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Abstract: In this paper we consider the task of estimating the volume of recreational fish catch yield in a water body. We design 

mathematical models for the tasks varying in complexity and generality and demonstrate how they can be solved using Bayesian approach. A 

Markov Chain Monte Carlo (MCMC)-based Bayesian approach is widely used as a solution for stochastic models. To solve the simplest case 

of a proposed model we have used the PyMC library. The proposed models were later used to estimate the recreational fishing capacity of 

the water bodies in Qazaqstan. 

Keywords: MATHEMATICAL MODEL, BAYESIAN APPROACH, MONTE CARLO METHOD, PROBABILISTIC PROGRAMMING, 

RECREATIONAL FISHING, FISHING RESOURCES, BODY OF WATER 

 

1. Introduction 

The classical problems of the fishing industry include estimating 
resource capacity (total stock, exploitable stock, spawning stock), 
modeling population growth (cohort growth model, Walter’s model 
etc) and distribution of fishing quotas between interested parties. 
The task of estimating catch yield is relatively novel and not 
thoroughly researched. Specifically, it is hard to estimate 
recreational catch yield and illegal catch yield since the data is very 
scarce. Coincidentally these types of fish catch have a huge 
influence on fish populations growth dynamics. Reliable estimates 
of commercial catch yields are needed as well for the data provided 
by the commercial fishers can be imprecise or even intentionally 
skewed. In this article we consider the task of estimating 
recreational catch yield for a single water body. Such yield depends 
on multiple random factors whose influence is impossible to assess 
individually. This leads us to choose Bayesian approach for 
developing a model. In the paper we provide a general 
mathematical model and show how it can be solved using the 
PyMC library for probabilistic programming [1]. 

2. Prerequisites and means for solving the problem  

2.1. Requirements for the mathematical model  
 
Growing pressure on the total fish capacity of the waters of 

Qazaqstan necessitates the development of a mathematical model to 
estimate recreational catch yield. This is a complex and 
indeterministic task dependent on multiple random factors. Among 
these stochastic factors that are hard to evaluate are a region’s 
economy, mentality and traditions of the population, laws regulating 
fish catch, illegal catch proliferation, total exploitable stock of a 
given fish species, allowed fishing tools, weather conditions etc. 
The influence of so many random factors makes development of a 
deterministic mathematical model, like ones used to analyze the 
population growth of sturgeons, unfeasible [2]. 

For practical purposes mathematical models must satisfy certain 
requirements. According to article 34 of the Law of the Qazaq 
Republic on Protection, Reproduction and Use of the Wildlife, 
recreational catch is a catch of fish and other water-bound animals 
aimed to satisfy sports or esthetic needs, conduct sport competitions 
or to personally consume the yield through the means allowing only 
single-fish catch (non-commercial fishing equipment). The first 
difficulty in estimating the volume of recreational fish yield is the 
fact that some recreational fishermen use prohibited fishing 
equipment. Thus part of recreational catch yield is actually illegal 
catch yield even though it is conducted by non-commercial actors. 
Developer of a model of recreational catch yield faces a problem of 
qualifying all catch yield as recreational catch yield. Therefore, the 
model should factor in fishing tools. On the other hand, considering 
a wide variety of fishing tools doesn’t make much sense since it 
doesn't improve the accuracy of the model while making it more 
complicated. For these reasons we have identified three groups of 
fishing equipment: passive equipment with hooks (first group), 
active equipment with hooks (second group) and other allowed 
equipment (third group). The fourth group includes equipment that 
is prohibited to use. 

Secondly the model should factor in not only the quantity of 
caught fish but also the weight of individual fishes. For it an 

estimate of caught fish weight is required. Which in turn depends on 
fish species and on the specific water body where the fish was 
caught as the weight fluctuation between different specimens of a 
single species can be rather big depending on the quality of 
zoobenthos and zooplankton the fish feeds on. Therefore, the model 
should be applicable to a specific water body or a river stretch and 
consider the species of fish inhabiting it.  

The third factor is the time period when the catch yield volume 
should be estimated. The mandatory time period is one calendar 
year. However, the rate of catch fluctuates during a year and 
depends on a fish species, the amount of holidays when recreational 
anglers engage in fishing the most, weather conditions, angler 
residence (local or visitor) etc. Thus the model should be able to 
estimate catch yield at different time periods.  

Any method is going to use field data actually available to the 
analyst. In the perfect world we would have access to the data on 
the number of fishermen and the amount of fish caught by a single 
fisherman on any given day of a year. It would make the solution 
for the task very easy. Unfortunately, such data is impossible to 
obtain. Therefore, the model should be able to estimate recreational 
catch using small data or even no data at all but only qualitative 
data. In other words, the model should be able to train and to fine-
tune its estimate after new data is introduced. 

Another desirable requirement is having the model include 
indirect means for taking into account all the random factors that 
can influence the estimated parameter. For instance, there should be 
a way to allow for the seasonal change of fish habits (spawning 
season, winter season etc.). Such influence is usually factored in 
through the choice of a distribution law for the random variables 
accounted for. 

Last but not least is the practical applicability of the model. I.e. 
the model should be implementable as an information system that 
conceals mathematical complexity from its ichthyologist users.  

Whether the model satisfies these requirements depends on 
availability and quality of field data as well as how precisely 
maximum allowable commercial catch yield is estimated. We 
suggest a probabilistic model based on Bayesian approach is the 
most adequate solution in part because there is not a lot of data on 
recreational catch yield. 
 

2.2. Bayesian approach 
 
Bayesian approach to modeling various stochastic processes is 

based on Bayes theorem about conditional probability of a random 
event. Bayesian approach has become more popular in the last 
decades due to the rise in available computing power as well as the 
emergence of  instruments for automation of statistical inference 
like PyMC library [1]. 

To demonstrate the essence of Bayesian approach consider this 
example. A common situation is an event A can only happen under 
the condition of one of the events 𝐵1, 𝐵2 ,… , 𝐵𝑛 , that comprise an 
exhaustive group of mutually exclusive events, happening. Let’s 
suppose that we know probabilities of each of those events and 
conditional probabilities 𝑃 𝐴|𝐵1 , 𝑃 𝐴|𝐵2 , … , 𝑃 𝐴|𝐵𝑛  of A. 
Then the probability of A can be expressed as total probability 
formula 

𝑃 𝐴 =  𝑃 𝐵𝑖 𝑃(𝐴 𝐵𝑖
 )𝑛

𝑖=1 .   (1) 
 
In terms of Bayesian approach events 𝐵1, 𝐵2 ,… , 𝐵𝑛  are called 

hypotheses since we do not know beforehand which event will 
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happen. Now let’s imagine a test has been run which resulted in the 
event A happening. We pose a question, how have the probabilities 
of the hypotheses changed now that the event A has happened. In 
other words we are working out conditional probabilities 
𝑃 𝐵1|А , 𝑃 𝐵2|А , … , 𝑃 𝐵𝑛 |А . According to the Bayes theorem 
conditional probability 

 

𝑃 𝐵𝑖 𝐴  =
𝑃 𝐵𝑖 𝑃(𝐴 𝐵𝑖

 )

𝑃(𝐴)
.    (2) 

 
Substituting the denominator from the formula (1) we get for every 
i 
 

𝑃 𝐵𝑖|𝐴 =
𝑃 𝐵𝑖 𝑃(𝐴|𝐵𝑖)

𝑃 𝐵1 𝑃 𝐴|𝐵1 +𝑃 𝐵2 𝑃 𝐴|𝐵2 +⋯+𝑃 𝐵𝑛  𝑃 𝐴|𝐵𝑛  
. (3) 

 
These formulas are called Bayes’ formulas after the British 

mathematician who determined them (published in 1764).  These 
formulas allow to update probabilities of the hypotheses after the 
test has produced event A as a result. The Bayes’ formulas are the 
foundation for the Bayesian approach, which implies that whenever 
new evidence appears, known probabilities must be updated.  

Let’s demonstrate the Bayesian approach in another example. 
Suppose a fisherman may catch fish in one of two lakes. The 
probability that the fisherman will go to one lake is 0.6 while the 
probability they will go to the other lake is 0.4. They will later sell 
the fish they’ve caught to a wholesale buyer who checks if the fish 
satisfies certain standards. The probability that the buyer will buy 
the fish from the first lake is 0.9 while for the fish from the other 
lake it is 0.96. Given that the fish was bought, let's find out the 
probability that it had been caught in the first lake.  

We represent as A the event that the fish satisfies a buyer’s 
standards. We can make two assumptions: 1) the fish has been 
caught in lake one (hypothesis В1); and 2) the fish has been caught 
in lake two (hypothesis В2). Using the Bayes’ formula (3) let’s find 
out the probability the fish has been caught in lake one: 

 

𝑃 𝐵1|𝐴 =
𝑃 𝐵1 𝑃(𝐴|𝐵1)

𝑃 𝐵1 𝑃 𝐴|𝐵1 +𝑃 𝐵2 𝑃 𝐴|𝐵2 
. 

 
Under these conditions P(В1)=0.6 is the probability that the fish 

had been caught in lake one, P(В2)=0.4 is the probability that the 
fish had been caught in lake two, 𝑃(𝐴|В1) = 0.9  is the probability 
that the fish from lake one satisfies the buyer’s standards, 
𝑃(𝐴|В2) = 0.96 is the probability that the hush caught in lake two 
satisfies the buyer's standards. Substituting these values into the 
latter formula we get 𝑃(В1|А) = (0.6 ∙ 0.9)/(0.6 ∙ 0.9 + 0.4 ∙
0.96) = 0.54/0.924 = 0.584. Similarly we can calculate 
𝑃(В2|А) = 0.416. As you can see before the test the probability of 
В1 hypothesis was 0.6 while the probability of В2 hypothesis was 
0.4. After the test result became known the probabilities (or rather 
conditional probabilities) have changed and became 0.584 and 
0.416 respectively. So the Bayes’ formula allows us to update the 
probabilities of our hypotheses factoring in new data. The example 
demonstrates the essence of Bayesian approach. 

Generally, Bayesian approach is used to evaluate parameters of 
certain random values. Examples can be found in [1,3,4] and further 
in this paper. Traditionally Bayesian inference follows  these steps 
prior distribution → observable data → posterior distribution. The 
unknown parameter is considered to be a random variable. To 
determine it we choose prior distribution of unknown parameters, 
then through evidence we generate new data, congruent to the prior 
distribution and the evidence, that converges on a certain posterior 
distribution which is the estimate of the unknown parameter (either 
scalar or vector). The process is fully automated in the PyMC 
library for the Python programming language that we are using 
further. 

 
 
 
 

3. Mathematical model and its solution using 

Python PyMC library 

 

3.1. Designing mathematical model 
 
Given the requirements above we design a model we will use to 

find out the volume of recreational catch yield in a given body of 
water. Here are the definitions: 

m – fish population in the given water body; 
𝑉𝑖𝑗 (𝑡) – quantity of fish of species i caught by recreational 

anglers with class j fishing equipment in the given water body on 
day t (pcs); 

𝑉𝑖(𝑡) – quantity of fish of species i caught by recreational anglers 
in the given water body on day t (pcs); 

𝑊𝑖𝑗 (𝑡) – weight of fish of species i caught by recreational 

anglers with class j fishing equipment in the given water body on 
day t (kg);  

𝑊𝑖(𝑡) – weight of fish of species i caught by recreational anglers 
in the given water body on day t (kg); 

𝑅𝑗 (𝑡) – average number of recreational anglers using class j 

fishing equipment on day t at the given water body (humans); 
𝑅(𝑡) – average number of recreational anglers at the given water 

body on day t (humans); 
𝑆𝑖𝑗 (𝑡) – average number of fish of species i caught by a single 

recreational angler with class j fishing equipment on day t (pcs); 
𝑆𝑖(𝑡) – average number of fish of species i caught by a single 

recreational angler on day t (pcs); 
𝑈𝑖(𝑡) – average weight of a single fish of species i caught by 

recreational anglers on day t (kg); 
𝑈(𝑡) – average weight of one fish caught by recreational anglers 

on day t (kg); 
𝑉(𝑡1, 𝑡2) – quantity of fish caught by recreational anglers in the 

given water body during time period [𝑡1, 𝑡2] (pcs); 
𝑊(𝑡1 , 𝑡2) – weight of fish caught by recreational anglers in the 

given water body during time period [𝑡1, 𝑡2] (kg.). 
All the defined values are random and each follows its own 

distribution law. Index i=1,2, …, m denotes fish species that live in 
the water body. Index j=1,2,3,4 denotes the class of fishing 
equipment where classes 1 through 3 are all legal fishing equipment 
(active, passive and other respectively) while class j=4 is illegal. 
Index t denotes day-of-year number. 

To determine the quantity and weight of fish caught during time 
period [𝑡1, 𝑡2] the relationship between the defined values can be 
described with these equations: 

 

𝑉 𝑡1, 𝑡2 =    𝑆𝑖𝑗 (𝑡)𝑅𝑗 (𝑡)4
𝑗=1

𝑚
𝑖=1

𝑡2
𝑡=𝑡1

,  (4) 

 

𝑊 𝑡1 , 𝑡2 =    𝑆𝑖𝑗  𝑡 𝑅𝑗  𝑡 
4
𝑗=1 𝑈𝑖(𝑡)𝑚

𝑖=1
𝑡2
𝑡=𝑡1

. (5) 

 

Thus if we know distribution laws for 𝑆𝑖𝑗  𝑡 ,𝑅𝑗  𝑡 ,𝑈𝑖(𝑡), then 

the values V и W can be calculated with formulas (4), (5). Average 
weight of a single fish of species i depending on its age can be 
found in the field data published by fish industry scientific-research 
center. Commercially exploitable fish stock broken down by age is 
available through it as well. Ergo, average fish weight for species i 
can be defined as weighted average of weights for all ages of 
species i. If such data is not available (not all water bodies are 
probed) then the average weight can be estimated using data from 
similar water bodies or polling fishermen. We can assume the 
distribution law for average fish weight to be the normal law of 
distribution with expected value and standard deviation equal to one 
third of expectation.  
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While we always have some estimate for the average weight of a 
single fish, for 𝑆𝑖𝑗  and 𝑅𝑗  we can only rely on polling fishermen. 

These data often disregard influence from the class of fishing 
equipment, so we usually only have 𝑆𝑖(𝑡) and 𝑅(𝑡). By definition, 

 

𝑆𝑖 𝑡 𝑅(𝑡) =  𝑆𝑖𝑗  𝑡 𝑅𝑗  𝑡 
3
𝑗=1 + 𝑆𝑖4(𝑡)𝑅4(𝑡),  (6) 

 
However the j = 4 part of the formula is often neglected while 

collecting data for 𝑆𝑖 𝑡  and 𝑅 𝑡  since anglers using illegal 
equipment elude observation. They don’t need to stay at the water 
body continuously as such equipment (nets) can catch fish without 
active involvement of a human being. Therefore 𝑆𝑖 𝑡 𝑅(𝑡) can be 
assumed  

 

𝑆𝑖 𝑡 𝑅(𝑡) =  𝑆𝑖𝑗 (𝑡)𝑅𝑗 (𝑡)3
𝑗=1 ,   (7) 

 
Accordingly equations (4) and (5) can be rewritten as 
 

𝑉 𝑡1, 𝑡2 =   𝑆𝑖(𝑡)𝑅(𝑡)𝑚
𝑖=1

𝑡2
𝑡=𝑡1

,   (8) 

 

𝑊 𝑡1 , 𝑡2 =   𝑆𝑖 𝑡 𝑅 𝑡 𝑈𝑖(𝑡)𝑚
𝑖=1

𝑡2
𝑡=𝑡1

.  (9) 

 
where 𝑆𝑖 𝑡  and 𝑅 𝑡  can be defined as either (6) or (7), depending 
on the quality of available data. 

Prior distribution for 𝑆𝑖 𝑡  and 𝑅 𝑡  is usually assumed to be 
equally probable distribution, normal distribution or beta 
distribution. Let’s note that though the number of fish caught by a 
single angler is always a whole number, its average can take on any 
real number. Similarly, the average number of anglers at a water 
body can take on a real number too. 

As we can see, distributions for 𝑆𝑖 𝑡  and 𝑅 𝑡  are functions of 
t, meaning that these distributions vary on different days. 
Simplifying our model (8), (9), let’s assume that average daily 
number of anglers at a water body 𝑅 𝑡  has the same distribution 
(takes on approximately similar values) during weekdays and a 
different distribution during weekends and holidays. I.e. there are 
only two distributions for the variate 𝑅(1) and 𝑅(2) for weekdays 
and weekends/holidays respectively. Let’s also assume that 
variates 𝑆𝑖(𝑡) and 𝑈𝑖(𝑡) are not determined by time, meaning 
𝑆𝑖 𝑡 = 𝑆𝑖  и 𝑈𝑖 𝑡 = 𝑈𝑖 . Then our model (8), (9) becomes: 

 
𝑉 𝑡1, 𝑡2 =  𝑇1𝑅 1 + 𝑇2𝑅(2)  𝑆𝑖

𝑚
𝑖=1 ,  (10) 

 
𝑊 𝑡1, 𝑡2 =  𝑇1𝑅 1 + 𝑇2𝑅(2)  𝑆𝑖

𝑚
𝑖=1 𝑈𝑖 ,  (11) 

 
with 𝑇1, 𝑇2 being the number of weekdays and weekends/holidays 
during time period [𝑡1, 𝑡2] respectively. Estimating recreational 
catch yield with the model (10), (11) requires defining fewer 
parameters: 𝑆𝑖 , 𝑈𝑖 , 𝑅(1) and 𝑅(2). A total of only 2m + 2 
parameters. 

Similarly, we can simplify the model (4), (5) disregarding 
dependence on time t. 

We can look into other ways to simplify our models (4), (5) or 
(8), (9). For example, we can toggle distribution of variates 𝑆𝑖𝑗 (𝑡) 

for spawning or non-spawning season for fish of species i or 
otherwise take into account fish behavior. 
 

3.2. Solving the mathematical model using PyMC library 
 
Further in this paper we show our solution for the mathematical 

model using test data we have gathered for a water body in 
Qazaqstan. The data gathered across several summer weekdays are 
combined into lists datar (number of anglers at the water body), 
datas (average number of fish caught by a single angler) and datau 
(average weight of a single caught fish). We assume normal 
distribution for the variates with respective averages r, s, u and 
standard deviations sd_r, sd_s, sd_u. We assumed prior distribution 
of the number of anglers to be normal distribution in the interval [0, 
upper_r], with upper_r equal to twice as much as the maximum 
observed number of anglers in our evidence. We assumed the same 
prior distribution for the average amount of fish caught by a single 
angler.  Figure 1 demonstrates the code in Python that conducts 
Markov Chain Monte Carlo (MCMC)-based Bayesian inference 

[3,4].  Also the required parameters v and w are defined as 
deterministic parameters. For brevity we have used the simplest 
model (10), (11), in which we disregard dependence on fish species 
i and lack of weekends/holidays in our data. Then the formulas to 
determine daily catch yield become equations 𝑣 = 𝑟 ∙ 𝑠, 𝑤 = 𝑟 ∙ 𝑠 ∙
𝑢, as recorded in lines of code 18 and 19 . 

 
 

1. import pymc3 as pm 
2. import arviz as az 
3. datar = [5,7,10,21,7,12] 
4. datas = [2,4,6,2,5,8] 
5. datau = [0.7,1.2,0.9,2.1,0.9,0.6] 
6. upper_r = max(datar) * 2 
7. upper_s = max(datas) * 2 
8. with pm.Model() as model: 
9. r = pm.Uniform('r', lower=0, upper = upper_r) 
10. sd_r = pm.HalfNormal('sd_r', sd = 10) 
11. data_r = pm.Normal('data_r', mu = r, sd = sd_r, observed = 

datar) 
12. s = pm.Uniform('s', lower = 0, upper = upper_s) 
13. sd_s = pm.HalfNormal('sd_s', sd = 10) 
14. data_s = pm.Normal('data_s', mu = s, sd = sd_s, observed = 

datas) 
15. u = pm.Normal('u', mu = m_u, sd = 10) 
16. sd_u = pm.HalfNormal('sd_u', sd = 5) 
17. data_u = pm.Normal('data_u', mu = u, sd = sd_u, observed = 

datau) 
18. v = pm.Deterministic('v', r * s) 
19. w = pm.Deterministic('w', r * s * u) 
20. trace = pm.sample(2000, tune = 1000) 
21. az.plot_trace(trace) 
22. az.summary(trace) 

 
 Fig. 1 Python code assuming equally probable prior distribution  

 
Figure 2 shows posterior distributions for each variate r, s, u, 

sd_r, sd_s, sd_u and for each deterministic parameter v, w as output 
of the code in figure 1.  

 

 
 

Fig. 2 Posterior distribution 
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The last instruction in the code (line 22) returns a table of 
moments for each variable in the model (Table 1). As we can see, 
the average daily catch yield is 47 fish or 50 kgs, meaning the 
monthly catch yield for this water body is around 1,5 tons during 
summer. Standard deviations are rather high as a result of scarcity 
of available data.   
 

Table 1. Moments 

  mean sd hdi_3% hdi_97% r_hat 

u 1.069 0.324 0.470 1.674 1.0 

r 10.384 2.998 4.308 15.908 1.0 

sd_r 6.995 2.381 3.386 11.187 1.0 

s 4.536 1.343 1.959 7.077 1.0 

sd_s 3.142 1.339 1.321 5.468 1.0 

sd_u 0.741 0.350 0.314 1.335 1.0 

v 47.093 19.792 10.603 83.547 1.0 

w 50.408 27.323 4.057 99.352 1.0 

 
The code in figure 1 demonstrates one of the solutions. We could 

try other prior distributions, find different predicted values etc. The 
code in figure 3 generates 100 predictions from posterior 
distribution.  

 
1. y_pred = pm.sample_posterior_predictive(trace, 100, model) 
2. data_ppc = az.from_pymc3(trace=trace,  

posterior_predictive = y_pred) 
3. ax = az.plot_ppc(data_ppc, figsize=(12, 3), mean=False) 
4. ax[0].legend(fontsize=15) 

 
Fig. 3 Code for making predictions about posterior distribution 
 
 
The output of this code can be seen in figure 4. The black line 

demonstrates an estimate of observable data density while blue lines 
are core density estimates calculated for each of 100 samples of 
posterior predictive distributions.  

 

 
 

Fig. 4 Estimates of posterior predictive distribution density  

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusion   

As with the simplest model, other suggested models can be 

solved using the PyMC library. Bayesian approach has helped 

create relatively simple mathematical models to estimate 

recreational catch yield. Further generalization of the suggested 

model involves treating r, s, u as random currents dependent on 

time. 
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