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Abstract: The paper stress-strain state of the homogeneous isotropic body bounded by coordinate lines of the parabolic coordinate system is
studied, when on parabolic border normal or tangential stress is given. Analytical solution is obtained by the method of separation of
variables. Using the MATLAB software, the numerical results are obtained of some specific problems and relevant graphs are presented.

Keywords: INTERNAL BOUNDARY VALUE PROBLEM, SEPARATION OF VARIABLES, PARABOLIC COORDINATES.

1. Introduction

In the present paper the boundary value problem is
considered in parabolic coordinate system &,n

—wo<E<mw, 0<p<ow (if X, y are Cartesian coordinates, then

X= c/2(§2 —772) , Yy=c&n , where c is a scale factor and in the

present paper, we take c=1 [1]). Here we represent internal
boundary value problem of elastic equilibrium of the
homogeneous isotropic body bounded by coordinate lines of the
parabolic coordinate system, when on parabolic border normal or
tangential stress is given. Analytical (exact) solution is obtained
using the method of separation of variables. Numerical results
and corresponding graphs of above mentioned problem are
presented.

2. Setting and solution problem

In domain Q ={0<&<&, O<n<n,} (see Fig.1), let us find a
solution of the system of equilibrium equations [2]

d D.-K, =0, ¢ T.+V _K=2pep,
4 Kﬂ
1 )
b) D,+K.=0, d)v.-u =—hK,
"ou
with respect to the unknowns D, K, u, v using the

boundary conditions:

for n=mn,: h—”a,, =P, h—"rﬁ =0. 2
2# mn 2/1 e

for n=0: 0U=0, VvV, =0, 3)

for £=0: v=0, U, =0, 4)

for £=£: u=0, v=0, (5)

_ hu _ hv

where u=—-, V=—r;

c c

h=y&+n*, h=h.=h =cy& +7n* are Lamé coefficients,
u, v are components of the displacement vector at tangents to

the coordinate lines 7, & ; K—_ZD is the divergence of the
KM

displacement vector, 5 is the rotor of the displacement vector;
y7i

o., 0, and 7, =z_ are normal and tangential stresses;

m
subscripts &,7 denote partial derivatives with respect to the
corresponding coordinates; A= Ev , U= E are

@+rvii-2v) 201-v)
elastic Lamé constants; x =4(1—v); v is the Poisson’s ratio and
E is the modulus of elasticity.

7

=0 0 n=0 M, (£,:0
Figure 1 Area Q ={0<&<&, 0<n<n,} bounded by

parabola and line y=0.
The stress tensor components written as

o, =W [AT, + 2+ 2u)7,+ [(2+ ) - & + V)
o, =2 +20)0, + 2V, +[(2+ p)+ Y@ +nV))  (6)
Ty = ' [(V‘;+ u, )_ hr;z (§V+ 776)]'

Boundary conditions on the linear parts £ =0 and 7 =0 of

consideration area enables us to continue the solutions
continuously in the domain, that is the mirror reflection of the
consideration area in a relationship y =0 line (see Fig.2).

y

E=E o

n=n,
Dy
/ x

Figure 2 Area D, ={-& <& <&, 0<n<n,} bounded by

parabola.
The solution is constructed using its general representation by
two harmonic functions ¢, , ¢, [ 3].

0=-ile, -0, )+ (c-Dpf + {% (o +9.,)
~(x-L. ]n,

V= {% (o, -, )+ (e —1)@}77 +[nlo. +0.,)
~(k -5

D= % ((/71,,, P )’7 - (401‘5 0, )é:]’

K= % ., ~0. ) +lo. v, 0]

U]

1 .
where F(goi_z + (/)i‘,m)z 0, i=12.
The stress tensor components can be written as:
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h? K k=2
_OO-,W = |:77771 ((ﬂu +(/’2 w) _¢1,” __¢2,:|77

2u 2 2
+ [77(%;,, -0, )+ KT_Z(A; - g(ﬂz,,,}f

- gzlz_:nz [(¢1,r7 ~ P )’7 - (gal'g, T, )95]'

LU PR ISP P
2,Ll & n 18 2.& 2 L& 2 2.

+ |:77((ﬂ1‘5; + 0, )_ g@,q - KT_Z D, :lég (8)

- 7721 _77772 [(¢1,r; - (ﬂz,; )'f + (@1‘; + QM ),7]’

S

+
h? X Kk—4 K+2
D o-g'f = {77_ (q)l“if + (pz,:,, )_ w N/ - 4)2‘5 }77
2u n

2 2
K+2 K—4
—[n((pl;,, —p,. )+ — % —T(pz,,}é
771 4 [((0177 ~ P )77 - ((01; + ¢2,n)§]'
5 +n°
The boundary conditions (3), (4) are satisfied if
0= ¢, i=12 ©
where
= A, sinh(n7)sin(ng),
= A, cosh(nz)cos(n&).

Instead of conditions (2) we have to take their equivalent
following expressions

i (O-Im R/ O-;,, : é) =1, ((plg + ¢z.g; )_g(pm - KT_Z (pz,; ’
i (0, -¢+0, n)=nlp., -0.)+ KT_Z Pre g%,, :
(10)

3. Test problems

a. We have to solve problem (1) - (5), when Q(&)=P and
Q2(§)=O ,i.e.at n=r boundary the normal load

1 P
Z—UW = F is given, but tangent stress is equal to zero. From
U

(2), (9) (10) we obtain the following equations:

©

.| n°n,sinh(nz, XA, + A, )-ncosh nql{ A - AZ j

n=1

-sin(n§)=%,

2| cosh(nn, YA, + A, )+ nsinh(rm)(’(—‘2 A, —%Am]_
3

2

-cos(ng)= §Zp+ryz

From here obtained infinite system of the linear
algebraic equations with unknown A and A, coefficients

anmsmh(nm)—n§005h(n771)jAm

+[n2,713inh(m71)+ n%cosh(n ﬂl)]Az"} =F,,

annl cosh(nz, )+ nKT_Zsinh(nnl)jAn

+(n2771 cosh(nz,)— ngsinh(n m)]AM} =F,, n=12,...

11)
where F and an are the coefficients of expansion into

ZF sin(n) and f,(& ZF cos(n

respectively, f (&)= gpm and f,(&)= §Pr§ ~ functions.
+77

2 2 2
1 1

As seen, the main matrix of system (11) has a block-
diagonal form, dimension of each block is 2x2 . Thus, will be
solved two equations, to two A and A, unknowns. After

solving this system, we find A_and A, coefficients, next from
formulas (7), (8), (9) we get displacements and stresses at any
points of the body.

Numerical results obtained for some characteristic points of
the body, in particular, M,(0,7), M,(£,7), M,(&,0) points
(see. Fig. 1), when 0.1<7, <3 for the following data: v=0.3,
E =2*10°kg/cm?, P=-10kg/cm?, 0.1<7, <3, &£ =2%r,
& =4*x and & =6*~ . Numerical calculations and the visual
presentation are made by MATLAB's software.

In points M(§1,771) , (01<p <3 and & =2*rx
& =4%r, £ =6%m) are presented graphs of values of

normal O, tangential T shearing o, stresses, normal u

and tangential v displacements, when on the parabolic boundary
are given a) normal stress (see Fig.3) and b) tangential stress
(see Fig.5).

Inpoints M,(0,7), (0.1<7;, <3 and &=2%x, &=4*r,

& =6*7x) graphs of values of tangential 7z, stresses and

a

normal u displacements, and in points M,(&,0) tangential

stresses and tangential v displacements are presented, when on
the parabolic boundary is given a) normal stress (see Fig.4) and
b) tangential stress (see Fig. 6).

The obtained results show that in case of the normal loads on
the parabolic boundary the displacements are more than in case
of the tangential loads.

Fourier series f

180

Plot graph of ,, i pint M,{z, i), when 0<yy,

200+ | )
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Plot graph of v in point My(£ iig) when 0<i<n,
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Plot graph of v in point M{ ;1,), when 0<i<p, H 1 i i
o0 ‘ : ‘ : ‘ Figure 4 Tangent stress and displacements in points Ma(;,o)
.y and M,(0,,) for &=2%7, £ =4*z and £ =6*7, when
o0 0.1<7, <3 (normal stress is applied on parabolic boundary of

body)
. b. We solve problem (1) - (5), when Q(&)=0 and

Qz(e:): P ,i.e. at n=n, isgiven the tangent stress zir"” =—

4000 2
7 by
o0 , but the normal stress is equal to zero.
! ° ' "/5 : ” ' - Plot grapr: of 7, in plnl‘ Mz(grq‘)‘whe‘n o<,
Figure 3 Stresses and displacements in points Mz(;,nl) for wl |

E=2%r, =47 and £ =6*x,when 0.1<7 <3 (normal ‘

2000 |
stress is applied on parabolic boundary of body). |
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Plot graph of o, in pint M,(¢,i1,), when <<,
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Plot graph of 7, in pint M,(¢,i7,), when 0<y<n,
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Plot graph of u i point M, (¢, i), when 0<<r,
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Figure 5 Stresses and displacements in points M, (&,7,) for
&=2%r, &=4%r and £ =6*7,when 0.1<7, <3 (tangent
stress is applied on parabolic boundary of body).

Plot graph of 7, in point M(€ 7). when 0<r<n,
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Plot graph of v i point M (£ n,). when 0<ir<s,
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Plot graph of 7, in point M, (£,i1,), when <<,
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Plot araph of u in point M, (£,7,). when 0<y<r;,
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Figure 6 Tangent stress and displacements in points M3(§1,0)
and M,(0,) for £ =2%z, £=4*z and & =6*z, when
0.1<7, <3 (tangent stress is applied on parabolic boundary of
body).

4. Conclusion

The main results of this work can be formulated as follows.

e The equilibrium equations (1) are written in terms of
parabolic coordinates.

e  The solution of the equilibrium equation (1) is obtained
by the method of separation of variables. The solution
is constructed using its general representation by two
harmonic functions.

e In the parabolic coordinates exact solution of two-
dimensional static boundary value problem for the
elasticity is constructed for homogeneous isotropic
body occupying domain bounded by coordinate lines of
parabolic coordinates.
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