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Abstract: In this study, we solve linear singularly perturbed two-point boundary value problems applying the collocation method based on 
mapped Chebyshev polynomials and simply computed collocation points. The proposed approach generates well-conditioned collocation 
matrices and produces highly accurate results if a suitable mapping function is used. Numerical results for a problem with a steep interior 
layer are presented. 
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1. Introduction 

Many problems in fluid mechanics, chemical-reactor theory, 
aerodynamics, magnetohydrodynamics, oceanography, diffraction 
theory and reaction-diffusion processes are modeled by singularly 
perturbed two-point boundary value problems. A variety of different 
numerical approaches have been suggested to obtain an approximate 
solution for different classes of singularly perturbed boundary value 
problems. The reader is referred to the books [1-3] and articles [4-8] 
for an overview of some efficient and reliable methods for solving 
these problems. We also mention the papers [9-11] focused on 
numerical treatment of singularly perturbed boundary value 
problems with an interior layer in its solution. 

We consider the linear singularly perturbed two-point boundary 
value problems 

     −𝜖𝑢 (𝑥) + 𝑝(𝑥)𝑢 (𝑥) + 𝑞(𝑥)𝑢(𝑥) = 𝑓(𝑥),    𝑥 ∈ (−1, 1),      (1) 

subject to the Dirichlet boundary conditions 𝑢(−1) = 𝑎, 𝑢(1) = 𝑏, 
where 𝜖 is a perturbation parameter, 0 < 𝜖 ≪ 1; a, b are given 
constants;  𝑝(𝑥), 𝑞(𝑥) and 𝑓(𝑥) are assumed to be sufficiently 
smooth functions, such that the above problem has a unique solution. 

If 𝜖 approaches zero, the corresponding solution exhibits highly 
localized rapid variation, e.g., sharp spike, interior and boundary 
layers. In these cases, the standard numerical methods fail to produce 
satisfactory results and therefore mathematicians and engineers are 
still developing new methods to achieve accurate results also for very 
small values of 𝜖. 

In this study, we solve the above problem applying collocation 
method based on mapped Chebyshev polynomials. For appropriate 
mapping function we determine simply computed collocation points 
such that the presented collocation method generates well-
conditioned collocation matrices and produces highly accurate 
results. We also present some numerical experiments for a problem 
with solution exhibiting a steep interior layer. 

2. Collocation with mapped Chebyshev polynomials  

The use of spectral and pseudospectral methods based on 
algebraic and goniometric polynomials leads to some difficulties in 
approximation of functions with non-polynomial behavior like sharp 
spikes, thin interior and boundary layers. However, in these cases we 
can use special trial functions which describe the corresponding non-
polynomial behaviour better than algebraic and goniometric 
polynomials.  

Such functions with non-polynomial behaviour in a small 
vicinity of the origin may be approximated by the functions 

                    𝜑 (𝑥) = 𝑇
𝑥√1 + 𝜏

√𝑥 + 𝜏
,      𝑗 = 1, 2, … , 𝑛,                  (2) 

where 𝑇 (𝑥) are the j-th order Chebyshev polynomials of the first 
kind and 0 < 𝜏 < 1 is a parameter governing the intensity of the 
resulting non-polynomial behaviour. For very small values of 𝜏, the 
mapping function 𝑥√1 + 𝜏/ √𝑥 + 𝜏  is strongly increasing at points 

approaching the origin and causes the oscillations of 𝜑
( )

(𝑥) are 

concentrated near the origin. This is what we need - highly localized 
trial functions with steep gradient in a small vicinity of an isolated 

point. We plot the function  𝜑( )
(𝑥) for different values of τ in Figure 

1. 

 
Figure 1.  Plots of 𝜑( )

(𝑥) defined in (2) for 𝜏 = 0.1 (upper case) and 
for 𝜏 = 0.001 (lower case). 

 Now, for appropriate trial functions we need to determine 
suitable collocation points. Since the zeros of 𝑇 (𝑥) are 

                          𝑧 , = cos
( )

,           𝑖 = 1, 2, … , 𝑛,  

the required zeros 𝑥 ,  of 𝜑( )
(𝑥) may be simply expressed from the 

equation 

𝑧 , =
𝑥 ,  √1 + 𝜏

𝑥 , + 𝜏

 

by the formula 

                              𝑥 , = sign 𝑧 ,

𝑧 , 𝜏

1 + 𝜏 − 𝑧 ,

 .                            (3) 

For the sake of simplicity, we denote 𝑥 , ≡ 𝑥  and 𝜑( )
(𝑥) ≡ 𝜑 (𝑥). 
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If we seek an approximate solution of the problem (1) with the 
homogeneous Dirichlet boundary conditions 𝑢(−1) = 𝑢(1) = 0 
using the collocation method, we require the differential equation (1) 
is satisfied for the approximate solution 𝑢 (𝑥) of the form 

𝑢 (𝑥) = 𝑐 (1 − 𝑥 )𝜑 (𝑥) 

in 𝑛 collocation points 𝑥 ∈ (−1, 1) and for n unknown coefficients 
𝑐 . Consequently, the corresponding computational procedure 
consists in solving the following linear system for 𝑐 , 𝑐 , … , 𝑐  

  −𝜖𝜑 (𝑥 ) + 𝑝(𝑥 )𝜑 (𝑥 ) + 𝑞(𝑥 )𝜑 (𝑥 ) 𝑐 = 𝑓(𝑥 ),        (4) 

with the trial functions 𝜑 (𝑥) and the collocation points 𝑥  defined in 
(2) and (3), respectively. 

3. Numerical Experiments 

The efficiency of the proposed method is presented in solving the 
following problem 

                    −𝜖𝑢 (𝑥) + 2𝑥𝑢 (𝑥) = 2𝑥,    𝑥 ∈ (−1, 1),                  (5) 

with the boundary conditions 𝑢(−1) = 𝑢(1) = 0. The exact solution 
of this problem exhibits an interior layer at 𝑥 = 0 and is of the form 

𝑢(𝑥) =  
erf 𝑥 √𝜖⁄

erf  1 √𝜖⁄
− 𝑥, 

where erf(𝑥) is the error function. The shape of the exact solution of 
the problem (5) for various values of ϵ are shown in Figure 2. 

 

Figure 2.  Exact solution of the problem (5) for 𝜖 = 10  (***), 
 𝜖 = 10  (...) and 𝜖 = 10  (---). 

The computational results based on the trial functions (2) and the 
mapped Chebyshev zeros (3) are presented in Table 1. For 
comparison purpose, we use the same values of n and ϵ as were used 
by Tapia and López in [12, Table 3]. 

Table 1.  Error values of the approximate solution of the problem (5) 
obtained in [12], our solution using (2) and (3); values of spectral 
condition number of the collocation matrix 𝐶  ; and values of mapping 
parameter 𝜏 (in all cases n =128). 

log (𝜖) −2 −3 −4 −5 −6 

error [12] 3.8e-5 5.8e-6 6.3e-7 4.5e-7 1.1e-5 

our error 1.5e-15 1.4e-15 1.1e-10 1.0e-4 2.0e-3 

cond(𝐶 ) 1.3e+3 1.5e+2 1.6e+2 2.3e+2 4.6e+2 

𝜏 1.0e-1 1.0e-1 2.0e-2 5.0e-3 6.0e-4 

 

Although the results of Tapia and López for 𝜖 = 10  and 𝜖 =
10  are better than ours, we are able to obtain higher accuracy. We 
can consider the mapped Chebyshev polynomials 

                   𝜑 (𝑥) = 𝑇
arctan(𝑥 𝜏⁄ )

arctan(1 𝜏⁄ )
,       𝑗 = 1, 2, … ,              (6) 

and the corresponding mapped Chebyshev zeros 

         𝑥 = 𝜏 tan 𝑧 , arctan(1 𝜏⁄ ) ,     𝑖 = 1, 2, … , 𝑛.                 (7) 

 

As shown in Table 2, the new choice of 𝜑 (𝑥) and 𝑥  produces 
higher accurate results than those presented in Table 1. 

Table 2.  Error values of the approximate solution of the problem (5) 
obtained using (6), (7) and different values of 𝜖 for n = 128; 256; 512. 

log (𝜖) |𝑛 −5 |128 −6 |128 −7|128 −8|256 −9|256 −10|512 

error 2.9e-13 5.2e-10 2.6e-5 6.7e-9 1.7e-5 5.6e-8 

cond(𝐶 ) 3.1e+2 2.5e+2 3.6e+2 8.2e+2 1.1e+3 2.7e+3 

 τ 2.0e-2 1.0e-2 3.0e-3 2.0e-3 7.5e-4 4.1e-4 

 

Owing to the specific behaviour of the solution and used trial 
functions near the origin, the error values have been monitored very 
carefully. The error values in the presented tables are computed as 

  error = max
∈[ , ]

|𝑢 (𝑡 ) −  𝑢(𝑡 )| ,    𝑘 = 0, 1, … , 10000, 

where 𝑡 = −1 + 𝑘ℎ for ℎ = 2 10000⁄ . The computations presented 
in this study have been carried out in the MATLAB environment. 

4. Concluding remarks  

The main features of the presented mapped Chebyshev 
collocation method are its simplicity, good computational stability 
and high accuracy. With respect to accuracy, we need to comment 
the spectral condition number cond(𝐶 )  in the presented tables. This 
parameter provides very important criterium in checking round-off 
error propagation in solving the system of linear equations (4) with 
the coefficient matrix 𝐶 . Strictly speaking, if cond(𝐶 ) ≈ 10 , the 
round-off error may destroy last l digits of final calculated values 𝑐 . 
Seeing that the method produces well conditioned collocation 
matrices (cond(𝐶 ) ≈ 10  for 𝑛 = 512 trial functions), it will be 
possible to solve difficult linear and nonlinear real-world problems 
requiring a few thousands of trial functions. 

To be successful also in solving such complex problems, it is 
necessary to improve the following properties of this method:  
- whereas the mapping functions in (2) and (6) were constructed 
intuitively, the investigation of techniques for construction of 
suitable mapping functions for each particular problem is of great 
practical importance;  
- good values of τ were selected using a trial-and-error technique, 
thus the determination of an optimal value of τ by a formula remains 
an attractive task. 
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