is commercial or academic. Both commercial and opensource codes have pros and cons. Aside from using software the
user can write their own code too. By doing that, they can construct
all of the algorithm with full control. Generally, for specific
problems in researches, we see this approach.

As a result, we can employ CFD software for our own field of
research or purpose. This study describes the design and
development of a CFD software with a pre-processor and a solver.
The libraries from Qt Designer used to design the graphical user
interface (GUI). Qt Designer is a GUI design tool for building user
interfaces which has lots of capabilities. The GUI contains a basic
geometry and mesh designer, widgets to confirm flow parameters.
The code does not have a post processor. In order to visualize flow
variables, ParaView [6] can be used. The code is able to solve
incompressible laminar or turbulent steady flows. The software can
create orthogonal structured grids. For pressure-velocity correction,
SIMPLE and PISO algorithms are used. For convection, QUICK
and PLDS discretization schemes are used. The code is written by
an object-oriented programming language Python. The Python is a
high-level object-oriented programming language that contains a
user-friendly code library.

The features of a CFD code such as design of the interface,
problems they can handle, the languages they have written changes
the software completely. Open Source Field Operation and
Manipulation or shortly OpenFOAM is an open source CFD code
which is written with C++ [1]. The code has a very wide range

of applications such as incompressible or compressible flow
analysis with different turbulence models, heat transfer and
multiphase flow in 3D. OpenFOAM is a collection of libraries to
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𝜇𝑡
𝜀
𝑔𝑟𝑎𝑑 𝜀 + 𝐶1 2𝜇 𝑡 𝑆𝑖𝑗 . 𝑆𝑖𝑗
𝛿𝜀
𝑘
𝜀2
− 𝐶2 𝜌
𝑘

In the next section, first we describe the governing equations of
the flow with discretization process and solution algorithms. Then
we give explanations about the code. The explanation of the code
can be split in two parts. First, we describe the programming of the
flow algorithms, then process of coding of the GUI will be
explained. In the chapter 3, we give the results of an example
analysis solved by the code and describe the results with the ones
from the literature. The detailed results and the plots of the results
will be given. In the last section, we discuss our contributions and
give future directions of the of the code.

𝑑𝑖𝑣(𝜌𝜀𝐔) = 𝑑𝑖𝑣

In these equations; 𝐶1, 𝐶2 , 𝐶𝜇 , 𝛿𝑘 and 𝛿𝜀 are constants. The
Reynolds Averaged Navier Stokes which contains continuity, u and
v momentum equations with k-ε turbulence model equations are
described till now. Basically, depending on the cases the code
solves these 5 equations iteratively. If the flow is assumed to be
laminar, the turbulence model equations will be neglected. To
provide this, different switches are implemented to the code.

2. Materials and Methods

We cannot use the governing partial differential equations as
they are to solve the flow area. The numerical solution of these
differential equations can be described as finding their values at
specified discrete points. The discretization process consists of two
main components as geometry discretization and equation
discretization. We used staggered grid arrangement. In two
dimensional flows, it is easier and practical to use this method. The
code is able to deal with axisymmetric cases. For plane or
axisymmetric flow geometries, steady conservation equation for any
general scalar variable 𝜙 can be expressed as,

2.1 Numerical Parameters
To simulate fluid flow applications, first of all it is necessary to
describe the mathematical form of the physical behavior of the fluid
flow. The code is focused on two dimensional, incompressible,
laminar and turbulent steady flow of the Newtonian fluids.
Turbulence is modeled using the standard k-ε model. Since the code
is designed to analyze both laminar and turbulent flows, the
Reynolds Averaged Navier Stokes equations in the literature are
used. The continuity and momentum equations in x and y directions
can be seen below,
𝑑𝑖𝑣(𝜌𝐔) = 0
div(ρUU)=-

∂p
∂ -ρu'2 ∂ -ρu' v'
+μdiv gradU +
+
∂x
∂x
∂y

div ρVU =-

∂p
∂ -ρu' v'
∂ -ρv '2
+μdiv gradV +
+
∂y
∂x
∂y

∂
∂
∂ j ∂ϕ
∂ j ∂ϕ
ρr j Uϕ +
ρr j Vϕ =
r Γϕ
+
r Γϕ
+r j Sϕ
∂x
∂y
∂x
∂x
∂y
∂y

(1)

𝜕𝑈𝑖
𝜕𝑃
𝜕
=−
+
2𝜇𝑆𝑗𝑖 − 𝜌𝑢𝑗 ′ 𝑢𝑖′
𝜕𝑥𝑗
𝜕𝑥𝑖 𝜕𝑥𝑗

(3)

(4)

Where;

𝜙

1 𝜕𝑈𝑖 𝜕𝑈𝑗
𝑆𝑖𝑗 =
+
2 𝜕𝑥𝑗 𝜕𝑥𝑖

𝜕𝑈𝑖 𝜕𝑈𝑗
2
+
− 𝜌𝑘𝛿𝑖𝑗
𝜕𝑥𝑗 𝜕𝑥𝑖
3

1
1 𝑖𝑓 𝑖 = 𝑗
𝑎𝑛𝑑 𝑘 = 𝑢′2 + 𝑣 ′ 2
0 𝑖𝑓 𝑖 ≠ 𝑗
2

Where;
𝜙

𝑑𝑖𝑣(𝜌𝑘𝑼) = 𝑑𝑖𝑣

𝑘2
𝜀

𝜇𝑡
𝑔𝑟𝑎𝑑 𝑘 + 2𝜇 𝑡 𝑆𝑖𝑗 . 𝑆𝑖𝑗 − 𝜌𝜀
𝛿𝑘

𝜙

𝑎𝑖 + 𝐹𝑒 𝐴𝑒 − 𝐹𝑤 𝐴𝑤 + 𝐹𝑛 𝐴𝑛 − 𝐹𝑠 𝐴𝑠 − 𝑆𝑃 𝜙

𝑎𝑝 =

(13)

𝑖

In Equation (13), 𝐹𝑒 , 𝐹𝑤 , 𝐹𝑤 , and 𝐹𝑠 can be expressed as the net
flux over per each face. For convective fluxes, QUICK scheme of
Leonard[8] and The Power-Law Scheme(PLDS) of Patankar[9] is
implemented to the code. For pressure and velocity coupling, The
Semi Implicit Method for Pressure Linked Equations (SIMPLE) and
Pressure Implicit with Splitting of Operators (PISO) [10] algorithms
are implemented.

(6)

The methods to define boundary conditions are implemented to
the code. Inlet, symmetry, outlet and wall boundary conditions can
be described by the user. Inlet and wall conditions have subconditions to define whether the flow is laminar or turbulent.

(7)

In these equations, k is the turbulent kinetic energy, 𝜇 𝑡 is
turbulent or eddy viscosity and 𝛿𝑖𝑗 is a mathematical operator
Kronecker delta. Classical k-ε model uses Boussinesq hypothesis to
calculate 𝜇 𝑡 turbulent viscosity. The equations can be seen below
𝜇 𝑡 = 𝜌𝐶𝜇

(12)

𝑖

Where;
𝛿𝑖𝑗

𝜙

𝑎𝑖 𝜙𝑖 + 𝑆𝑈 𝜙

𝑎 𝑝 𝜙𝑃 =

(5)

In these equations, 𝑈 and 𝑉 are mean velocities in x and y
directions, 𝑢′ and 𝑣 ′ are fluctuating velocity components, 𝑆𝑖𝑗 is the
strain-rate tensor, µ is the molecular viscosity and 𝑼 is the velocity
vector. The last term of the Equation 4 is called Reynold’s stress
term. We use turbulence models to find the effect of the Reynold’s
stress term. According to Boussinesq hypothesis [7], Reynolds
stresses might be proportional to the mean rates of deformation
described before. So, for incompressible flows,
𝜏𝑖𝑗 = −𝜌𝑢𝑖 ′ 𝑢𝑗 ′ = 𝜇 𝑡

(11)

Where x and y are the directions in the coordinate system, U
and V are time averaged local velocities, Γ𝜙 is turbulent exchange
coefficient and the 𝑆𝜙 is the source term. In summary, this equation
describes the flux balance in a chosen control volume which two
terms on the left side contain convective transport. The first two
terms in the right side are diffusive transport term and the last term
is the source term. The term 𝑗 is to control whether the flow is
axisymmetric or not. If the flow is plane, 𝑗 = 0 and for
axisymmetric flow, 𝑗 = 1. We modified governing equations of
flow in the form of Equation (11). Then, modified equations are
discretized. For general variable 𝜙, the discretized equations are in
the form,

(2)

In tensor form, momentum equations can be written as
𝑈𝑗

(10)

2.2Definition of Software
In this chapter, we describe the process of programming of the
software. In a complete CFD package, there are generally 3
components. A pre-processor, a solver and a post processor. Some
software that has all these components and some software which
has at least 2 of them. Each of them has its pros or cons. This code
consists of a complete package with a pre-processor and a solver.
Rather than designing a post-processor with full purpose, the
software gives a resulting file that can be used by free postprocessors. Attention is given to design a user friendly, fast and
upgradable solver with GUI. The GUI is designed with Qt Designer
which is a user interface designer that uses Qt Widgets as the base.

(8)
(9)
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variables, and it is tested to increase the speed of the solver. The
results of these test are given in the next chapter.

All the components of GUI are designed with Qt Designer then
linked with the pre-processor and solver. The GUI contains all
properties which we need for our case.

3. Results and Discussion

The first item of the menu bar is file operations. In second menu
bar, we create flow domain. We basically create a rectangular
surface with user defined lengths in x and y directions. The input
value consists of four values which are length in x and y directions
and the number of nodes in both directions. With defining these
four values, we create our basic grid. After this, the grid can be
modified by using expansion and division operations. In order to
analyze more complex geometries, definition of rectangular and
circular shaped solid obstacles is implemented to the code. The
rectangular and circular obstacles are blocked-off regions method
which is introduced by Patankar [9]. By marking some of the
control volumes, this region can be inactive or blocked so, these
control volumes are treated as desired complex boundary. This is
established by assigning desired 𝜙 values to blocked regions. Since
we define these regions as solid, all variables are set to zero. In
order to achieve this, we use large source terms in discretized form
of the equations.

3.1 Lid Driven Cavity Flow
To verify the accuracy of the solver, number of test cases are
solved and various parameters are tested. In this chapter, we will
introduce detailed results obtained from these cases. In literature, in
order to verify the accuracy of the CFD software lid driven cavity
flow is considered as one of the standard test cases. The problem
has different versions such as singular driven cavity flow, two-sided
cavity flow in two or three dimensional. In this study, singular
driven cavity flow is tested. The schematic view of the case can be
seen from Figure 3.

In our third menu bar, we define solver related variables.
Viscous model, fluid type, pressure velocity coupling and
discretization schemes have to be defined. The defined boundary
conditions in previously are all implemented to the code. The menu
consists of items to define the described boundary conditions. In the
next menu bar, we define reference pressure point and initialize
problem. The sixth menu is solver. To this point, we basically
defined input parameters which is part of the pre-processing. The
convergence criteria in this study is assumed as if the absolute
normalized residuals of variables U, V, k, ε and mass source of the
pressure correction are less than the user defined residual, the
solution is converged. The absolute normalized residual can be seen
from Equation (14)
𝑅𝑒𝑠 𝜙 =

𝑎𝑖 𝜙𝑖 + 𝑆𝑢 − 𝑎𝑝 𝜙𝑝 /𝐹𝑖𝑛

Figure 1: Lid driven cavity flow

In this figure, U and V are the velocity components in x and y
directions. The lid above the figure moves with a constant speed
𝑢 = 1 in x direction while the other edges are not moving. As a
result of the simplicity of the problem, many researches are made
and confirmed by lots of different studies and researchers. Some of
them which are used in this study are [14-21]. For varying Reynolds
numbers, tests are made.

(14)

𝑛=𝐴𝑙𝑙 𝑁𝑜𝑑𝑒𝑠

The last menu is designed to save data. After the analysis
completed to visualize the output data, we need to save them. The
location can be selected with file manager. After defining the case
name, the software will derive the output data file. The output data
is in .dat format. The output data contains flow variables U, V, P
and if the flow is turbulent, k and ε with nod point data. There are
open-source post processing software can be used to visualize the
data. The Para View[6] is tested for output files and confirmed that
plotting contours of variables, defining streamlines and plotting
charts are possible. Also processing the data and saving it in
different forms is possible.

Different parameters are tested in these cases. First, mesh
independency study is made. In order to do that, equally spaced
8x8, 16x16, 64x64, 126x126 and 256x256 grids are used to
calculate the flow field of lid driven cavity flow problem by setting
Re=100. In order to see detailed info, numerical results are
compared with the ones from the literature. These are the values of
minimum and maximum V velocities along the y=0.5 and the
minimum U velocity along the x=0.5. As can be seen from Figure 2,
mesh independent results were achieved for 126x126 grids. The
analyses were also performed for Reynolds number 400 and 1000.
Figure 4, 5 and 6 are the centerline velocity plots. The numerical
results of the problems and characteristic values of the problem can
be seen from Table 1, Table 2 and Table 3. The center location of
the vortices for these cases can be seen from Table 4. The extrema
of the velocities, their locations and location of the vortices gave
satisfactory results.

The Python language is an interpreted high level language we
use for programming[11]. So, using purely Python in numerical
computations is not very effective. In literature, Python is classified
as one of the gluing languages. Glue languages are used for
connecting software components. In that regard, Python is slower
for numerical computations as a result of being an interpreted
language.
In order to solve this problem which means to speed up the code
some modifications are tested. First, the TDMA solver is written
purely in Python without any change. After that the solver is
modified using Cython and Numba libraries. Cython is an
optimizing static compiler for Python programming language [12].
We write Python codes that which call C or C++ codes in program.
We can use it with scientific libraries of Python such as NumPy.
The language creates C type functions and variables which are
efficient. By using Cython, fast C type libraries can be implemented
to existing Python codes. Numba is a popular JIT compiler [13] that
translates a part of Python code into fast machine code. Numba is a
run time compiler designed to be used in numerical computations.
The Numba decorated function or code is compiled into machine
code for each run. In this study NumPy arrays are used to drive
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all[17]
Botella et all[20]
-0.214

0.4581

-0.2538

0.8104

0.1796

0.237

-0.2109

0.4531

-0.2453

0.8047

0.1753

0.2344

-0.214041

0.4585

0.253804

0.81006

0.179572814

0.23682

Ghia et all[22]
No of Grid: 8x8

Marchi et all[15]

No of Grid : 16x16
No of Grid: 64x64

Table 2:Numerical results and comparison for Re = 400

No of
Grid:126x126
No of
Grid:256x256

Current Study
Ghia et all[22]

Min U
-0.3269

Y min
0.28235

-0.3273

0.2813

-0.3287295

0.27979

Min V
-0.45074
0.4499
0.454058

Marchi et all[15]

X min
0.86275

Max V
0.30154

X max
0.22745

0.8594

0.302

0.2266

0.86182

0.30383231

0.2251

Table 3:Numerical results and comparison for Re = 1000
Figure 2: Centerline U velocities

Min U

Y min

Min V

X min

Max V

X max

-0.3832

0.17255

-0.51896

0.9098

0.37139

0.16078

-0.3829

0.1719

-0.5155

0.9063

0.371

0.1563

-0.3764

0.1602

-0.5208

0.9102

0.3665

0.1523

Current Study
Ghia et all[22]
Marchi et all[15]

Table 4: Location of the Vortices
No of Grid :8x8
No of Grid: 16x16
No of Grid: 64x64
No of Grid:126x126
No of Grid:256x256

Primary Vortex
Re 100

Figure 3: Centerline V velocities

y

x

y

Secondary Vortex Left
x
0.03529,
0.03529

y

Current Study

0.6159,0.73275

0.94118, 0.06275

Bruneau[21]

0.6172, 0.7344

0.9453, 0.0625

0.0313, 0.0391

Vanka [23]

0.6188, 0.7375

0.9375, 0.0563

0.0375, 0.0313

Schreiber [24]

0.6167, 0.7417

0.9417, 0.0500

0.0333, 0.0250

Re 1000

Figure 4. Centerline velocity profiles Re 100

x

Secondary Vortex Right

x

y

x

y

x
0.08235,
0.07843

y

Current Study

0.52947, 0.56471

0.86275, 0.1173

Ghia [22]

0.5313,0.5625

0.8594,0.1094

0.0859,0.0781

Bruneau[21]

0.5313,0.5586

0.8711,0.1094

0.0859,0.0820

Vanka [23]

0.5438,0.5625

0.8625,0.1063

0.0750,0.0813

Botella [20]

0.5308,0.5652

None

None

Ercan [19]

0.5313,0.5654

0.8643,0.1123

0.0830,0.0781

As last with lid driven cavity flow case, the solver with different
modifications are tested. The CPU times of the solvers which is
written purely Python, modified with Numba and Cython are tested.
The decrease in the CPU time can be seen from Table 5. As we can
see, the high CPU time of Python in numerical calculations can be
decreased by different methods. Especially, the decrease by using
Numba is remarkable.
Table 5: Decrease in CPU in %
Grid Number/Iteration
8x8 /
Number
667
Pure Python CPU
Base
Time(s)
Cython CPU Time(s)
4.22
Numba CPU Time(s)
16

Figure 5.Centerline velocity profiles Re 400

16x16/594
Base

32x32/
1222
Base

64x64/
3532
Base

8.81
31.74

6.6
35.69

10.51
38.70

3.2 Backward Facing Step Flow
Backward facing step flow is another fundemental engineering
flow in literature. The simplicity of the case is important for the
models where flows with a separation and reattachment in closed
systems with the sudden change in geometry. Schematic of the case
can be seen from Figure 7.

Figure 6.Centerline velocity profiles Re 1000
Table 1: Numerical results and comparison for Re = 100
Min U

Y min

Min V

X min

Max V

X max

-0.13064

0.375

-0.18443

0.875

0.12465

0.25

-0.17339

0.4375

-0.21556

0.875

0.1502

0.25

-0.20961

0.45312

-0.24755

0.8125

0.17442

0.23438

-0.21286

0.456

-0.2519

0.8125

0.17813

0.24

-0.21377
-0.2106

0.45882
0.4531

-0.25334
-0.2521

0.81176
0.8125

0.17923
0.1786

0.23922
0.2344

8x8
16x16
64x64
126x126
256x256
Bruneau et
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Figure 8: Impinging jet flow

As a result of isotropic turbulence assumption of eddy viscosity
models, it is reported that [31] k-ε model gives poor results with
experiments. In this study, axisymmetric flow is testes which means
the right half of the geometry is modeled and left side is assumed as
the symmetry of the right side. The analyses are made with Re =
7900 and 12500 with H/D = 6 and 8.

Figure 7: Backward facing step flow

There are lots of numerical and experimental researches to
verify the effect of the expansion in geometry. In this study, the
expansion ratio H/h is set to 2. As boundary conditions, a fully
developed flow profile is defined at the inlet. The length of the
analysis is set to a ―far away‖ which differs for different researches.
The case is analysed with different Reynolds numbers 300, 400, 600
and 800. Numerical results and the results from literature can be
seen from Table 6, 7,8 and 9

Figure 9: Re 7900 Vector Plot

Table 6: Re 300 Numerical Results
Re 300

x1

Current
Study
Barton
1[25]
Barton2(
25)
Ercan
[26]
Table 7: Re 400 Numerical Results
Re 400
x1
Current Study
Ercan

7.2841081
7.14

Figure 10: Re 12500 Vector Plot

7.08
6.751

Figure 11:Re 7900 H/D = 6 k Plot
x2

x4

x3

8.6966855

8.801499

10.99822976

2.196731

8.237

7.731

10.037

2.306

(26)
Figure 12: Re 7900 H/D = 6 ε plot
Table 8: Re 600 Numerical Results
Re 600
x1

x2

x4

x3

Current Study

10.62786

9.104781

16.5368774

7.432097

Barton 1[25]

10.72

8.72

16.15

7.43

Barton 2 [25]

10.32

8.26

15.65

7.39

Marinova [27]

10.74

8.66

16.224

7.564

Ercan [26]

10.349

8.84

15.833

6.993

Figure 13: Re 12500 H/D = 8 k plot

Figure 14: Re 12500 H/D = 8 ε plot
Table 9: Re 800 Numerical Results
Re 800
x1

x2

x4

x3

Current

11.9866

10.00737

21.1294696

11.12209

Ercan [26]

11.834

9.476

20.553

11.077

Marinova [27]

12.182

9.642

20.944

11.302

Barton [25]

10.99

8.55

19.55

11

Keskar et al [28]

12.192

9.706

20.958

11.252

Kim et al [29]

12

-

-

-

Gartling [30]

12.2

9.7

20.96

11.26

The vector and contour plots of the results are given in Figure 9
to Figure 14.The analyses confirms that the k- ε model over
estimates kinetic energy and dissipation near stagnation point, even
though the vector plot gives a general idea about the shape of the
flow.
3.4 Flow Across a Square Cylinder
Flow over different shaped bodies inside or outside an enclosed
volume such as circular or square cylinder which creates wake is
another important flow in literature. In most of the engineering
applications, we can see a structure where fluid flows around single
or multiple bodies in such as thermal applications and aerospace.
So, this problem holds huge importance. A schematic of the
problem we studied can be seen from Figure 15.

3.3 Impinging Jet
Using the mass and heat transport capabilities of the fluids onto
orthogonally to a surface to heat or cool is an important flow in
engineering applications. Impinging jet flow is used as a test case to
verify the turbulence models. In this study, we used this case to
study k-ε model implemented to the solver. Schematic view of the
geometry can be seen from Figure 8.
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Figure 15: Schematic of flow across square cylinder

In this study, the flow is considered laminar and steady. For low
Reynolds numbers till to critical Reynolds number, symmetric two
recirculation area occurs behind the square cylinder. The length of
the recirculation area increases till critical Reynolds number. The
value of the critical Reynolds number changes with different studies
[32-39]. For this problem, analyses were made with Re = 1, 2, 20
and 40. We can see the results from Figure 16 and Figure 17: Re =
20 / Re = 40 Case The results confirm that cases with higher Re
numbers than 1, the length of the recirculation are increases, which
matches with Sharma et al [33].

Figure 16: Re = 1 / Re = 2 Cases

Figure 17: Re = 20 / Re = 40 Cases

4. Conclusion
It has been seen that Python language is quite useful for
scientific computations and teaching purposes of the basics of CFD
in a number of ways. First of all, the language is easy to learn and
effective all-around. There are powerful libraries most of which are
open-source modules for Python and, it is easy to implement
methods from Cython and Numba. It is also possible to interface to
C/C++ or Fortran libraries. On the other hand, codes in pure Python
without libraries and parallelization is apparently slower. In order to
decrease CPU time usage, using multiprocessing with or without
GPU and multi-language code libraries need to be tested in the
future 3-D version of the code.
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Four-point bending of thin or thick beams
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Abstract: A paper recently published explains the differential equations for deflection of beams under bending, including the deflection due
to transversal force [1]. The present article contains derivation of the main equations, according to the mentioned approach, for
deformations of a simply supported beam that is symmetrically loaded with two forces, also known as four-point bending. These
deformations are rotation and deflection of the neutral line due to bending moment and transversal force. For thick beams, deflection due to
the transverse force is more than 1% from deflection caused by the bending moment. Special attention was paid to the third-point loading
test. The presented model is applicable for calculating deflection due to bending moment and transverse force for both thin and thick beams.
KEYWORDS: EULER-BERNOULLI, TIMOSHENKO, BEAM THEORY, DEFLECTION, SHEAR DEFORMATION, SHEAR
COEFFICIENT, TRANSVERSAL FORCE, FOUR-POINT BENDING, THIRD POINT LOADING
exposition also contains formulas for deflection in three-point
bending, considered as a special case of four-point bending (without
distance between the two loading forces).

Nomenclature
α
𝛽
γ
ν
A
A, B
a
d
b
C
E
F
f
𝑓𝐼
𝑓𝐼𝐼
G
h
I
k
l
𝑙
ℎ

𝑀A
𝑀𝑦
𝑄𝑧
q
𝑅A , 𝑅B
𝑤𝑀
𝑤𝑄
𝑤
x
𝑥𝐼𝐼
y
z

Angle of rotation due to the bending moment
Overall angle of rotation (of the neutral line at coordinate x)
Angle of rotation caused by the shear force
Poisson’s ratio
Cross-sectional area
Support points
Arm - distance between a loading force and the nearest
supporting point
Upper span - the distance between the two loading forces
(case of four-point bending)
Cross-sectional breadth
Integration constant
Modulus of elasticity
Force
Maximal deflection
Maximal deflection in a sector I
Maximal deflection in sector II only
Shear modulus
Height of a rectangular cross-section
Second moment of area
Shear correction factor
Span
𝑤
1
Span/height when the relation 𝑄 =
(for the coordinate
𝑤𝑀

2. Prerequisites and means for solving the problem
With a known scheme of beam loading, the calculation of the
functions of deformations (rotation and deflection) is done in the
following sequence:
1. Draw a loading scheme and describe the loads
2. Find the support reactions
3. Make a mentally cut on the beam at a distance x from the
beginning of the coordinate system.
4. Find the internal forces as functions of x
5. Find functions for the rotations and displacements
Derivation of functions for the deformations is done by
integrating Eqs. (1) - (4). The corresponding differential equations
are explained theoretically in [1].
Pay attention that signs of these equations are chosen so that
rotations are positive in a counterclockwise direction.

2.1 Deformations due to bending moment

100

with maximal deflection)
Reaction moment at point A
Bending moment
Tangential (shear) force
Uniformly distributed load
Reaction forces at points A and B
Deflection caused by the bending moment
Deflection caused by the transversal force
Overall deflection of the neutral line
Longitudinal axis of the beam
Coordinate in a coordinate system fixed to the left point of
sector II (see Fig. 2)
Transverse horizontal axis. Axis of rotations
Vertical axis. Axis of the external loads and displacements

(1)

𝐸𝐼𝛼 =

𝑀𝑦 𝑥 𝑑𝑥

(2)

𝑤𝑀 𝑥 = − 𝛼 𝑥 𝑑𝑥

2.2 Deformations due to transversal force
(3)

𝑘𝐺𝐴𝛾 = −𝑄𝑧 (𝑥)

(4)

𝑤𝑄 𝑥 = − 𝛾 𝑥 𝑑𝑥 =

𝑄𝑧 (𝑥)
𝑘𝐺𝐴 (𝑥)

𝑑𝑥

When the beam has a constant cross-section:
(5)

𝑤𝑄 𝑥 =

1
𝑘𝐺𝐴

𝑀𝑦 (𝑥) + 𝐶

2.3 Overall deformations

1. Introduction
Paper [1] explains differential equations for deflection of beams
under bending, including the deflection due to transversal force.
This article aims to show the derivation of formulas for practical
calculation of deflection of beams in four-point bending. The usual
approach thought in “strength of materials” is used to calculate the
deflection of the elastic line in the case of four-point bending, but
deflection caused by the transverse force is also included. Deflection
measured between the support points of the beam and the
application points of the loading forces is also considered. In
addition, the special case of bending of thick specimens having
shape and size according to ASTM C 1018 - 97 is considered. The

(6)

𝛽 =𝛼+𝛾

(7)

𝑤 = 𝑤𝑀 + 𝑤𝑄

One could analyse the relations between these deflections with
the help of eq. (8)
(8)

𝑤 = 𝑤𝑀 1 +

𝑤𝑄
𝑤𝑀

3. Solution for deformations in four-point bending
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x

y

∴

F/2
q

z
I

II

= 𝒄𝒐𝒏𝒔𝒕

F/2
q

RA

B

The known boundary condition is located in II-nd sector,
therefore we must start these calculations with it.

RB

II sector: a ≤ x ≤ a+d
It is convenient to use a coordinate system fixed at the left side
of the II-nd sector, 𝒙𝑰𝑰 = 𝒙 − 𝒂.

a

d

𝑭𝒂
𝟐

3.4 Deformations due to the bending moment

III

A
a

𝑴𝒚 𝒙𝑰𝑰 =

l

Fig. 1 Loading scheme

𝐸𝐼𝛼 =

3.1 Loading

𝑀𝑦 (𝑥𝐼𝐼 ) 𝑑𝑥 =

𝐹𝑎
𝑥 +𝐶
2 𝐼𝐼

Boundary condition and integration constant:

The load is divided into two concentrated forces, F/2 each, at a
distance d, and the load is symmetrical, i.e. arm 𝑎 = (𝑙 − 𝑑)/2. The
span has three sectors as III-rd has internal loads and deformations
similar to those in the I-st sector.

0=𝛼

𝑑
2

;

−𝐹

∴ 𝐶=

4

𝑎𝑑

𝑭

𝑬𝑰𝜶 = (𝟐𝒂𝒙𝑰𝑰 − 𝒂𝒅)
𝟒

3.2 Reactions
Consider the equilibrium of the bending moment at the point А:
−𝐹𝑎/2 − 𝐹(𝑎 + 𝑑)/2 + 𝑅B 𝑙 = 0

∴

𝜶(𝒙𝑰𝑰 = 𝟎) =

(9)

𝑤𝑀 𝑥𝐼𝐼 = −
∴

0 = 𝑤𝑀 0

∴

𝑸𝐳 =

𝑭
𝟐

𝑴𝒚 𝟎 = 𝟎;

𝟐

𝑴𝒚 𝒂 =

𝐸𝐼𝛼 =

𝐹
+ 𝑄𝑧 = 0
2

I

∴

F/2
q

𝑭𝒂
𝟐

(12)

𝑸𝐳 = 𝟎

RA

x
q

xII

∴

𝜶 𝟎 =

𝑤𝑀 𝑥 = −

II

My

𝑭𝒂𝒅𝟐
𝟏𝟔𝑬𝑰

𝑀𝑦 (𝑥) 𝑑𝑥 =

𝜶(𝒙) =

𝐹𝑥 2
4

+C

−𝑭𝒂
𝟒𝑬𝑰

𝑭
𝟒𝑬𝑰

(𝒙𝟐 − 𝒂𝒅 − 𝒂𝟐 )

𝒅+𝒂 =

𝛼 𝑥 𝑑𝑥 =

−𝑭𝒂
𝟒𝑬𝑰

𝒍−𝒂

−𝐹 𝑥 3
−𝑎 𝑑+𝑎 𝑥 +𝐶
4𝐸𝐼 3

Boundary condition and integration constant: 𝑤𝑀 0 = 0
∴ 𝐶 = 0.
𝑭
𝒘𝑴 𝒙 =
−𝒙𝟑 + 𝟑𝒂 𝒍 − 𝒂 𝒙
𝟏𝟐𝑬𝑰

A
a

𝒙𝟐𝑰𝑰 − 𝒅𝒙𝑰𝑰

Boundary condition and integration constant at the right side,
see Eq. (9):
−𝐹𝑎𝑑
−𝐹𝑎
𝛼 𝑎 =
∴ 𝐶=
(𝑑 + 𝑎)
4𝐸𝐼
4

II sector: a ≤ x ≤ a+d; 𝒙𝑰𝑰 = 𝒙 − 𝒂
Consider force equilibrium on the z-axis:
−𝑅A +

𝟒𝑬𝑰

I sector: 0 ≤ x ≤ a

𝑀𝑦 − 𝑅𝐴 𝑥 = 0
𝑭𝒙

−𝑭𝒂

𝒘𝑴 𝒅/𝟐 =

(11)

Consider the equilibrium of the bending moment at the cut
cross-section:

𝑴𝒚 𝒙 =

−𝐹𝑎 2
𝑥 − 𝑑𝑥𝐼𝐼 + 𝐶
4𝐸𝐼 𝐼𝐼

∴ 𝐶 = 0.

𝒘𝑴 𝒙𝑰𝑰 =

(10)

I sector: 0 ≤ x ≤ a
Consider the force equilibrium in the z-axis:

∴

𝛼 𝑥𝐼𝐼 𝑑𝑥 =

𝟒𝑬𝑰

Boundary condition and integration constant:

𝑹𝐀 = 𝑭/𝟐

3.3 Internal forces

𝑄𝑧 − 𝑅A = 0

𝑭𝒂𝒅

𝜶(𝒙𝑰𝑰 = 𝒅) =

𝟒𝑬𝑰

𝑹𝐁 = 𝑭/𝟐

Consider force equilibrium in the z-axis:
𝐹 − 𝑅A − 𝑅B = 0

−𝑭𝒂𝒅

Qz

(13)

𝒘𝑴 𝒂 =

𝑭
𝟏𝟐𝑬𝑰

∴
𝟐𝒂𝟑 + 𝟑𝒂𝟐 𝒅 =

𝑭
𝟏𝟐𝑬𝑰

𝒂𝟐 𝟑𝒍 − 𝟒𝒂

3.5 Deformations due to the transversal force

Fig. 2 Internal forces, II-nd sector

See Eqs. (3) – (5).

Consider the equilibrium of the bending moment at the cut
cross-section:
𝐹
𝑀𝑦 − 𝑅𝐴 𝑥 + (𝑥 − 𝑎) = 0
2

I sector: 0 ≤ x ≤ a
𝑘𝐺𝐴𝛾 = −𝑄𝑧 (𝑥)
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𝑤𝑄 𝑥 =

𝑀𝑦 (𝑥)
𝐹𝑥
+𝐶 =
+𝐶
𝑘𝐺𝐴
2𝑘𝐺𝐴

In this scheme, at 𝑘 = 5/6, 𝜈 = 0.3 and 𝑎/𝑙 = 1/3, this
𝑙
= 15.6.
relation is approximately equal to 1/100 when
ℎ

Boundary condition and integration constant: 0 = 𝑤𝑄 0
∴ 𝐶 = 0.
𝑭𝒙
𝒘𝑸 𝒙 =

4. Compatibility with three-point loading scheme
The resulting equations refer to four-point bending, where the
distance between the two points of application of force is denoted by
d. If we set d = 0, then the obtained equations must be valid for
three-point bending, as the arm's length is determined by the
formula (22), see Fig. 1.
𝑙
(22)
𝑎=

𝟐𝒌𝑮𝑨

∴

(14)

𝒘𝑸 𝒂 =

II sector: a ≤ x ≤ a+d;

𝑭𝒂
𝟐𝒌𝑮𝑨

𝒙𝑰𝑰 = 𝒙 − 𝒂

𝑘𝐺𝐴𝛾 = −𝑄𝑧 (𝑥)

∴

2

𝜸=𝟎

For example, after replacing (22) in (19), deflection in threepoint bending results in:

𝑤𝑄 𝑥𝐼𝐼 = − 𝛾 𝑥𝐼𝐼 𝑑𝑥
∴

(15)

See Eqs. (6), (7).
I sector: 0 ≤ x ≤ a
𝐹
𝐹
𝛽(𝑥) =
(𝑥 2 − 𝑎𝑑 − 𝑎 2 ) −
4𝐸𝐼
2𝑘𝐺𝐴
𝒘 𝒙 =

−𝑭

𝑭

𝒙𝟑 − 𝟑𝒂 𝒅 + 𝒂 𝒙 +

𝟏𝟐𝑬𝑰

𝑭
𝟒𝟖𝑬𝑰

𝑙3 +

𝑭
𝟒𝒌𝑮𝑨

𝑙

After ignoring deflection caused by the transverse force, remains
the well-known formula for deflection of thin beams in three-point
bending, [2]. In the case of three-point bending for rectangular
beams from Eq. (21) follows Eq. (24).

3.5 Overall deformations

(16)

𝑓=

(23)

𝒘𝑸 𝒙𝑰𝑰 = 𝟎

𝟐𝒌𝑮𝑨

𝑤𝑄

(24)

𝑤𝑀

=

2(1+𝜈 ) ℎ 2
𝑘

𝑙

5. Third-point loading

𝒙

This is a particular case of four-point bending of a square beam
where 𝑎 = 𝑙/3, 𝑑 = 𝑙/3 and the cross-sectional width and height
= 𝑙/3. These requirements are set in standard ASTM C 1018 – 97,
[3]. The equations below follow from the equations about four-point
loading.

II sector, a ≤ x ≤ a+d; 𝒙𝑰𝑰 = 𝒙 − 𝒂
𝑭𝒂
𝛽 = 𝛼𝐼𝐼 + 0 =
(𝟐(𝒙 − 𝒂) − 𝒅)
𝟒𝑬𝑰
This can be simplified to

x

y

𝑭𝒂
𝛽(𝑥) =
(𝟐𝒙 − 𝒍)
𝟒𝑬𝑰
We find overall deflection in the II-nd sector as a sum of
deflections at point a, Eqs. (13), (14), and local deflection in this
sector, Eqs. (10), (15):

I

∴

𝑤 𝑥 =

𝐹𝑎
12𝐸𝐼

3𝑥 𝑙 − 𝑥 − 𝑎2 +

𝑭
𝟏𝟐𝑬𝑰

𝟐𝒂𝟑 + 𝟑𝒂𝟐 𝒅 +

𝑭
𝟐𝒌𝑮𝑨

𝑓 = 𝑓𝐼 + 𝑓𝐼𝐼 =

𝑭𝒂
𝟒𝟖𝑬𝑰

𝟑𝒍𝟐 − 𝟒𝒂𝟐 +

Maximal angle
𝛼 0 =

𝑭𝒂

=

48(1+𝜈 )𝐼
𝑘𝐴(3𝑙 2 −4𝑎 2 )

(26)

For a rectangular section, this ratio is:
(21)

𝑤𝑄
𝑤𝑀

=

𝑓=

23𝐹
1296𝐸𝐼

𝑙3 +

𝐹𝑙
6𝑘𝐺𝐴

5.2 Ratio between the two deflection sources in the middle
of the beam, for rectangular cross-section

It follows from Eqs. (14), (15), (13) and (11):
𝑤𝑄

−𝐹 2
𝐹
𝑙 −
18𝐸𝐼
2𝑘𝐺𝐴

Maximal deflection

𝟐𝒌𝑮𝑨

3.7 Ratio between the two deflection sources in the middle
of the beam:

𝑤𝑀

RB

l

5.1 Maximal deformations

𝒂

(25)

(20)

l/3

l/3

Fig. 3 Third point loading.

The maximal deflection of the elastic line from the support
points (x=0; x=l) to the middle of the span is:
(19)

III
B

RA

𝐹𝑎
2𝑘𝐺𝐴

The maximal deflection of the elastic line from the support
points (x=0; x=l) and the loading positions (x=a; x=a+d) is
𝒇𝑰 = 𝒘 𝒂 =

II

l/3

3.6 Maximal deflection

(18)

F/2
q

A

𝑤 𝑥 = 𝑤𝑀 𝑎 + 𝑤𝑄 𝑎 + 𝑤𝑀 𝑥𝐼𝐼 + 0
(17)

F/2
q

z

𝑤𝑄
𝑤𝑀

=

36(1+𝜈) ℎ 2
23𝑘

𝑙

If the shear correction factor is assumed k = 5/6, then

(1+𝜈 )(ℎ/𝑙)2
𝑘(3/4−(𝑎/𝑙)2 )

(27)
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=

216(1+𝜈 ) ℎ 2
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𝑙
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Finally,

6. Results and discussion

𝑓=

23𝐹
1296𝐸𝐼

𝑙3 1 +

(32)

𝑙

𝑤𝑀

7. Conclusion
If one prefers to use a more precise value for the shear
correction factor, then Eq. (29) is applicable for third-point loading.
𝑓=

23𝐹
1296𝐸𝐼

𝑙3 1 +

36(1+𝜈 ) ℎ 2
23𝑘

𝑙

If we use in (29) the Kaneko’s equation (30) for rectangular
cross-section, [4]:
5(1+𝜈 )
(30)
𝑘=
6+5𝜈

then for third point loading:
(31)

𝑤𝑄
𝑤𝑀

=

216∗(1+5𝜈 /6) ℎ 2
115

𝐹𝑎
48𝐸𝐼

3𝑙 2 − 4𝑎 2

1+

48(1+𝜈 )𝐼
𝑘𝐴(3𝑙 2 −4𝑎 2 )
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If we consider a concrete beam subjected to third point loading,
𝑤
then 𝜈 = 0.2, h/l = 1/3 and k = 5/6 lead to 𝑄 = 0.25.

(29)

𝑓=

8. References

216(1+𝜈 ) ℎ 2
115

= 0.243 for concrete beams (ν = 0.2) under third

point loading.
The same result (as the first three digits) is achieved when in Eq.
(29) is put a shear correction factor k = 0.860, obtained following
the Stephen data [5] for square beams with Poisson’s ratio 0.2, see
[1].
In all cases of symmetric four-point bending of thick beams, Eq.
(32) holds for the maximal deflection of the centre of the neutral
line.

It is known that the tangential force contributes to the deflection
of short beams. The method taught and described in the literature
(Euler-Bernoulli theory) has practical applications for determining
the deflection of thin beams. Timoshenko offered a way to account
for the influence of the transversal force on thick beam vibrations.
This approach is also applicable to account for deflection due to the
transversal force in thick beams under static loading. These
theoretical issues are discussed in detail in the publication [1].
Here, the 2-nd section sets out the specific steps for applying the
approach described in [1], and the 3-rd section contains results of
applying this approach to determine the internal forces and
deformations of a beam under four-point bending. The three-point
loaning scheme could be considered as a specific case of 4-point
bending, when the upper span d=0, and a few equations for threepoint loading are shown in the 4-th section.
The deformation equations obtained, caused by the bending
moment, coincide with those described in other sources, as [2],
except for the sign of the direction of rotation, which here and in [1]
is considered positive for counterclockwise rotations.
Solutions of the basic equations in Timoshenko's theory (Eq. (3)
- (5) in [1]) are described for the above cases. The situation in which
the deflection due to the tangential force has a 1% relative share is
analysed. It can be considered as the boundary between thick beams
and thin beams. This limit is [l/h] ≅ 17 for rectangular beams on
two supports.
There is a Standard Test Method for Flexural Toughness and
First-Crack Strength of Fiber-Reinforced Concrete that uses Simple
Beam with Third-Point Loading. This is a particular case of fourpoint loading, where the span is divided into three equal lengths and
the cross-section has the same size (= l/3). Data for this case (third
point loading) are shown in the 5-th section. The obtained Eq. (28)
that follows from Eq. (25) coincides with an analogical equation in
the standard [3] when the shear correction factor is assumed to be k
= 5/6.
(28)

𝑤𝑄
𝑤𝑀

𝑙
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Numerical investigation of wind-assisted ship propulsion systems
Deyan Krastev
Bulgarian Ship Hydrodynamics Centre - BAS, Varna
D.Krastev@bshc.bg
Abstract: The paper studies three of the most applicable wind-assisted ship propulsion systems: soft sails, Dynarig sails and Flettner
rotors, in particular the wind forces on the sails. Traditionally, and still most reliably, these forces are determined by model testing in wind
tunnels. Unfortunately, experimental results of different WAPS are quite scarce. On the other hand, the intensive development of
Computational Fluid Dynamics (CFD) nowadays allows faster and more economical evaluation of aerodynamic forces and optimization of
shapes. CFD modelling is applied here for evaluation of the aerodynamic forces on sails.
Keywords: ENERGY EFFICIENCY, RENEWABLE ENERGY RESOURCES, WIND PROPULSION.

1. Introduction

(3)

The introduction of stringent regulations aimed at reducing the
COx emissions stimulated the search of different methods and
systems for energy efficiency, both novel and existing. The
utilization of wind power is one of the obvious solutions. Wind
sailing is the first propulsion system in navigation since ancient
times. There are shortcomings of sailing compared to motor
propulsion. However, today they can be overcome by means of the
modern mechanical, electronic and IT technologies and make the
hybrid motor/sailing propulsion in commercial shipping a viable
solution. There is a long list of the most studied wind-assisted
propulsion systems (WAPS) technologies: traditional sail, DynaRig,
Flettner rotor, kite, wing-sail, turbo sail, wind turbine [1]. Three of
these technologies – traditional sail, DynaRig and Flettner rotor –
are analyzed in the paper on the basis of case studies.

(4)

CL 

CD 

L
1  AIR .V 2 . AT
2

D
1  AIR .V 2 . AT
2

-

Lift coefficient

-

Drag coefficient

2. Aerodynamic forces on sails
Fig. 2. Pressure distribution

2.1. Wing sails (Soft Sail, DynaRig)
The aerodynamic forces acting on the sail(s) are functions of the
apparent wind speed (AWS) and apparent wind angle (AWA). The
apparent wind speed is a vector sum of the true wind speed (TWS)
and the ship velocity – Fig. 1.
(1)

(2)

AWS  VS2  TWS 2  2.VS .TWS . cos TWA

 TWS .sin TWA 

AWA  arctg 
 VS  TWS . cos TWA 

Fig. 3. Sail forces

Where: L – lift (N), D – drag(N), V – flow velocity (m/s),
- air density ( kg / m3 ),

AT

 AIR

2

- projected sail area ( m ).

The lift and the drag are functions of the angle of attack,  . The
angle of attack is the difference between the apparent wind angle
AWA and the trim angle of the sail SA:  = AWA-SA. SA is the
angle between the centerline of the ship and the sail’s chord.
The major purpose of the sail is to generate aerodynamic thrust
for the ship (X). The air flow around the sail causes also a side force
(Y) which, depending on the size and position of the sail, leads to
yaw and heeling moments.

Fig. 1. True wind and apparent wind

The flow around a sail features difference of the speeds between
the leeward and windward side and, according to the Bernoulli’s
principle (Fig. 2), pressure difference. For practical reasons the
resulting aerodynamic force is usually decomposed into lift (L)
normal to the flow direction and drag (D) in the direction of the
flow (Fig. 3).

The relation of lift and drag with lateral and longitudinal forces
depends on AWA:

The aerodynamic forces are normally presented in nondimensional form:

(5)
(6)
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In contrast to other applications of wing shapes (airplanes,
propeller blades, etc.) where maximum Lift/Drag ratio is searched
for, maximum thrusting force is the target of the sails. The sails can
operate in two modes: (a) like a wing and (b) like an air
dam/stalling. The two options can be explained with the fact that
above a certain value of the angle of attack the drag (D) prevails
over the lift (L). And from formula (5) it can be deduced that for
different combinations of apparent wind angle (AWA) and sail trim
angle (SA), either lift or drag is dominating in the thrusting force X.
Thus, by controlling the sail trim angle SA, the maximum X can be
attained for arbitrary apparent wind angle AWA.

3.1. Soft sail
Soft sails are maybe the most common type nowadays. It has
plenty of setting and control lines that allow adjustment of the angle
of attack according to weather conditions. Can be manufactured by
dacron and modern kevlar/carbon. Advantages: various settings of
sail shape, low cost of materials, low external power for control
winch(es). Disadvantages: needs for a competent crew to operate on
it, short life of sails. A soft sail was designed for application to a
real ship [2].
Figure 6 shows the shape of the sail and the computational mesh
for the simulation. The results for the pressure distribution over a
horizontal section plane are illustrated in Fig. 7.

2.2. Flettner rotor
Flettner rotors make use of the Magnus effect (Fig. 5) for generating
thrust to the ship. This phenomenon consists in the fact that if a
body is spinning in a fluid flow a force is developed on the body
perpendicular to the flow direction.
A Flettner rotor is a cylinder, of height HFL and diameter DFL with
endplates of diameter DE, mounted vertically to the deck of a ship.
A motor rotates the cylinder in the air stream and a lift force is
generated that can contribute to the propulsion of the ship.
The forces, lift LFL and drag DFL, and the torque QFL on the rotor are
converted and used in non-dimensional form:
(7)
(8)
(9)

Fig. 6. Shape and computational mesh of soft sail

The torque Q is also important for Flettner rotors since it
determines the power to be spent for spinning the rotor
PDFL=2(RPM/60)Q.

Fig. 5. Magnus effect

With fixed dimensions of the rotor and direction of the forces
predetermined by the apparent wind angle the basic operational
parameter to control the values of the forces are the RPM of the
rotor. The relevant non-dimensional parameter is the “spin ratio”
SR=U/AWS, where U=nDFL is the peripheral speed of the
cylinder.

Fig. 7. Pressure distribution around soft sail

The results for the forces on the soft sail are presented in Figs. 8
and 9.

In the ship’s frame of reference (Figure 1) the longitudinal and
side forces on the rotor are expressed as:
(10)
(11)
Depending on the side of the true wind the direction of rotation
is reversed.

3. Test cases
The flow, pressure distribution and forces on each of the
investigated WAPS are simulated using the software product STAR
CCM+. The effect of the basic operational parameters, the angle of
attack for the sails and RPM of the rotors is observed. Diagrams for
the propulsive force and side force with respect to the apparent
wind angle are developed for each WAPS. The efficiency of the
three WAPS in terms of the ship propulsion is summarized and
compared.

Fig. 8. Lift and drag coefficients of soft sail at various angles of attack
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The results for the forces on the Dynarig sail are presented in Figs.
12 and 13.

Fig. 9. Thrust and side forcecoefficients of soft sail at optimum SA and
various AWA

3.2. DynaRig
Fig. 12. Lift and drag coefficients of Dynarig sail at various angles
of attack

The DynaRig is a close-to-square sail with a rotating mast and
fixed camber, typically between 10% and 12%. It can be
manufactured with soft material such as dacron or kevlar/carbon
and also by lightweight plates. Advantages: good efficiency and
high level of automation. Disadvantages: external power for
operation, static sail shape. A Dynarig sail was designed on the
basis of publications [3]. The height/maximum chord length was 2
and the camber 12%.
Figure 10 shows the shape of the sail and the computational
mesh for the simulation. The results for the pressure distribution
over a horizontal section plane are illustrated in Fig. 11.

Fig. 13. Thrust and side force coefficients of Dynarig sail at
optimum SA and various AWA

3.2. Flettner rotor
On the basis of published parametric studies [4] a rotor of
HFL/DFL = 6 and DE/DFL = 2 was modelled and investigated by
CFD. The forces and the torque on the rotor are computed with
STAR CCM+. The full-scale Reynolds number is ensured by
adjusting the wind speed and RPM to cover a range of spin ratios.
Figure 14 shows the shape of the sail and the computational
mesh for the simulation. The results for the pressure distribution
over a horizontal section plane are illustrated in Fig15.

Fig. 10. Shape and computational mesh of Dynarig sail

Fig. 14. Shape and computational mesh of Flettner rotor

Fig. 11. Pressure distribution around Dynarig sail
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4.

Analysis and conclusions

The aerodynamic forces on three wind-assisted propulsion
systems are analyzed by CFD simulations – soft sail, Dynarig sail
and Flettner rotor. In terms of propulsive force the two types of sail
are comparable. The Dynarig sail has advantage at lower apparent
wind angles (< 650), at higher angles (700 to 1300) the soft sail is
better and the two types generates almost equal trust at angles above
1300 where they operate in air-dam mode.
The thrust coefficient of the Flettner rotor is higher than that of
the sails. However it must be taken into account that the frontal area
of Flettner rotors cannot be increased arbitrarily and after
subtracting the power needed to spin the rotor the effect is
comparable to that of the sails.

Fig. 15. Pressure distribution around Flettner rotor
The calculated forces in non-dimensional form as functions of
the spin ratio at different apparent wind angle are displayed in Figs.
16 and 17.

Therefore, no decisive preference can be given to any of the
systems from aerodynamic point of view only. Any decision should
be made considering the specific structural and operational profile
of the ship.

The forces increase with spin ratio up to SR  4 but tend to
constant values for higher SR values. The torque on the other hand
grows monotonously with spin ratio. The thrusting force contributes
to the propulsion of the ship while the torque determines the power
to be spent for driving the rotor. That means an optimum value can
be found for the spin ratio SR, hence the RPM, providing maximum
net benefit.

The experience gained and the findings of the present study can
be useful in evaluating the effect of WASP systems on energy
efficiency and conceptual design of such systems.
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Fig. 16. Thrust and torque coefficient of Flettner rotor for
varying spin ratio and AWA.

Fig. 17. Side force coefficient of Flettner rotor for varying spin
ratio and AWA.
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Optimization of the rubber forming process for the sheet metal part
using numerical simulation.
Juliy Martyn Kulya*, Miroslav Tomáš , Emil Evin
Technical University of Kosice, Slovakia
* juliy.martyn.kulya@tuke.sk
Abstract: This article focuses on the optimization of manufacturability for the aluminium cover produced by rubber forming. Aluminium
Al6016 was considered as a material for the cover and its constitutive equations Hill 48 and Hollomon described its properties. The
Mooney-Rivlin hyperelastic material model defined material properties for a punch made of rubber. Pam stamp software was used to create
the simulation model and evaluation. Results were optimized from the view of thickness red uction and punch stroke when two different
rubber hardness were selected.
KEYWORDS: RUBBER FORMING, ALUMINUM SHEET, NUMERICAL SIMULATION.

1. Introduction
Rubber forming is one of the unconventional forming
technologies, just like hydroforming, electromagnetic forming, and
blast forming, incremental forming [1-3]. Rubber forming is
advantageous for the production of prototype stampings, where the
role of the die is formed by rubber and any blank holder is required,
which simplifies the construction of the tool and the production of
prototypes. We distinguish two basic methods of rubber forming.
The Guerin method uses the principle of expansion of rubber
enclosed in a steel case. The advantage is that the rubber does not
leave any marks on the surface. The disadvantage is the need for
large forces, although large pressures have a positive effect on
increasing plasticity [1,2]. The Marform method is also suitable for
deep drawing of steel and nonferrous sheets. The difference is in the
layer of rubber, which is larger here. The height of the rubber must
be at least three times the height of the molding in order to avoid
rapid wear and loss of elasticity of the rubber) [2,3].

Figure 2. Marform method [5]
The project presents a case study of the manufacturability of a
sheet metal component (cover) by the rubber forming method. The
aim of the study was to verify the formability of the aluminium
sheet when processed by Rubber Forming technology. The process
was optimized for two different rubber hardness specified for the
punch, from the view of the effect on thinning of the material, and
contact between die and blank.

In practice and research, several authors have compared rubber
forming technology with other forming technologies. Peng et al [4]
investigated rubber forming for various molding materials, where
they examined the hardness of the rubber to the process result. In
the simulation, the authors used the hyper-elastic Mooney-Rivlin
model to describe the properties of a rubber die. The results of the
investigation were suitable rubber hardness and friction conditions
to achieve a uniform molding without breaking. Afteni et al. [5],
summarized rubber forming technologies, where they described the
production of different types of molding and different types of
production methods - Guerin process (Fig.1), Maslennikov process,
Marform process (Fig.2), Demarest process, Verson-Wheelon
process,, Verson Hydroform process and SAAB process. They also
analyzed the results of numerical simulation of selected rubber
forming technologies for selected types of moldings for the
automotive and aerospace industries. Younis et al. [6] investigated
the process of drawing a roll with rubber and used the experimental
results to verify the numerical simulation of rubber forming. The
rubber rod was made of polyurethane with different hardness and
thickness. Numerical simulation determined suitable process
parameters for different shapes of the bottom of the cylindrical
yield.

2. Materials and Methods
6016 aluminum is a 6000 series aluminum alloy: there is
significant alloying with both magnesium and silicon, and the alloy
is formulated for primary forming into wrought products. 6016 is
the Aluminum Association (AA) designation for this material. In
European standards, it will be given as EN AW-6016. A96016 is
the UNS number. Additionally, the EN chemical designation is
AlSi1,2Mg0,4. The thickness of material was a0 = 1,2 mm.
Mechanical properties are shown in Table 1 and basic material data
were used as follows:
-

Density 2700 kg.m-3

-

Young’s modulus 7x105 MPa

-

Poisson’s constant 0.3

Table 1. Mechanical Properties of aluminum Al6016
Material

Al6016

Re

r0

r45

r90

K

n

[MPa]

[-]

[-]

[-]

[MPa]

[-]

116

0.38

0.48

0.66

425

0.26

Constitutive material equations
To describe material behavior during simulation, yield law and
hardening curve needs to be defined. The Hill 48 anisotropic
plasticity yield law, which include Lanksford’s coefficients shown
in Tab. 1, was used to describe elastic-plastic transition as follows
(Eq. 1): [7,8]

Figure 1. Guerin method; [5]
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where: W is strain energy density, A and B are material
parameters and W(I3) is a penalty function for incompressibility
(using ν = 0,499: Poisson’s ratio), I1, I2 and I3 are the strain
invariants [11]. The parameters of the Mooney-Rivlin model for
two hardnesses of rubber punch used in the simulations are shown
in Table 3.

(1)

To describe material behavior beyond the yielding the
Hollomon hardening model (Eq. 2) was used as follows: [9,10]
,

(2)

Table 3. Parameters of Mooney-Rivlin model for rubber punch [4]

where K is material constant, n is strain hardening exponent.
The values of constants for Al6016 are in the table. 1. Stress-strain
curve based on this material model is shown in Fig. 3

Rubber Hardness

Constant A

Constant B

[Shore °]

[MPa]

[MPa]

55

0.382

0.096

70

0.736

0.184

Simulation model was modeled for Rubber Forming
technologies, and the model comes from the die shape (1), which
was imported into the PamStamp in the .igs format. Next, a rubber
punch (3), and blank (2) were defined in simulation software.
During the simulation rectangular blank 380x296 mm were used.
Adaptive meshing was set to blank in order to reduce computing
time with the initial element size of 3.2 mm and refinement level 2.
The die was set as a rigid body surface tool and the rubber punch
was set as a volume tool assigned to Mooney-Rivlin hyperelastic
material model. The simulation model is shown in Fig. 5.

Figure 3. Material strain hardening curve: Al6016;

3. Simulation settings
The Mooney-Rivlin hyperelastic material model was used to
define the punch material model. In the fig. 4 shows all the
parameters of the die material that were used for the simulation.

Figure 5. Simulation models - Rubber Forming

4. Results
The results of the simulation of the sheet forming of aluminium
sheet are illustrated in Table 4. The results are illustrated in 3
different positions, which are important to reach full contact of the
blank and die at the end of the forming. Fig. 6 shows selected
positions used to judge the contacts.

Figure 4. Parameters for rubber die material.
In the Mooney-Rivlin generalized model, the density of
deformation energy in the case of compressibility is expressed by
the relation (Eq. 3): [4,11]
Figure 6. Positions to judge the contact between blank and die

(3)

When considering Shore 55 hardness for the rubber punch at a
stroke of 25mm, there is no full contact in all 3 selected positions. If
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Table 5. Results of sheet forming in 3 important positions, with
two different hardness of elastic punch
Hardness
Stroke
Position 1
Position 2
Position 3

the stroke is increased to 30mm, then full contact occurs at the
corners of the drawpiece in positions 1 and 3, in the inner overlap
position 2 there is no full contact. Full contact in all 3 positions was
achieved at a stroke of 35mm.

Shore 55

For a Shore 70 hardness of the rubber punch at 25mm stroke,
contact was also not made in all 3 positions, with the filling of the
die being greater compared to the Shore 55 rubber hardness. After
increasing the stroke to 30mm there is full contact in all 3 positions.
The same full contact can be observed at a stroke of 35mm.

Shore 70

Among all simulations, we chose the two most suitable variants
with different hardnesses of the rubber punch. For Shore 55 it is the
most suitable version with 35mm stroke, because the version with
stroke 30mm and 25mm strokes is not enough for complete sheet
deformation. For the Shore 70, we chose the version with stroke
30mm , because it’s suitable stroke for sheet to reach full contact in
all positions. Versions with 25mm stroke it is not enough reach full
contact for two different punch hardness selected.

Stroke
25

Position 1

15%

7%

9%

30

37%

8%

31%

35

37%

8%

31%

25

27%

9%

28%

30

40%

7%

33%

35

40%

7%

33%

The results were calculated using a graph that was plotted in the
cutting plane. The plane was placed at the most critical point of
each position. The table shows the largest value of the sheet metal
thinning at each position.
For Shore 55 rubber hardness, comparable thinning occurred at 30and 35-mm stroke with a maximum value of 37% in position 1.
Similarly, for shore 70 rubber hardness, the thinning is comparable
at 30 and 35mm stroke with a maximum value of 40%.

Table 4. Results of sheet formation in 3 important positions, with
two different hardness of the elastic punch.
Shore 55
Position 2

25

Position 3

After assessing the simulation results (contact, thinning), we
can conclude that two variants are suitable for comparison of the
effect of rubber hardness: for Shore 55 the variant with 35mm
stroke is suitable, and for Shore 70 the variant with 30mm stroke is
suitable.
To compare the effect of rubber hardness on the pressability of the
sheet metal, the results of the thinning of the sheet metal after
pressing and the risk of material failure (FLD) were selected.

30

Figure 7 shows that when deforming with rubber with a Shore
55 tensile hardness and a 35mm stroke, there is a 37% shrinkage of
the material in position 1.
35

Stroke
25

Position 1

Shore 70
Position 2

Position 3

Figure 7. Results of sheet deformation with Rubber punch of
hardness Shore 55 (Thinning)
30

Figure 8 shows that when deforming rubber with Shore 55 rubber
hardness and a stroke of 35mm there is no failure of the material the deformation is below the forming limit curve.

35

Table 4 shows the values of plate thinning in all positions with
different boundary conditions
Figure 8. Results of sheet deformation with the Shore 55 (FLD)
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In Figure 9 it is shown that when deformed by a rubber with a
rubber tensile hardness of Shore 70 and a stroke of 30mm, the
material thinning by 40% in position 1.

4.

L. Peng,; P. Hu; X. Lai; D. Mei; J. Ni.: Investigation of
micro/meso sheet soft punch stamping process – simulation
and experiments. Materials & Design 2009, Vol. 30, p. 783790.
5. C. Afteni; G. Costin; I. Iabob; V. Paunoiu,; T. Virgil. A review
on sheet metal rubber-pad forming. The Annals of „Dunărea de
Jos” University of Galaţi 2018, Fascicle VI, p. 1-6.
6. K.M. Younis; A.I. Aljarjary; J.J. Shukur. Numerical and
experimental investigation of parameters affect the forming
load during rubber pad sheet metal forming. IOP Conference
Series Materials Science and Engineering 2019, Vol. 518(3), p.
1-12.
7. D. Banabic. Sheet metal forming processes – consitutive
modelling and numerical simulation; 1st ed.; Berlin Heidelberg
: Springer-Verlag, Switzerland, 2010; pp. 301.
8. J. Slota. Numerical simulation of sheet metal forming, 1st ed.;
Kosice : Technical University, Slovakia, 2016; pp. 194.
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Figure 9. Results of sheet deformation with Shore 70 (Thinning)
In Figure 10 it is shown that the deformation of a Shore 70 rubber
with a rubber ductility and a stroke of 30mm does not damage the
material.

Figure 10. Results of sheet deformation with Rubber punch of
hardness Shore 70 (FLD)

Conclusion
In this article, I addressed the technology of sheet metal forming
using rubber forming technology, the aim was to compare the
formability of aluminium sheet metal with two different hardnesses
of Shore 55 and Shore 70 rubber.
Based on the results of the simulation, it can be concluded that the
variants for Shore 55 with a stroke of 35mm and for Shore 70 with a
stroke of 30mm are suitable for comparing the effect of rubber
hardness on the formability of the sheet. The increased rubber
hardness results in a higher value of thinning (40%) than the softer
rubber (37%). The effect of greater thinning is the greater holding
power of the harder rubber.
Shore 55 hardness rubber requires a greater stroke (35mm) than
harder rubber for maximum contact of the material with the tensile
strength. Both variants demonstrate compression without breaking.
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Experimental and statistical models for determining the critical values of external action
parameters on optical elements in extreme conditions of their operation
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Abstract: The study has been carried out and experimental and statistical models have been developed to determine the critical values of
external extreme action parameters (intense heat flows, times of their action, increased external pressures) on optical elements made of glass
and ceramics, the excess of which leads to their surface destruction (the appearance of cracks, chips and other defects) and, ultimately, to
the failure of optoelectronic devices.
KEYWORDS: OPTOELECTRONIC DEVICES, ELECTRON BEAM, OPTICAL GLASS AND CERAMICS
heaters and modules for controlling the heating process; multiplier
to increase pressure in the chambers; chambers with heated air;
replaceable nozzle; states with fixed element; rotation node; control
panel.

1. Introduction
Modern optoelectronic devices (pulsed laser rangefinders of
sight complexes, laser medical devices, IR devices, etc.) with
optical elements made of glass (optical glass K6, K108, K208, etc.)
and ceramics (optical ceramics KO1, KO2, KO3, etc.) (Fig. 1)
during their storage, transportation and use are subjected to extreme
external actions (intense heating flows and external pressures, shock
thermal actions in the conditions of shot and flight, etc.) [1 – 7]. At
the same time, under these conditions, the surface destruction of the
above mentioned elements occurs (cracks, chips, depressions and
other defects appear), which ultimately leads to a significant
deterioration in the technical and operational characteristics of the
devices and their failure.
Therefore, the preliminary determination of the critical values
in the main parameters of external actions (external heat flows,
times of their action, external pressures, etc.) on the surface of
optical elements is of significant importance. Determination of
these critical parameters at the stage of design and bench testing
will allow to prevent their possible failures in the extreme operating
conditions (Fig. 2).
Nowadays, external actions on the surface of optic elements
haven’t been investigated sufficiently: there are only separate
calculation results of the maximum permissible values of
thermoelastic stresses in optical elements leading to their
destruction [8 – 11]; experimental studies on determining the
considered parameters of external actions on elements for different
conditions of their operation are absent.
Therefore, the objective of this paper is to conduct
experimental studies and develop experimental and statistical
models to determine the dependences of critical values of the
external heat flow qn* from the critical values of its impact t* at
normal and increased external pressures.

Flat and curvilinear plates

qn(t)

qn(t)

Rectangular elements of different sizes

qn(t)

qn(t)

Cylindrical elements
qn(t)

qn(t)

2. Research results and their analysis

qn(t)

Hemisphere streamliners of different thicknesses

Plates with thickness of Н = 2…6·10-2 m were used to study
parametrical impact of external thermal actions (heat flow qn and
time of its action t)) on the working surfaces of optical glass
elements (К8, К108, К208, БК10, ТФ110) and ceramics КО1,
КО2, КО3, КО5, КО12), the main physical and mechanical
characteristics can be found in the studies [12 – 15].
For modeling exterior thermal actions on optical elements at
normal conditions (Р = 105 Pа, Т = 273 К), controlled IR heating
with quartz lamps of КГМ-220-1000-1 type was used with РИФ101 thermal sensors to control temperature on the surface of
elements in the range of 300... 1900 K and external heat flows in the
range of 1,5105…2,3106 W/m2 [1, 3].
Modeling of the increased heating temperature effects (up to
1500 K) and external pressures (up to 107 Pa), as well as supersonic
speeds of air flow (up to 2103 m/s) and angular rotation speeds (up
to 4103 rad/s) at semispherical optical elements (operating
conditions of supersonic equipment) were carried out on standard
testing facilities [1, 3]. Installations are made of a unit with three
test chambers, which house optical elements, volumetric electric

qn(t)

qn(t)

Fig. 1. General appearance of optical elements of devices exposed
to extreme external actions during their operation.
Cracks, chips
К8, qn* = 3∙105 W/m2, t* > 10 s
К8, qn* = 1,5∙105 W/m2,
t* > 14 s
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КO2, qn*= 1,2∙106 W/m2, t* > 25 s

Influxes, undulating surfaces
К108,

qn*=

6∙10 W/m , t > 6 s
5

2

*

Areas of rapid boiling
К8, qn*= 106 W/m2, t* > 4 s
Fig.4. Dependences qn*( t*) from the elements of optical glass
ТФ110 (1) and БК10 (2), untreated by electron beam (the width of
the sample Н = 4∙10 -3 m): ––––– – Р = 105 Pa; – – – – Р = 107
Pa; ●, ○, ∆, ▲ – experimental data.

Fig. 2. Observed destructions of the elements from optical glass
(K8, K108) and ceramics KO2 by exceeding the parameters of
external actions of their critical values (qn*, t*).
The influence of external heat flows and the time of their
action on the surface of optical plates during their uneven heating.
The dependences of the critical values of the external heat flow qn*
on the critical values of the impact t* at normal and increased
external pressures (fig. 3 - 6), when the surface layers of optical
elements are destroyed, has been established as a result of
experimental studies (relative error did not exceed 5... 7%).
Elements made of optical glass. From the data presented in
fig. 4, 5, it can be seen that when t* is increased from 4 s to 24 s, the
value qn* decreases by 5... 6 times; at the same time, an increase in
external pressure from Р = 105 Pa to Р = 107 Pa leads at the given t*
to the decrease in qn* by 1,2…1,7 times, and at the given qn* – to
the decrease of t* by 1,3…1,5 times.
To increase the efficiency of practical use of these data
when designing and manufacturing various devices based on optical
elements using well-known methods of mathematical statistics [16]
the following experimental and statistical models have been
obtained (relative error of 3... 5 %):

qn (t  , P)  (a0  a1  P  a2  P 2 )  (t  )

b0  b1  P  b2  P

Fig.5. Dependences qn*( t*) for elements from optical ceramics КО5
(1), КО1 (2) and КО12 (3), untreated by electron beam (the width
of the sample is Н = 6∙10 -3 m):––––– – Р = 105 Pa; – – – – Р =
107 Pa; ●, ○, ∆, ▲, □, ■ – experimental data.

2

(1)

where qn*– in W/m2; t* – in s; P– in Pa; a0, a1, a2, b0, b1, b2 empirical constants, the values of which depend on the nature of
optical glass (Table 1).

Fig. 6. Dependences qn*( t*) for the elements from optical ceramics
КО2 (1) and КО3 (2), untreated by electron beam (the width of the
sample is Н = 6∙10 -3 m): ––––– – Р = 105 Pa; – – – – Р = 107 Pa;
●, ○, ∆,▲– experimental data.
Elements made of optical ceramics. The data presented in
fig. 5, 6, demonstrate that both for the optical elements processed by
the electronic beam and for the untreated ones, with a decrease of
qn* from 2,5∙106 W/m2 to 1,5∙105 W/m2, the value of t* increases
by 6... 8 times. At the same time, the decrease in external pressure
from Р = 107 Pа to Р = 105 Pа leads at the given qn* to an increase
of t* by 2…2,5 times, and with the given t* – to an increase of qn*
by 3... 4 times.

Fig.3 Dependences qn*( t*) for elements from optical glass К8 (1),
К208 (2) and К108 (3), untreated by the electron beam (the width
of the sample is Н = 4∙10 -3 m): ––––– – Р = 105 Pa; – – – – Р =
107 Pa; ●, ○, ∆, ▲, □, ■ – experimental data.

Table 1: Empirical constant values in experimental and statistical
models (1) for optical glass elements
Brand of
glass
Соnstant
a0
a1
a2
b0
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К8

К108

К208

БК10

ТФ110

1,76∙106
- 10-2
4,7∙
∙10-10
-0,94

1,53∙106
0,31
- 2,5∙
∙10-13
-1,07

1,67∙106
0,16
- 2,4∙
∙10-9
- 1,24

9,02∙105
0,13

1,28∙10 6
3,6∙10-2
- 6,2∙
∙10-14
- 1,11

- 10-13
- 1,21
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b1
b2

- 7,9∙
∙10-9
9,5∙
∙10-17

- 9∙10-8

5,8∙10-8

6,7∙
∙10-15

- 1,4∙
∙10-15

- 8,3∙
∙10-8
5,1∙
∙10-15

- 3,7∙
∙10-8
3,8∙1015

To increase the efficiency of practical use of the obtained
results, as well as for elements from optical ceramics, the following
experimental and statistical models have been developed (relative
error of 5...7 %):

qn (t  , P)  (c0  c1  P  c2  P 2 )  (t  )

d0  d1  P  d 2  P 2

(2)

where qn*– in W/m2; t* – in s; P– in Pa; c0, c1, c2, d0, d1,
d2 - empirical constants, the values of which depend on the nature
of optical ceramics (Table 2).

Fig. 7. Dependence θmax*(V) for turbulent blowing of the fairing
with supersonic air flow: ▲ – results of experimental studies.

Table 2: Empirical constant values in experimental and
statistical models (2) for optical ceramic elements
Ceramic
Соnstant
с0
с1
с2
d0
d1
d2

КО1

КО2

КО3

КО5

КО12

7,84∙10 6

5,91∙106

5,17∙10 6

5,68∙106

5,47∙106

0,32

- 8,3∙
∙10-2

- 0,12

- 4,21∙
∙10-2

0,242

- 3,8∙
∙10-8
- 0,72
- 3,2∙
∙10-8
1,2∙
∙10-15

6,6∙
∙10-10
- 0,79
- 1,6∙
∙10-8
1,3∙
∙10-16

3,2∙
∙10-11
- 1,13
- 7,9∙
∙10-9
- 2,3∙
∙10-16

- 1,3∙
∙10-14
0,48
2,5∙
∙10-8
1,5∙
∙10-15

9,1∙
∙10-9
- 0,76

Fig. 8. Dependence of the temperature Tw in different surface
points of fairings from optical ceramics KO1 (1), KO2 (2), KO12
(3), KO3 (4) and KO5 (5) on the speed of the external supersonic
gas flow: ––––––––––– temperature in maximum thermal impact
zones, which are located along the surface of the fairing from its
front critical point (θ ≠ 00); – – – – – temperature at the front
critical point of the fairing (θ = 00).

- 0,24
- 1,6∙
∙10-17

Determination of dangerous areas on the surface of
hemispherical fairings in IR devices exposed to maximum heating
and destruction in the conditions of supersonic blowing by air flow
and axisymmetric rotation. The tests have revealed that at a blowing
speed of up 8102…1,2103 m/s 30…40 % the tested fairings are
destroyed, while at blowing speeds of 1,5103…2103 m/s more than
90% of the tested fairings are subjected to destructions. The
increase in the angular speed of the axisymmetric rotation of the
fairings (up to 4∙103 rad/s) practically does not affect the formation
of thermo effects of the gas flow on the surface of the fairings and
their destruction. In addition, according to the results of schlierenphotographic studies of gas flow structure and directly according to
the final results of the tests, it has been established that the main
contribution to the destruction of the fairings is provided by
turbulent supersonic blowing of the air flow, which leads to
significantly uneven heating of their surface and the formation of
zones of elevated thermal actions, where local overheating of
streamliners occurs, that leads to their destruction.
At the same time, the locations of these zones for laminar
wrapping mode are located in the vicinity of the front critical points
for all the studied airflow speed ranges V, and in the case of
turbulent mode – significantly shifted along the surface of the
fairings. As a result of the conducted studies for the turbulent
wrapping mode of the hemispheric fairing the following
dependence was obtained θ(V) (θ – the angular coordinate along the
surface of the fairing from the front critical point (θ = θmax* = 0) to
the place, where both the maximum heating of the fairing and its
destruction occur (θ = θmax*) (Fig. 7). From the results presented in
Fig. 7 it follows that with an increase in the speed of blowing of the
air flow, the locations of the fairing surface destruction zones
practically do not change: with an increase of V from 7·102 m/s to
2·103 m/s, the values θmax* lie within 21...230.

Fig. 9. Dependence of the average heating speed V of the fairing
from optical ceramics KO1 (1), KO2 (2), KO12 (3), KO3 (4) and
KO5 (5) in different zones, exposed to external supersonic airflow:
––––––– – zones with maximum thermal effects, that are located
along the surface of the fairing from its frontcritical point (θ ≠ 00);
– – – – – zone with elevated temperature, that corresponds to the
front critical point of the fairing (θ = 00).
The obtained test results of fairings made of optical
ceramics in conditions of supersonic blowing of air flow are due, as
shown by numerical calculations of kinetic heating of the fairing
surface [1, 3], by very high temperatures in the areas of the surface
of the fairing, that are exposed to destructions during operation: an
increase of V to V = 2∙103 m/s leads to an increase in the
temperature in stated zones to 1400...1500 K, and at the front
critical point – up to 1000...1100 K (Fig. 8). In addition, the
estimate of the average heating speed V ( V has been estimated as
the average integral characteristic during the action of IR devices
with fairings) of the fairing surface in these zones shows its
significant values and significant dependence from V (Fig. 9):
raising V to V = 2∙103 м/с m/s leads to an increase in the average
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heating speed of the product surface in these zones up to 100...120
K/s, and at the front critical point – up to 70...80 K/s.
Increased temperature values and heating speeds of fairing
surfaces in the above-mentioned hazardous zones lead to the
emergence of significant thermal strains in these zones, which
exceed their critical values, that for the considered optical ceramics
are the reason of the destruction in the surface layers ofthe fairings.
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3. Conclusions
1. For the first time, the following influence patterns of
external thermal effects on optical elements have been established:
– with the steady heating of the elements, the increased
heating temperatures (up to 1500 K) and external pressures (up to
107 Pа), observed when using devices with these elements, do not
lead to noticeable violations in the integrity of the surface layers of
elements (the appearance of cracks, chips, etc.);
– with uneven heating of the elements the increase in the
external heat flow qn (from 5∙105 W/m2до 2∙106 W/m2) and the time
of its action t (from 24 s to 60 s) leads to the destruction of elements
made of optical glass and ceramics; at the same time, an increase in
external pressure from 105 Pa до 107 Pa reduces their critical values
by 1,2…2,5 times;
– for the specified ranges of changes in parameters qn and t
with external influence on optical elements, experimental and
statistical models have been developed to determine the




dependencies of their critical values qn (t , P ) (relative error 3...
7%), that allows at the stage of design and manufacture of devices
to determine possible critical modes of their heating at high external
pressures, the excess of which leads to the destruction of optical
elements and failure of devices.
2. For the first time, IR device testing with hemispherical
fairings made of optical ceramics in the conditions of their blowing
with supersonic air flow allowed to establish:
– at a blowing speed of up to 5102…103 m/s 30…40 % of
the tested fairings are subjected to destruction, and at blowing
speeds of 1,5103…2103 m/s more than 70% of the fairings are
subjected to destructions;
– for laminar mode of wrapping the destruction of fairings
is observed next to their critical points θ = 00 (θ – spherical
coordinate), and in the case of turbulent wrapping mode, the area of
destruction shifts along the surface of the fairings from the front
critical point at a distance corresponding to θ = 21…230, that allows
by adjusting the speed and direction of launching products with the
considered IR devices by 1,5…2 times to reduce the number of
destructions of their fairings in stated hazardous areas and increase
their reliability when operating in the conditions of shot and flight.
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Concept of an energy system emulator
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Abstract: Research, optimization and practical implementation of the optimization processes of energy subsystems of power, heating and
industrial plants is a relatively complex task that is unimaginable today without specialized computer support tools. The energy system
emulator itself represents a tool for development and application work with energy systems, which is based on today’s standard
decentralized control systems. The basic principles of the modular construction of the emulator and an example of its implem entation based
on the Siemens SIMATIC-S7 DCS system are shown. In addition to the design of the energy systems emulator concept, the article also
presents a design of a hydraulic turbine model as the most important subsystem of a hydropower plant, the efficiency calculation of which is
analytically demanding and dependent on parameters that are often obtained only by a theoretical estimation. In this article, a fuzzy system
was used to create the model based on measured operating data of the turbine flow ra te and the height of its water column without any need
to know the exact turbine parameters.
Keywords: ENERGY PROCESS MODELLING, DECENTRALIZED CONTROL SYSTEM DCS, EMULATOR BASED ON DCS
(Human Machine Interface), which significantly improves the
quality of their acquired knowledge and experience. Another
advantage of this solution is the possibility of testing the specific
involvement of individual measuring and action members of the
proposed system directly on the emulator before the project
proposal. which diminishes the number of necessary changes to the
project in implementation and also significantly accelerates the
implementation time for a particular energy system in practice.

1. Introduction
Currently, the management of electricity generation and
distribution of energy companies (power plants, heating plants and
energy in large industrial enterprises) is carried out largely on the
basis of specific solutions and by improving existing algorithms
based on continuously acquired practical experience. Large
multinational companies often have their own research teams and
methods, but these are not available to many businesses and
companies due to the associated financial demands. The aim of this
paper is to propose a concept of a universal energy emulator that
would correspond as much as possible to a particular real energy
system. It is a device that would enable modelling as faithfully as
possible in accordance with the actual system to examine and
design specific subsystems of power plants, heating plants and other
production processes. Furthermore, the knowledge achieved could
be directly used in the practical deployment of a particular control
system, in particular in the management of such systems [1-2], their
visualization [3], and also in the training of operators (turbine
operators, boilers, small hydropower plants, etc.).

Due to the requirement of universality of the proposed
emulator, it is necessary to build the software hierarchically and
with strict modularity. There are three basic types of modules:
1. Control modules. The most frequently used types of such
modules are now a standard part of any DCS system. These
are classic PID controllers, binary actuators and valves of
various types, sequential regulators, etc. If necessary, other,
less standard controllers (fuzzy regulators, neural networks,
reference model controllers, adaptive controllers, etc.) it is
necessary to create a new library module in the DCS system
based on the standards of the system used.
2. Interface modules. This type of module is now also a
standard part of any DCS system and it is designed to
connect this system with the relevant technology. Since the
proposed emulator will mainly be used to interconnect
internally with technological modules, they need to be
modified, especially in view enabling simple redirection of
their input and output signals.

2. Concept of an Energy Systems Emulator
The emulator concept derives from the requirements for its use
in the technical work of companies and organizations engaged in
the deployment of control systems for energy and heating processes
[4]. The scheme of the controlled energy system that needs to be
emulated is shown in Fig.1.

3. Technological modules. These modules are the core of the
emulator and need to be developed, verified and
implemented for each individual subsystem of the energy
equipment in the most general form.

3. Implementing the Energy Systems Emulator
Using the Siemens DCS System
Based on the concept of the energy system emulator from
Fig. 1, the hardware equipment of the emulator based on a Siemens
SIMATIC-S7 system was designed and implemented as shown in
Fig. 2.

Fig. 1 Illustrated scheme of the controlled energy system

The energy system has two main parts, technological and
control. It is practically impossible to emulate realistically the
control part of the energy system with a (simpler, cheaper, etc.)
computer system other than a decentralized system (DCS). For this
reason, it is optimal and most convenient to build the technical
means of the proposed emulator on the basis of a standardized DCS
system. Part of the emulator will simulate the DCS subsystem itself
and the other part the energy process with its subsystems.
Furthermore, this solution enables the designed emulators directly
to apply and deploy the designed control and visualization blocks to
control the specific energy device being studied. This concept also
makes it possible to train device operators practically on a real HMI

The complete emulator is built on two processors, one of which
emulates the control itself while the other emulates the energy
technology device. The emulator includes two operator stations
(they can also serve as engineering stations) for visualization and
one portable programming station. Processors are interconnected
via the Profibus DP bus. When emulating and training operators, all
signals between the control and technological parts of the emulated
device (i.e. processor 1 and processor 2) will be transmitted through
this bus. When connected to a real device, the signals from the
modules will be switched to the real IO cards of the system.

59

MATHEMATICAL MODELING 2/2022

for the Grid. Fig. 3 depicts all the previously stated main subsystems, creating the basic simulation model of the SHP.

Fig.3 Block diagram of a small hydropower plant
Fig. 2 Siemens DCS emulator block scheme

The Hydraulic Turbine is considered to be the heart of the
hydropower plant, mostly because of its important function in the
whole process of electrical energy production. Therefore, using an
accurate model of it is necessary to achieve realistic and relevant
results. The turbine converts the kinetic or potential energy of the
water into a mechanical rotation that moves the generator’s rotor via
the common shaft.

The emulator software is built on program modules
corresponding to individual subsystems of the energy equipment.
Technological modules are implemented according to a specific
technological subsystem. Each such module is to have the following
parts:
Module core. A program block in which the functional
dependence between the relevant inputs and outputs of the
technological subsystem are programmed. This dependency can be
analytically modelled explicitly (see Fig.3) or implicitly (for
example, using fuzzy rules describing sessions between inputs and
outputs).

5. Modelling the Hydraulic Turbine subsystem
For modelling purposes, the proposed Hydraulic Turbine
subsystem does not differ according to the type of the hydraulic
turbines. However, incorporating its efficiency into the model is one
of the most important parts of the proper modelling of the turbine as
part of the SHP.

Module parameter block. Given the required versatility of the
emulator, it is clear that the difference between two energy blocks
of the same type will be determined by the set of their internal
parameters, therefore each technological module must have a
subsystem for the registration of its parameters and the form of their
adjustment. This can be a problem especially in nonlinear systems,
since their nonlinearities might not be explicitly described
mathematically. For a given specific technological element (such as
a turbine), nonlinearities can be obtained by measuring and
displaying using a table or an appropriate FIS (Fuzzy Inference
System) structure.

Figure 4 shows the block diagram of the hydraulic turbine
subsystem that was created based on the turbine’s theoretical and
mathematical description mentioned in the literature [6].

I/O interface module. This interface is used to connect the
technological module with other modules or with the DCS
environment. In addition to preparing IO signals, it must also
include the possibility of redirecting signals from its IO board to
defined hardware IO cards.

Fig.4 Block diagram of the hydraulic turbine

Modeling the penstock, as a part of the depicted model’s
structure, was done assuming incompressibility of the water and
under the assumption that the penstock is strong enough, with
length L and cross-sectional area A. The loss of the water column
caused by the penstock characteristics is thus far neglected.

Visualization interface of the module. Unlike control modules,
which receive signals (commands, mode switching, etc.) from the
operator (or parent modules) and also visualize their states,
technological modules only need to be visualized (and very rarely
some switched state needs to be set, for example, with the turbine
“stuck”). On the other hand, an energy subsystem normally has
significantly more signals to visualize than a standard control block.
Therefore, this interface mainly contains visualization screens for
the given technological element.

dq
Dt

= h0 − h − hl g

A

(1)

L

Equation 1 represents the basic formula used in the hydraulic
turbine’s simulation model development.

4. Model of a Turbine at a Small Hydroelectric
Power Plant

Table 1. List of the parameters used in the equation (1)

A small hydroelectric power plant can be used as an example of
an energy facility. In general, the simulation model of a small
hydropower plant (SHP) consists of five main sub-systems, i.e. the
Governor – representing the turbine control system; the Servodrive,
that serves as an actuator to regulate the flow of the water through
the hydraulic turbine by controlling the valves or guide vanes
according to the Governor output signal; the simulation model of a
Hydraulic Turbine – representing the process of conversion of the
energy; and also a block for the Electric Generator and another one

Symbol

Quantity

q
A
L
g
h0
h

Turbine flow
Cross-sectional area of the penstock
Length of the penstock
Gravitational acceleration
Static water head (water column)
Water head (at the turbine’s inlet area)
Loss of the water head caused by the
friction in the penstock

hl
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Unit
[m3/s]
[m2]
[m]
[m/s2]
[m]
[m]
[m]
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5.1. Simulation model of hydraulic turbine
efficiency: no load flow calculation method

λ=

(7)

q

Therefore, the input signals (values) for the calculation of the
hydraulic turbine’s efficiency in this case would be the actual
turbine water flow q and the mechanical angular velocity of the
turbine ωm.. Using the mathematical description shown and
described above, gives all the necessary data for creating a submodel for hydraulic turbine efficiency (see Fig. 6). Thus, this submodel could replace the At coefficient and no-load flow value qnl
used in the previously-mentioned method.

In reality however, there are many other factors affecting the
turbine’s efficiency. Therefore, one of the basic ways to model
turbine efficiency is to use a “no load flow” variable, qnl, which is
considered to be a parameter characterizing the constant power
losses. The equation (2) describes the relationship between the
variables.
𝑃𝑚 = 𝐴𝑡 ℎ 𝑞 − 𝑞𝑛𝑙 − 𝐷𝐺∆𝜔

R blades A blades ω m

(2)

where: Pm is mechanical power at the shaft; q represents the actual
flow through the turbine; D is considered to be the Damping
coefficient; G is the above-mentioned Guide Vane Opening Position
[%]; and ∆ω represents the speed deviation [6, 9].
The IEEE Working Committee considers parameter At as a
some kind of Hydraulic Turbine Gain, the calculation of which
differs in scientific papers. Equation (6) serves to calculate the At
parameter according to the paper [9].
𝐴𝑡 =

𝑇𝑈𝑅𝐵𝐼𝑁𝐸 𝑃𝑂𝑊𝐸𝑅 [𝑀𝑊]

(3)

(𝐺𝐸𝑁𝐸𝑅𝐴𝑇𝑂𝑅_𝑃𝑂𝑊𝐸𝑅 𝑀𝑉𝐴 ℎ𝑟 𝑞𝑟 −𝑞 𝑛𝑙 )

where the hr is the rated head needed for the rated flow qr. The
corresponding simulation model is shown in Fig.5.

Fig. 6 Turbine efficiency calculation sub-model

6 Fuzzy model of Hydraulic turbine´s efficiency
All the previously mentioned ways of calculating turbine
efficiency are based on a quite complicated and not always accurate
calculations, mainly because of the need for detailed knowledge of
parameters, or at least estimated parameter values.

Fig. 5. Block diagram of the Hydraulic Turbine Subsystem taking turbine
efficiency into account

5.2. Simulation model of hydraulic turbine
efficiency: Direct efficiency calculation

The next steps in our research regarding Hydraulic Turbine
Subsystem modelling involve considering other possibilities in
terms of universal, but still accurate and fast, efficiency calculation.
In Fig. 7 there is an obvious difference in the maximum possible
efficiency of the turbine, caused only by wear on the turbine’s
blades, or its runner, and thus by the change in the inner area of the
blades Ablades, which is one of the key values in the calculation
defined by [8]. This relation between the turbine wear rate and its
efficiency is strongly nonlinear and therefore it is often difficult to
implement this phenomenon into the simulation model.

Another way of taking turbine efficiency into account is to
calculate its specific value. In [8] the authors explore this topic in
detail. This way of modeling hydraulic turbine sub-systems is based
on a very basic formula (equation (4)) for mechanical power
calculation.
𝑃𝑚 = 𝜂𝜌𝑞𝑔ℎ

(4)

where η represents hydraulic turbine efficiency; ρ is water density
(the commonly used value is 1000kg/m3); q represents actual
turbine flow; g is gravitational acceleration (9.81m/s); and h that is
the actual water head available. In the simulation model, the values
used are in per-unit form.
This efficiency calculation method requires to know exactly
some of the turbine’s characteristic parameters, namely the radius of
the turbine’s blades Rblades [m] and the size of the areas of the blades
Ablades [m2]. The actual values of its mechanical angular velocity ωm,
and also the actual turbine’s water flow q, are also necessary for the
correct calculation.
η λ, q =

1 90
+q
2 λi

+ 0,78 exp

−50
λi

3,33q

a)

(5)

Fig. 7 The efficiency of the hydraulic turbine
a) Rblades =1.9m and Ablades=9m2- max. turbine’s efficiency 87,75%
b) Rblades =1.9m and Ablades=8m2-max. turbine’s efficiency 77%

Equation 5 shows the relation between the turbine efficiency
value and all the above-mentioned parameters, where λ i is defined
as:
λi =

−1
1
− 0,0035
(λ+0,089)

b)

Therefore, so called efficiency “image” of the hydraulic turbine
can be determined by measuring the water flow q; the turbine
mechanical speed ωm and the turbine’s efficiency at the steady state
operation points, as stated below in Table 2.

(6)

and λ is defined as:
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Table 2. Measured efficiency at different steady state operation points
Efficiency  [%]

q

7 Conclusion
The submitted article describes the design of the concept of an
energy system emulator, which is intended for research, simulation
and verification of specific energy devices. This emulator can also
serve as a trainer for training the operators of such systems, since
training them (especially in the early stages) on the real system is
demanding and often threatens unwanted losses or damage to
technical equipment.

ωm

0.2
0.4

0.2
12.77
2.74

0.4
30.36
26.40

0.6
36.23
49.60

0.8
37.83
64.41

1
37.97
73.24

0.6

0.35

13.64

40.90

66.92

87.22

0.8
1

0.04
0.00

5.68
2.11

27.20
16.07

56.26
42.03

84.31
72.49

The emulator was built according to the concept described in
the article in the laboratories of EnergoControl s.r.o. Košice in
cooperation with the Department of Electrical Engineering and
Mechatronics of FEI TUKE.

The data from Table 2 can be used for searching the fuzzy
inference structure (FIS) of the modelled efficiency describing the
measured relationship between [ωm, q] → .

The presented article additionally describes a brief overview of
the current knowledge and methods in the field of modelling
hydraulic turbines as parts of small hydropower plants, and it also
describes a proposed fuzzy model of a hydraulic turbine, while
taking into account its efficiency. The mentioned fuzzy model can
be obtained from the measured data of the turbine water flow and
the water head available. It is shown that the model reached
practically the same accuracy as the analytical models did. Such a
model can be used in the design and development process of
optimal energy control of hydraulic turbines, and also in the
effective determination process of an actual turbine’s wear rate.

The fuzzy model is designed based on this data using standard
cluster analysis tools with an adaptive approach resulting in
improved quality of simulation modelling and reduced time needed
for the development process [10]. The adaptive neuro-fuzzy
interference system Anfisedit (included in the Matlab software) was
chosen out of the large number of available methods in the field of
adaptive fuzzy system development [11]. The basic characteristics
of cluster analysis are the reduction of total number of fuzzy rules
and good initial setting of rule parameters. Subtractive clustering
was used, and also the robust data analysis method, with the
following parameters: Range of influence = 0.5, Squash factor =
1.1, Accept ratio = 0.45, and Reject ratio = 0.005. As a result, we
obtained a static Sugeno type fuzzy system with twelve rules, as
depicted in Fig. 8.
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Fig. 8 Efficiency fuzzy model – Sugeno type with 12 rules

The proposed fuzzy model replaces the numerical calculation of
the turbine efficiency based on equations (5)-(7). These equations,
as already mentioned, contain several parameters that we cannot
determine quite accurately.
From Fig. 9 we can see that the efficiency based on the fuzzy
model for  m = 0.65 and q = 1 is Based on the
comparison of the efficiency obtained from the fuzzy model and the
efficiency calculated analytically (see Fig. 7) we can conclude that
the proposed fuzzy model achieves almost the same accuracy as the
analytical model.

Fig. 9 Fuzzy model of turbine efficiency based on measured data the water
flow q and turbine’s mechanical speed ω m
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Abstract: This study proposes a mixed integer linear programming (MILP) approach to the design and management of the biodiesel / diesel
(SC) supply chain. The approach was applied to two scenarios with different locations of the fuel blending centers. For both scenarios,
optimization problems were formulated and solved while satisfying environmental and economic criteria. The latter are defined in terms of
minimum total costs and minimum greenhouse gas emissions generated during the performance of all activities included in the supply chain.
The approach was applied to a real case from Bulgaria, where its 27 administrative regions were considered. An analysis was carried out in
terms of uncertainties regarding the obtained optimal routes for transportation of raw materials and products, the optimal quantities of
feedstocks for cultivation and optimal quantities of biodiesel produced, which is transported to the search areas under both scenarios.
Keywords: SUSTAINABLE SUPPLY CHAIN, DESIGN MODELING, BIODIESEL PRODUCTION, UNCERTAINTIES, SCENARIOS
scenarios and both criteria has been conducted and uncertainties
regarding the main parameters of the considered supply chains have
been identified.

1. Introduction
Over the last years, biofuels are attracting increasing attention
worldwide due to their environmental and economic benefits.
Biodiesel is one of the most commercially available biofuels which
has many advantages, such as reducing harmful emissions of sulfur
dioxide, carbon dioxide, carbon monoxide, etc. [1], a higher cetane
number, improved engine performance, increased power, and
reduced fuel consumption, as well as the production of glycerol as a
by-product, which is applicable in medicine, cosmetics and others
[2]. It cannot be used in its pure form in internal combustion
engines because it is highly corrosive. For that reason, it is blending
with conventional diesel in different percentages.
Different types of feedstocks can be used for the production of
biodiesel. They can be some crops such as sunﬂower, rapeseed,
soybean, coconut etc., [3], non-food or waste sources such as waste
cooking oil and animal fats [4], and microalgae [5]. The production
of biodiesel from sunﬂower and rapeseed is the most popular and is
applied on the largest scale. One of the best ways to improve the
sustainability of biodiesel production is to apply optimization
approaches [6]. This includes optimizing all activities over the
supply chain from the production of biomass for biodiesel
production, collection of biomass, storage and transportation of
biomass to the biorefinery, conversion of the biomass into fuel in
the biorefinery, distribution of biodiesel to customers, and finally,
the use of fuel while meeting economic, environmental and social
criteria. In fact, the direct application of such approaches is
hampered by varying the values of supply chains parameters such as
quantities of feedstock for cultivation, biodiesel production costs,
transporation logistics, products demands on the markets, etc. [7].
The latter can cause the arising uncertainties of the generated
greenhouse gas emissions related with the biodiesel production and
these related with total costs and prices of biodiesel on the markets.
One way to predict these uncertainties in terms of avoiding the risk
of generating large amounts of greenhouse gas emissions and
increasing economic costs is to apply of special mathematical
approaches to designing sustainable biodiesel/diesel supply chains
operating in uncertainties [8] or those that operate under certain
conditions but applied to different scenarios.
The present study proposes a MILP approach for sustainable
design of biodiesel/diesel supply chain using feedstock such as
sunflower and rapeseed satisfying economic and environmental
criteria. The proposed approach has been implemented on real case
study, in which the territory of the Republic of Bulgaria with its 27
administrative regions is considered as potential areas for
cultivation of sunflower and rapeseed feedstocks for biodiesel
production. Optimization problems have been formulated and
solved either at environmental or economic criterion as the other is
defined as a constraint for two scenarios - Scenario 1, in which 27
blending centers have been considered and Scenario 2, in which
only one blending center has been considered. An analysis of the
results obtained in solving the optimization problems in both

2. Supply chain optimization problem formulation
Optimization problems for optimal design of a sustainable
biodiesel/diesel supply chain using as feedstocks sunflower and
rapeseed operating within a time horizon of ten years are
formulated. They are solved while satisfying an economic
optimization criterion, as the environmental one being defined as a
constraint and vice versa for the two scenarios.
The optimization problems are formulated in terms of MILP
and its solution is related to determining the optimal values of: the
number, sizes and locations of biorefineries; the sites and quantities
of feedstocks; the transportation routes; and the number of blending
centers.

2.1. Environmental performance of the biodiesel/diesel
SC
The main greenhouse gases that are released during the
operation of the SC for biodiesel are: methane (CH4), nitrogen
dioxide (N2O) and carbon dioxide (CO 2).
For definition of the environmental impact assessment of the
SC operation, the entire life cycle of the produced biodiesel is
considered. It includes assessments for the greenhouse gas
emissions generated at each stage of the considered supply chain
and determines as follows:

TEI  ELBC  ELBP  ELTR  EBCAR
TEI

(1)

the total environmental impact of the SC operation,
(kgCO2-eqd-1).

2.1.1. Greenhouse gas emissions due to biomass
cultivation, (kgCO2-eqd-1):

 ig Aig
ELBC     EFBC ig

g
iI gG 






(2)

2.1.2. Greenhouse gas emissions due to biodiesel
production, (kgCO2-eqd-1):
ELBP    EFBPi i QI igfl 

(3)

gG iI f F lL

2.1.3. Greenhouse gas emissions due to transportation of
biomass and biodiesel, (kgCO2-eqd-1):







ELTR     EFTRAil ADDgflQI igfl    EFTRBb ADF fcbQBipfcb
iI gG f F lL
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Costbase the investment costs for a certain capacity of the
biorefinery;
R
scale factor with a value of 0.6 to 0.8.

2.1.4. Greenhouse gas emissions due to the use of
biodiesel (B100) in vehicles, (kgCO2-eqd-1):
EBCAR 

   ECB QB
i I p P f  F cC b B

ipfcb



(5)

2.2.2. Model of the total production costs



TEIF
TEI
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gG lL iI f F




TL 



f

g G

i I

i

ig



ig  

(11)



TTAXB  YELBC  YELBP  YELTR  FEBCAR  CCO2
YELBC
YELTR
YELBP

(7)

(12)

the greenhouse gas emissions due to biomass cultivation,
(kgCO2-eqd-1);
the greenhouse gas emissions due to transportation of
feedstocks and products within the SC, (kgCO2-eqd-1);
The greenhouse gas emissions due to biodiesel production
per a year within the SC, (kgCO2-eqd-1).

2.3. Constraints
2.3.1. Constraints related
biorefineries

with

the capacities

of

The capacities of the biorefineries vary within lower and upper
boundaries of their productivity. The lower production capacity
boundary for each region is determined, depending on the installed
capacities of the biorefineries:
PBpMIN Z pf  f f  QBipfcb  PBpMAX Z pf , p  P, f  F
iI cC bB

(13)

2.3.2. Constraints related with the total costs of the SC
design
TDC MAX  TDC

(8)

TDC

MAX

(14)

maximum costs on the SC network, ($).

2.4. Environmental optimization criterion

The capital costs of the biorefineries are fixed and variable
costs. The location of the biorefinery refers to the fixed costs. The
variable costs of biodiesel production (B100) are related with the
size of the biorefineries.

The environmental objective function aims minimization of the
carbon emissions (CO2) equivalents emitted within one year as a
result of the SC operating. For their definition, the life cycle
analysis (LCA) approach is applied. It is based on consideration of
the entire life cycle of the products.
The optimization problem for defining the optimal locations of
the biorefineries in the regions and their parameters using
environmental optimization criterion, as the economic one being
defined as a constraint for the two scenarios is formulated as
follows:

The capital costs are determined using the following ratio:

Costp
Sizep



The carbon tax is determined by the equation:

The components TIC of equation (7) are determined according
to the following equations:

Cost base



2.2.5. Carbon tax costs model, (kgCO2-eqd-1)

2.2.1. Total investment cost model

 Size p 

 
 Size base 



  INS     A
f F

the total SC costs per a year, ($ year );
the investment costs for biodiesel production (B100) in
relation to the operational period and the purchase of the
biorefinery per a year, ($ year-1);
TPC
the production costs, ($ year-1);
TTC
the transportation costs, ($ year-1);
TTAXB the carbon tax on the SC operating per a year,
($ year-1);
TL
the government incentives for biodiesel production and
consumption (B100), ($ year-1).

Cost p



Government incentives for biodiesel production (B100) and its
consumption are given by the equation:

-1

f F pP

(10)

2.2.4. Model of costs for government incentives for
biodiesel production (B100)

For definition of the economic impact assessment of the SC
operation the annual operating costs are used. They include:
biomass cultivation costs, biodiesel production costs, biomass and
biodiesel transportation costs. Production costs include operating
costs for a period of one year, defined as a percentage of total
investment costs and variable costs that are proportional to the
quantity of the produced biodiesel. Transportation costs depend on
the distances between the regions. They can be constant and
variable.
The economic assessment of the considered SC is defined in
terms of the total investment costs for biodiesel production (B100),
costs for building the biorefineries and SC operation costs for a
given period. The latter is expressed by the dependence:

TIC  CCF  Cost Z pf 



IAil and IBil are fixed and variable costs for transportation of
biomass i  I ;
OAb and OBb are fixed and variable costs for transportation of
biodiesel (B100).

2.2. Economic performance of the biodiesel/diesel SC

F
pf



iI pP f F bB cC

UTCigfl  IAil  IBil ADDgfl 


UTB fcb  OAb  OBb ADF fcb 


the total environmental impact of the fuels used (biodiesel
(B100) and petroleum diesel) to ensure the energy balance
of the regions, (kgCO2-eqd-1);
the total environmental impact of biodiesel SC operation,
(kgCO2-eqd-1);
the greenhouse gas emissions due to petroleum diesel
combustion by vehicles engines, (kgCO2-eqd-1).

TDC
TIC



TTC     gUTCigflQI igfl    f f UTB fcbQBipfcb

(6)

TDC  TIC  TPC  TTC  TTAXB  TL



2.2.3. Model of total transportation costs

The annual greenhouse gas equivalent as a result of the
operation of the SC for biodiesel (B100) and diesel fuel should be
reduced to meet the energy needs of the regions.
The annual greenhouse gas equivalent of the fuels used is
determined by the equation:
TEIF  TEI  EGCAR

(9)



TPC   UCCig Aig ig     f f UPCpf  QBipfcb 
iI gG
iI pP f F 
cC bB


2.1.5. Total environmental impact related with the fuels
to ensure the energy balance of the regions

R

the variable capital costs;
the investment costs and capacities of the new bio
refineries;
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 MINIMIZE TEIF   ( Eq.6)
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quantities of greenhouse gas emissions (GHGB=4509.80 kgCO2eqton-1biodiesel). For this solution, it was found that 4 biorefineries
located in Region-9 (Lovech), Region-10 (Pleven), Region-21
(Ruse) and Region-26 (Varna) with production capacities: 32.50 t/y,
34.84 t/y, 12.00 t/y и 26.00 t/y biodiesel (В100) should be built. The
obtained values for the average annual costs, for this case, are:
PB=1083.585 $/t.
The represented in Figure 1b solution is related with obtaining
of minimum values of used economic criterion in terms of average
annual costs (PB=797.136 $/t). For this solution, it was found that 3
biorefineries, located in Region-9 (Lovech), Region-10 (Pleven)
and Region-26 (Varna) with production capacities: 32.500 t/y,
44.866 t/y, 27.972 t/y should be built. The obtained values for the
greenhouse gas emissions, for this case, are: (GHGB=4817.88
kgCO2-eqton -1biodiesel).

(15)

2.5. Economic optimization criterion

3.2. Optimal structure of the SC for biodiesel production
for Scenario 2 for both criteria

The economic objective function is related to minimization of
the total annual costs, including annual capital costs, annual
operating costs, government incentives, and CO2 emissions costs.
The optimization problem for defining the optimal locations of
the facilities in the regions and their parameters using economic
optimization criterion, as the environmental one being defined as a
constraint for the two scenarios is formulated as follows:
MINIMIZE TDC   ( Eq.7)

(16)

Two optimization problems for optimal design of
biodiesel/diesel supply chain for Scenario 2, which consists of 27
regions for biomass cultivation, 27 potential locations for
biorefineries and 1 warehouse for blending and delivery of biodiesel
have been formulated and solved using either environmental or
economic criterion, as the other being defined as a constraint. The
obtained results are presented in Figure 2.
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(b)Minimum amount GHG emissions (b) Minimum average annual costs
Fig. 2 Optimal structure of the SC for biodiesel production on the territory
of the Republic of Bulgaria in Scenario 2 for both criteria.

3. Results and discussion

The represented in Figure 2a solution is related with obtaining
of minimum values of used environmental criterion. For this
solution, it was found that 3 biorefineries located in Region-9
(Lovech), Region 25 (Dobrich) and Region-26 (Varna) available
with production capacities: 30.00 t/y, 38.00 t/y, 37.339 t/y biodiesel
(В100) should be built.
The represented in Figure 2b solution is related with obtaining
of minimum values of used economic criterion. For this solution, it
was found that 2 biorefineries located in Region-25 and Region-26
and production capaciets: 41.08 t/y, 64.259 t/y should be built. The
cities of Dobrich and Varna are located in these regions.
From the results shown in Table 1, it can be seen that solving
the problem in economic optimization criterion for both scenarios
leads to lower values for all economic parameters of the obtained
solutions as obtained values for Scenario 2 are lower than those in
Scenario 1. For this case, the obtained values for greenhouse gas
emissions are higher concerning the specific environmental
parameters such as GHG emissions related to growing biomass for
biodiesel production, GHG emissions related to transportation than
those obtained at environmental optimization criterion.
However, the values of the total greenhouse gas emissions
associated with biodiesel production for the solutions obtained at
economic optimization criterion does not differ significantly from
that obtained in solving the optimization problem at environmental
criterion.
With regard to the values for the arable land for the cultivation
of both types of crops for the production of biodiesel, the solutions
for the economic criterion have lower values, ie they lead to more
free arable land.

The formulated above optimization problems have been solved
using an economic optimization criterion, as the environmental one
being defined as a constraint and vice versa for the two scenarios.
For that purpose, GAMS® optimization software-CPLEX solver
has been used. As a result of their solution, the number, sizes and
locations of biorefineries and blending centers as well as the
optimal transportation routes and flows of biomass and biodiesel
between SC sites have been obtained.

3.1. Optimal structure of the SC for biodiesel production
for Scenario 1 for both criteria
Two optimization problems for optimal design of
biodiesel/diesel supply chain for Scenario 1, which consists of 27
regions for biomass cultivation, 27 potential locations for
biorefineries and 27 warehouses for blending and delivery of
biodiesel have been formulated and solved using either
environmental or economic criterion, as the other being defined as a
constraint. The obtained results are presented in Figure 1.

(a)Minimum amount GHG emissions (b) Minimum average annual costs
Fig. 1 Optimal structure of the SC for biodiesel production on the territory
of the Republic of Bulgaria in Scenario 1 for both criteria.

The represented in Figure 1a solution is related with obtaining
of minimum values of used environmental criterion in terms of
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Table 2: The results obtained in solving the formulated optimization problems for both scenarios and at optimization criterion: (a) Minimum amount of
greenhouse
gas
emissions
and
optimization
criterion
(b)
Minimum
average
annual
costs.
Results
Scenario 1 – optimal design of
Scenario 2 – optimal design of biodiesel SC
biodiesel SC in a case of 1 warehouse
in a case of 27 warehouse for biodiesel/diesel
for biodiesel/diesel blending
blending
Optimization
criterion (a)minimum GHG
emissions
Optimization criterion (a), kg CO 2 eq /d
Optimization criterion (b), [ $/y]
SC investment costs, [ $/𝐲]
Biomass and SC production costs, [ $/𝐲]
Production costs, [ $/y]
Cost for biomass, [ $/y]
Transportation costs of SC, [ $/y]
Carbon tax, [ $/y]
Government incentives, [ $/y]
Total minimum GHG emissions related with
biodiesel production, kg CO 2 eq /d
Total minimum GHG emissions related with
diesel production, kg CO 2 eq /d
GHG related with growing biomass, kg CO 2 eq /d
GHG related with biodiesel production, kg CO 2 eq /
d
GHG related with transportation, kg CO 2 eq /d
GHG related with biodiesel exploitation,
kg CO 2 eq /d
Total arable land, [ℎ𝑎]
Arable land for growing biomass needed for
biodiesel production, [ℎ𝑎]
Arable land for growing biomass to meet food
needs, [ℎ𝑎]
Free arable land, [ℎ𝑎]
Biodiesel demand for the regions, [ t/y]
Petrol diesel demand for the regions, [ t/y]
Price of biodiesel (B100), [ $/t]

25347651.82
111210369.50
6681600.00
91998122.40
13167282.72
78830839.68
9713152.54
11876585.08
-9059090.51
1900253.61

Optimization
criterion (b)minimum
average annual
costs
25475649.38
80801347.49
4365600.00
67752154.04
13167282.72
54584871.32
5066114.10
12676569.85
-9059090.51
2028251.18

23447398.21

23447398.21

23447576.36

23447576.36

598253.76
809051.27

681193.39
824122.93

598184.81
809044.07

681318.62
824151.01

2914.98
490033.59

32901.26
490033.59

Optimization
criterion (a)minimum GHG
emissions

Optimization
criterion (b)minimum average
annual costs

25348154.43
111450945.39
6320400.00
92020308.02
13167382.77
78852925.26
10290783.74
11878612.97
-9059159.34
1900578.08

25478785.45
80437937.25
3949200.00
67717572.60
13167382.77
54550189.83
5135267.14
12695056.85
-9059159.34
2031209.10

3311.88
490037.32

35702.15
490037.32

1613611.00
99264.74

1613611.00
81175.40

1613611
99281

1613611.00
81149.84

668093.45

657463.95

657464

657463.95

846267.81
105338.26
1617954.61
1055.745

874986.65
105338.26
1617954.61
767.065

856881
105339.06
1711000.00
1055.745

875012.21
105339.06
1711000.00
767.065

5. References

4. Conclusions
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The study proposes a MILP model for optimal design of a
sustainable biodiesel/diesel supply chain using different crops as
feedstock. The proposed approach has been implemented on real
case study, in which the territory of the Republic of Bulgaria with
its 27 administrative regions is considered. Four optimization
problems have been formulated for two scenarios - Scenario 1, in
which 27 blending centers have been considered and Scenario 2, in
which only one blending center has been considered. The problems
have been solved using either environmental optimization criterion,
as the economic one being defined as a constraint or vice versa for
the two scenarios. When solving the optimization problem at
environmental criterion for Scenario 1, a reduction of the values for
the minimum GHG emissions and the minimum annual costs with
503 (kg_(CO_2 eq )/d) and 3136 (kg_(CO_2 eq )/d) is obtained.
When solving the optimization problem at economic optimization
criterion for Scenario 1, a reduction of the values for the minimum
annual costs at minimum GHG emissions with 240576 ($) and a
reduction of the values for the minimum costs at minimum annual
costs with 363410 ($) is obtained.
The analysis of the results obtained in solving the optimization
problems in both scenarios and both criteria shows that depending
on the decision made regarding the number of blending centers,
uncertainties may arise regarding production and investment costs
and biodiesel prices on the market, which to affect the sustainable
operating of the biodiesel/diesel supply chain.
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Intellectualized information-analytical system monitoring air pollution
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Abstract: The article develops a simulation model, structural and functional schemes of an intellectualized information -analytical system for
monitoring air pollution (for high concentrations of carbon dioxide and sulfur, as well as dust particles with a dispersion of 2-5 microns)
within the industrial area of the city. A feature of such a system is the ability to determine, dynamically monitor in real t ime the spatial map
of the distribution of the concentration of the above harmful impurities and its forecasting, which would quickly determine areas of the city
where the concentration of such impurities exceeds the allowable norm. The main advantage of the developed information -analytical system
is the ability to conduct intelligent monitoring of air quality, which will allow for highly accurate and objective forecasting of changes in
distribution and redistribution in space over time of harmful impurities. Tests of the developed information -analytical system allowed to
investigate its work under different conditions and modes of measuring experiment, as well as to virtually determine the rational parameters
of such a monitoring system. A satisfactory discrepancy of the results obtained with the help of experimental measurements wa s found in 713% in comparison with the data obtained by simulation, which confirms the correctness and adequacy of the compiled model.
Keywords: INFORMATION AND ANALYTICAL SYSTEM, INTELLECTUALIZATION, POLLUTION MONITORING, ATMOSPHERIC AIR,
HARMFUL IMPURITIES
exceeding the norms. At the same time, the increase in the number
of road transport and the uncleanness of the heads of some
enterprises (conducting periodic unauthorized emissions of
pollutants into the air) does not allow to carry out high-quality and
prompt monitoring of atmospheric emissions in traditional ways,
which reduces the results of combating atmospheric air pollution to
naught.
The issues of air pollution control are dealt with by a number
of leading domestic and foreign scientists, such as:
L.Y.Anishchenko, O.G.Vlasenko, D.V.Zerkalov, K.N.Tkachuk,
N.P.Cheremisinoff, D.Vallero and others [5-8]. However, despite
the scientific achievements of these scientists, the issue of
operational and more effective monitoring of harmful and
dangerous impurities in the atmospheric air arising from
urbanization and industrialization of modern society remains
relevant.
Therefore, there is currently an urgent need to ensure effective
monitoring of emissions of pollutants into the atmosphere by
stationary and dynamic sources of emissions, as well as building an
interactive map of the distribution of major pollutants in industrial
and recreational areas of the city.
The goal of research: to increase the efficiency of monitoring
of atmospheric air pollution in the part of dust particles, carbon
dioxide and impurities in the air of sulfur compounds by developing
and introducing a modern information and analytical system that
allows dynamically and in real time to conduct high-precision and
adequate measurements of the state of atmospheric air pollution.

1. Introduction
The basis of the new concept of the World, on which the
Strategy for Sustainable Development of Ukraine is based [1] is a
practical and political model of such development of all countries of
the world that meets the needs of the current generation without
harm and without reducing opportunities for meeting their own
needs for future generations. At the same time, the real efficiency of
this model is possible by harmoniously combining economic and
social components of development with adherence to the proper
level of environmental safety, which is oriented, in addition to
ensuring the environmental friendliness of water and land resources,
also to control and regulate the quality of air in zones of active
living and human life.
The analysis of the current situation in bringing domestic
environmental practices for the protection of atmospheric air in
accordance with the standards of the European Union shows that the
complexity of the problems and the absence of the developed
mechanisms of control, monitoring and regulation of the ecological
state of atmospheric air, which would ensure its predicted quality
and compliance with environmental standards, creates obstacles to
the prospect of harmonization of environmental legislation, and
establishes inconsistency with the requirements of the European
Environmental Law [2, 3].
At the same time, deterioration of air quality leads not only to
deterioration of the state of health of the population, increasing and
exacerbating the number of respiratory and oncological diseases, as
well as causing a greenhouse effect, but also reduces the efficiency,
reliability, and the service life of man-made hardware and
construction structures by settling and accumulating solid particles
on the surfaces of such structures and their destruction due to
chemical erosion from the action of aggressive environments,
created by organic and inorganic compounds and gases that are part
of this air.
As you know [4] the largest pollutants of atmospheric air in
the industrial areas of the city are solid particles (diameter up to 10
micrometers), carbon oxide and sulfur compounds, the main sources
of which are: road transport, industrial enterprises, thermal power
plants, etc.
Control of emissions reduction in developed countries is
carried out by installing a stationary system of mobile emission
monitoring, which allows to track exceeding the concentration of
pollutants and implement a number of preventive and restrictive
measures to prevent such excess: reduction of loads on industrial
facilities,
introduction
of
new
cleaning
technologies
(desulfurization, decarbonization), unloading of highways and
attracting alternative routes, transition to environmental energy
saving technologies, and in extreme cases - imposing fines for

2. Features of construction and working
principle of the developed information and analytical
system for monitoring air pollution
To monitor air pollution (for increased concentration of
carbon dioxide and sulfur, as well as dust particles with a dispersion
of 2-5 μm) within the industrial area of the city, an intellectualized
information and analytical system was developed and implemented,
the features of which are the ability to determine, dynamic real-time
tracking of the spatial map of the distribution of the concentration
of the above harmful impurities and its forecasting, which allows
you to quickly determine the zones of the city in which the
concentration of such impurities exceeds the permissible norm.
The structural scheme of the developed monitoring system,
consisting of a measuring system, a server of data accumulation and
data processing devices and the display of information on the side
of users (personal computer or smartphone) is presented in Figure 1.
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Fig. 1. Structural scheme of air pollution monitoring system: N - infrared СО2 sensor, R - module for battery charging, C - control and communication
module, G - satellite positioning module, A - rechargeable battery type 18650, D - voltage increase module, S - analog-digital converter module,
T - temperature and humidity sensor, M – signals level matching module, M1-M5 - gas analyzers.

The measuring part of the monitoring system consists of nine
completed modules:
- battery charging module (R), which ensures continuous operation
of the system regardless of its external power supply;
- the control and communication module (C) is a microcontroller
ESP32 with low power consumption and an integrated Wi-Fi
controller, is used as the core of the entire measuring system,
accepts information from sensors, provides communication with
the outside world via the Internet;
- satellite positioning module (G) provides communication with
GPS satellites, GLONAS, Galileo. Using the information obtained
from satellites, the current location of the measuring system in the
city and the exact time is calculated;
- the voltage increase module (D) increases the voltage from the
18650 battery to the 5 V level and stabilizes it;
- the analog-digital converter (S) module is a STM32F103C8P6
microcontroller that has a 12-bit analog-digital converter that is
used to remove information from analog sensors. Receives data
from the temperature sensor, performs signal correction with gas
analyzers, using the obtained temperature and humidity data, and
transmits the corrected signal to the control module (C);
- the module of signal levels matching for ADC (M) is necessary for
measurement by analog sensors due to the difference in voltage of
ADCs and sensors themselves - coordinates the signal from 5 V to
the level of 3.3 V;
- infrared sensor СО2 (N) MH-Z19B measures the concentration of
carbon dioxide in the air;
- temperature and humidity sensor (T) D18B20 measures the values
of temperature and humidity, to correct the readings of gas
analyzers, the indications of which depend on external climatic
conditions;
- gas analyzers (M1-M5) of the MQ series measure the content of
combustible gas (H2), liquefied petroleum gas (LPG), methane
(CH4), hydrogen, propane, alcohol, natural gas, ammonia and
sulfide in the air.
Fig.2 presents a functional scheme of the developed
monitoring system.
In general, the features of the air pollution monitoring system
are as follows.
Data obtained during the operation of the device from gas
analyzers (MQ2, MQ3, MQ7, MQ8, MQ135), which are analog
sensors, require analog-digital conversion in the process of
processing and displaying the measured data. Therefore, a

STM32F103C8P6 microcontroller is used as an ADC. At the same
time, because of the voltage difference between the gas analyzer
and ADC, there is a need to harmonize the voltage level, for which
the appropriate module (ICS) is used, operating on the principle of a
resistor voltage divider.
To correct the measured data, gas analyzers need to make an
amendment to the temperature and humidity of the external
environment, in accordance with the documentation for gas
analyzers of the MQ series [9]. To do this, use a DS18B20 sensor
connected through the bus 1-Wire to the STM32F103C8P6
microcontroller, which performs the necessary calculations,
accumulation and processing of input data and transmits the
adjusted data to the central controller ESP32.
The measuring system is powered by an 18650 battery, which
is charged from an external power supply 5 V through a battery
charge module on a ТС4056А chip. The output voltage of the
battery within the 3,7...4,2 V, which is not enough for the full
operation of the circuit, so with the help of the voltage increase
module, on the МТ3608 chip, the voltage is increased to the 5 V
level with its further stabilization.
The principle of the developed intelligent monitoring system
is as follows.
Data on the concentration of СО 2 in the environment come
from an infrared sensor that connects to the microcontroller ESP32
using a I2C bus. Next, the control and communication module
collects information obtained from the position sensor (ublox neo
m8n), infrared СО2 sensor, gas analyzers and transmits, using WiFi, to the server.
The data is logged into the database. At the same time, the
map of the area in which the monitoring is carried out is divided
into sectors, each of which corresponds to certain coordinates.
According to the measured coordinates by the positioning module,
the measured and processed information about the quality of the
surrounding air (the concentration of harmful substances in the air
and/or its deviation from the maximum permissible values of these
substances) is entered into the database cell corresponding to a
particular sector. After that, specially developed software
containing elements of intellectualization of processing of received
data in terms of their processing, forecasting and selection of the
necessary set of recommendations. Software training of intelligent
monitoring system is based on the algorithm of multisyte iteration
method on a set of expert data obtained by reference devices for
determining
air
pollution.
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Fig. 2. Functional scheme of air pollution monitoring system: BM - battery module; ED - external data; EPS - external power supply;
MoSM - module of signal matching; VIM - voltage increase module; MQ - gas analyzers; FB - feedback; U - voltage.
Fig. 3. Example of real-time visualization of atmospheric air pollution
monitoring results using InfluxDB tools

Based on measured data and processing of their values, the
monitoring system provides recommendations for environmental
safety in this area and predicts changes in the concentrations of
harmful air impurities in time. Also, such a monitoring system may
be useful for preventing dryness and natural and man-made fires.
The processed data is displayed on the information page of a
specially written site that can be opened on a smartphone or
computer.
The main advantage of the developed information and
analytical system is the possibility of intelligent monitoring of
atmospheric air, which will allow to conduct a high-precision and
objective forecasting of changes in distribution and redistribution in
space over time of harmful impurities. At the same time, the device
itself is developed (or a set of such devices that can be connected to
one network)has a distributed architecture in which the measuring
part of the system can be placed separately from the information
and analytical unit of the system, placed on mobile technical means
(for example, municipal road transport carrying out its movement
on a certain route and schedule) avoiding bias in measured data, and
the presence of a positioning sensor in the system, improves the
accuracy of the location of monitoring and the efficiency of
measuring and processing of air pollution indicators.
To save and visualize the measured results, the open sorce
database of the InfluxDB time series [10] is used. Using the map
visualization, the measured real-time values are displayed on the
geographic map, as demonstrated in Fig. 3.

On the basis of the InfluxDB toolkit, the above monitoring
system for atmospheric air pollution level works and is described.
Thus, the geographical map of the city displays the measurement
points. When selecting one of the points, information about the
date, time of measurement, the measured data and recommendations
for the quality of atmospheric air in the specified area is displayed.
Along with the map, you can observe the measurement schedule on
average throughout the measurement zone, as well as warnings
against exceeding the limit concentration of harmful substances, the
nature of the change of which allows you to determine the source of
the release of harmful substances (emergency emissions of the
enterprise, fire, overload of transport highways by road, etc.), as
well as predict the increase of environmental hazards in certain
areas of the city.

3. Discussion of the results of the monitoring
system
As a result of testing of the developed intellectual information
and analytical system of monitoring of atmospheric air pollution in
part of dust particles, carbon dioxide and impurities of sulfur
compounds in the air, which were carried out under different
conditions (ambient temperature - from + 5 to + 20 °С; relative
humidity - 30-80%; wind speed - up to 10 m/s at gusts - up to 25
m/s) and modes of the measuring experiment (data refresh rate - 4045 min-1; the step between the measurement points - 25-50 m)
rational parameters of the operation of such a monitoring system
were established, namely: the speed of data updating - up to
11.25 Mbit/s, the range of detection of harmful substances: solid
dust particles - from PM1 to PM10 - up to 50 ppm; nСО 2
concentrations - up to 1800 ppm; concentration of sulfur
compounds - up to 6 ppm.
To ensure the adequacy of the measurements, the obtained
data was compared with the results obtained by an alternative
method of measuring atmospheric air pollution. As such, the
method of optical chromatography [11] has been chosen, which has
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high reliability and efficiency of the measurements carried out, and
also allows for high-precision measurements of the concentration of
harmful substances (including dust particles, carbon dioxide and
sulfur compounds).
According to the results of comparison of the data obtained by
experimental measurements using the developed information and
analytical system with the data obtained through the measurement
by an alternative method of optical chromatography on the 7890B
device from Agilent Technologies [12], it is found that the
discrepancy between these data does not exceed 7-13%, which
confirms the correctness and adequacy of the developed device.
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4. Conclusion
The paper presents the results of the development and
implementation of an intelligent information and analytical system
for monitoring of atmospheric air pollution in the part of dust
particles, carbon dioxide and impurities in the air of sulfur
compounds, which allows dynamically and in real time to conduct
high-precision, operational and adequate measurements of the state
of atmospheric air pollution.
Conducted under different conditions and modes of the
measuring experiment, the test of the developed information and
analytical system allowed to establish rational parameters of the
operation of such a monitoring system (thus, the speed of data
updating - up to 11.25 Mbit/s, the range of detection of harmful
substances: solid dust particles - from PM1 to PM10 - up to 50
ppm; nСО2 concentrations - up to 1800 ppm; concentration of sulfur
compounds - up to 6 ppm).
The discrepancy in 7-13% of the results obtained using
experimental measurements compared to the data obtained through
the measurement by an alternative method of optical
chromatography (7890B device from Agilent Technologies), which
confirms the correctness and adequacy of the developed device.
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