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Abstract: Obtaining source functions in Fourier transform (FT) on the base of some knowing frequency distributions are presented. The
proposed approach allows to study the properties of the obtained results. This technique is used for calculation of some improper integrals
as well.
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1. Introduction

Trigonometric series and trigonometric transformations are an
important part of computer engineering and communication 1
technology. The ability of Fourier transform (FT) to represent time-
domain data in the frequency domain and vice-verso has many
applications [1]. So, FT decomposes the time function x(t)(signal)
into the frequencies that make it up by the complex exponential
Fourier integral [2]:

X( f ):Tx(t)e_z”i“dt,
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where f is continuous frequency argument. Fig. 2. The function A(t)

We suppose that x(t) is real or complex function on —o < ¢ <

o . Before giving their Fourier transformations, let us introduce the
+oo such that  [[x(t)| dt exists. important sinc-function [2,3]:
sin zt
—,t=0
Then sinc(t)=] at ' e
+0 ) 1 ,t=0
X(t)= [X(f)e?" M tdf.
o x(t)
Here we note this relation by x(t)< X(f), ie 1
F(x(t))=X(f) and FX(X(f))=x(t).
Applications in engineering practice have a wide variety of
signals (source functions x(t)). In our investigations we will apply
the two most usable functions, namely: rectangular 71(t) and
triangular signal A(t), respectively [1,2], given in Fig. 1 and Fig. 2: N /\ /\ i
D NL T 1 . N2
1, —l<t<1, 1—|t|, —-1<t<1, v \/
11(t)= 2 20 A(t)=
0, elsewhere. 0, elsewhere. Fig. 3. The function sinc(t)
(t) Then, we have [2,3]:
II(t) < sinc( f), O
A(t) > sinc?(f).
x(t)
= 4 f
-1 0 5
Fig. 1. The function I1(t) . . L . L . ¢
-4 =3 =2 -1 1 2 3 4

Fig. 4. The function sinc?(t)
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Now, we shall mention two results which will be used later on.

Convolution theorem for FT [3]:
Let x;(t)<>X (f) and x,(t)«>X,(f). Then
X (1)*xa(t) < Xqo(F)X,(f),

where

X ()% (t) = [xq(u)xp(t—u)du = [x;(t—u)x,(u)du. (2)

—00 —00

This theorem plays a role in solving the usually more
complicated problem of finding the original knowing its frequency
representation.

Rayleigh’s theorem, connected to the energy in a signal:

Let x(t)<>X(f). Then

[Ixt)dt=[|Xx(f)[f. 3)

—00

Here, of course, for a function g(t):

la(t)* =g(t)a(t),

where upper bar means conjugate complex.

2. Main Result

First, we start with some easy to calculate integrals.

4o .
Having in mind that [1] | SNY Gy=7 , and putting y=1t , it
Y

follows that

+0
[sinc(t)dt=1.

—00

From (1) and (3) we obtain:

+fo|17(t)|2o|t =T|sin( £)[7 df .

Then

1
2 oo
[ m?(t)dt = [sinc?(f)df =1.

—00

N

Thus, replacing f =y, we get

400 .
(22 )eay-
y

—00

Let us note that 77(t)=77(t) = A(t) (see [3]).
2.1. The convolution presentation of sin c3( f)
sinc3( f )=sinc?( f )sinc( f ) <> 77(t)* A(t), and from (2):

i(t)zH(t)*/l(t)zTH(t—u)A(u)du. )

—00
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In order to apply the convolution theorem, we have to determine
the u and t values for which the integrand in (4) is nonzero.
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Fig. 5

We will integrate on the parallelogram ABCD, dividing it into
three parts:

e  Triangle ABN:

2

| (L] u)du= | (L+u)du=2 (t+§J 3L

, 2\ 2

] ™
e  Parallelogram BMDN:
t+% 0 t+%
| (L] u)du = [ @+u)du+ [ (1-u)du 3, LlL
o1 e 5 4 2 2
2 2

e  Triangle MCD:

ot | o= (3" das

- 1
2 2

The last three integrals give the final result:

l(§+t)2, 3t 1
22 2 2
3 ., 1 1
~ ——t°, ——<t<—=,
TI(t)*A(t)=x(t)= <4 2 2
23, 1<l
22 2 2
0, elsewhere
2
1(3 . 3
S —sign(t)t ], =<t =,
2[2 gn( >] <3
3 - 1
=——17, t|<=, 5
2 ts ©
0, It]>2.
2
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Fig. 6. The function X(t)

. . X . .
This is an even smooth function and (cji_t is continuous.

2.2. The frequency distribution sinc*( )

We could study two cases, because

sinc*(f)=sinc( f) sinc3(f)=sinc?(f)sinc?(f).

Case 1. We are looking for the function
X(t)= (1) *X(t) <> sinc( f )sincs( f),
where X(t) is determined from (5). So that, we have:

x(t):TH(t—u)i(t)du.

—00

©)

We determine the parallelogram ABCD enclosed by the four
lines containing the u, v values for which the integrand (6) is

nonzero (Fig. 7):
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Fig. 7
By integration, it follows:
e  Triangle ABM:
L
2 2
j1(§+uj du=1(2+t)3, —2<t<-1;
52\ 2 6
2
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Parallelogram BNQM:

1

t+
2 2
g+u du+ _[ E—u2 du:—lts—t2+g, -1<t<0;
2 4 2 3

1

2

Parallelogram NPDQ:

1

t+5 2
L g—u du:1t3—t2 +E, 0<t<l;
2\ 2 2 3

Thus we obtain:

%(2+t)3, 2<t<-1,
leei? gcico,
2 3
IT(t)*X(t) = 1t3—t2+§, 0<t<1,
%(2—03, 1<t<2,
0, elsewhere
1. 3 .2 2
—sign(t)t® —t“ +—, t<1,
5 Sign(t) 3 [t]
= %(Z—Sign(t)t)s, 1<|t]<2,
0, [t]>2.
x(f)
;_
L 1 '; 1 I
-2 -1 0 2 4 2
3

Fig. 8. The function 77(t)*X(t)

Case 2. Let us determine A(t)=* A(t).

We shall obtain the same function as in the Case 1, because

A(t)* A(t) <> sinc?( f)sinc?( f )=sinc( f )sinc3( f).
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However, the area of integration (the parallelogram ABCD) will
be different (Fig. 9):

Fig. 9
Finally, A(t)*A(t)= 77(t)=X(t) (see also Fig. 8).

Remark 1. The calculations in this paragraph show that using the
simple signal 71(t) is preferable. By the way, the main difficulty in
the convolution presentation is the presence of the argument (t-u).
We “transfer” it into T1(t) and this makes the calculation easier.

2.3. Calculation of some improper integrals

As in the beginning we will use Rayleigh’s theorem. From
A(t)<—>sincz( f ) and (3) we get:

Tsinc4( f )df :T(sincz( f ))de =+foA2(t)dt

—00 —00 —00

1

= [(a-]t)f dt=2}(1—t)2 dt=

-1 0

wrN

By changing the variables zf=y, we get

+o0/ - 4
() -2
Jly 3

Similarly, keeping in mind the result of 2.1, we obtain:

+ﬁ;incs( f )df =T(sinc3( f ))de =T§2(t)dt

—00 —00 —00

X2(t)dt =2 [X?(t)dt

y

o w

00
ie. [sinc®(f)df =055.

—00

Taking zf=y, we get

39

3. Conclusions

The paper presents an efficient method for the inverse problem
resolving in FT. This approach could be applied in other frequency
distributions. Finding of some important for FT integrals is also
done.
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