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Abstract: In this paper more theory and examples about the infinite numbers and functions that were introduced in a previous paper is
presented. These numbers and functions apply in modeling physical and mathematical systems and processes, where infinity somehow
appears, i.e. series of numbers, limits calculation, kinematics problems, infinite expansion of certain universe geometric shapes. By strictly
applying the theory of limits of functions, more properties of the infinite numbers which are limits of complex functions tending to infinity,
are defined. The mirror infinite numbers and some properties of them are also demonstrated and presented. Furthermore, infinite geometric
shapes whose sides are infinite numbers, as triangles, circles, spheres and ellipsoids are defined and used in modeling theoretical and
technological problems.
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; e The mirror number of 3% (which is infinity), is equal to

1. Introduction 3/e? that is equal to zero.

Mathematical infinity may appear in analyzing theoretical and e The mirror number of 3&%+4-2i is calculated equal to
technological problems, in various ways. The quantification of 3/£2+4-2i that is equal to the complex number 4-2i.
infinity is a reasonable search for the human mind, dating back to e The mirror number of 3&%+4/¢-2i is calculated equal to
the 19th century. The idea of the quantitative infinity started from 3/e+4£-2i that is also infinity like the original number.
works by Cantor, Gottlob Frege and Richard Dedekind [2, 3]. More
recent efforts include nonstandard analysis, infinitesimal numbers, The mirror number of the addition/subtraction of two infinite

as well as hyperreal numbers [4, 5]. In the previous paper [1] the numbers is equal to addition/subtraction of their mirror numbers.
infinite numbers and functions were introduced by strictly applying Similar applies to multiplication / division. Then, for better
the theory of limits of functions. These numbers are limits of symbolism, infinite numbers will be denoted with A, while their
complex functions that tend to infinity. In the present study more
theory and examples about the infinite numbers and functions is
presented. The mirror infinite numbers and some properties of them _
are defined and demonstrated. Furthermore, infinite geometric Proof: If A =@(&) and A, =¢,(&) then A =¢(1/¢&) and
shapes whose sides are infinite numbers, as triangles, circles, el : .

spheres and ellipsoids are presented, which are useful in modeling A, =¢,(11S). thus it applies:

theoretical and technological problems. Applying this additional

mirrors numbers will be denoted with A .

theory about the infinite numbers and functions more problems as AT A =¢1/5)+41IS) @

series calculation, kinematics problems, infinite expansion of o

certain universe geometric shapes were modeled, analyzed and On the other hand, it is true that:

solved. A A, =¢1(§)i¢2(§)=¢1(1/§)i¢2(1/§) @)
2. Mirror infinite numbers definitions and Hence, from (2), (3) itapplies: A £ A, = A A,

properties - calculus In the same way, the corresponding property for multiplication /

division is proved. In particular, it applies:

As seen in [1], the infinity unit (&) was defined through the real
function f(x)=x, according to the following formula (1), where rerayeTe N A NI
YER. A-A=A-A, and ATA =ATA,
&=lim f(x)=lim () @ Some examples with mirror numbers:

According to the aforementioned definition of infinity unit (&), 252 +=
the following were also defined: the multiples of infinity unit (a£)
where a € C, the negative infinity unit (-£), the imaginary infinity
unit (i€), the negative imaginary infinity unit (-i€), the natural
powers of & etc [1]. As shown in [1], more generally, each
continuous complex function ¢ of the infinity unit &, that is the
function @(&), is an “infinite number function”, which is also an g2 1 2
“infinite number”. The set of all these numbers was called the set of S E ? +& é 1
infinite numbers_ and ‘was der_10ted by the_ It_att_er A (in bold). L=— = 3 = Y =
Moreover, the arithmetic operations of these infinite numbers were (1)+ (@)5 §+(§+1J§

e  Calculation of the fraction: | _

N |

defined [1]. An infinite number can be either infinity or zero or any
complex number. Thus, the infinite numbers are a superset of the
complex numbers. — —
e Proof of the relationships: € =1and In* & =In%¢&
Furthermore, for each infinite number (), there is a
corresponding infinite number of the form [1/@(&)], its “inverse _ 1 1
number” as well as a corresponding infinite number of the form e'* = cos(&) +isin( &) = cos[} +isin [j =cos0+isin0=1
o(1/8), its “mirror number”. For example, considering the infinite I &
number (£2+2) we can obtain: I) the inverse number 1/(£2+2) which I 1
is equal to zero, and 11) the mirror number (1/&*+2) which is equal ~ Also:  |n?&=1In? E =(N1-M &P =(-n &Y =In?¢
to 2.
The mirror number of an infinite number which is infinity, could Therefore, the mirror number of In 2 & is the same number.
be either zero or a complex number or even infinity. For example:
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e  Calculation of the advancement AD (that is the part of the
infinite number with the lower powers of &, as it was defined in [1]),

of the infinite number: In?(e&)

Inz(eé)zlnz(z)z(ln e-he&f =(1-he&f =n?E-2In&+1

Therefore, the advancement is: AD =-21In £ +1

3. Geometric shapes whose sides are infinite
numbers

By definition, infinite triangles and generally infinite geometric
shapes (polygons, circles, spheres, pyramids, cubes, ellipsoids,
cylinders etc) are defined as those, whose sides are infinite numbers
with an imaginary part zero and a real part positive. Moreover,
these infinite numbers should be compatible for the specific
geometric shape. For example, the rule of triangles that the sum of
the two sides is greater than the third side (sides dimension
compatibility), should apply. If this is not fulfilled, there is no
triangle. For example, an infinite triangle cannot have the following
sides: a=¢&, b=2¢ and c=10¢&.

All the laws of the ordinary (finite) geometric shapes normally
apply to infinite geometric shapes. This is true due to the following
reasoning. Let's consider a finite geometric shape, whose
dimensions are positive continuous functions of the real variable X,
in which a geometric law (L) applies for x € R. If we take the limit
of x tending to plus infinity (+o0) we obtain the corresponding
infinite geometric shape, in which the same geometric law (L) also
applies. For example, let's consider a finite rectangular triangle
whose dimensions of the two vertical sides are ¢1(x) and ¢»(x) and
the dimension of hypotenuse is g3(x), where xe R, and ¢;(X),
02(X), p3(x) are positive continuous functions of x. Then, of course,

the Pythagorean theorem applies for each xeR, ie.:
& () + 5 () = 65 () -
Now taking the limits of x tending to plus infinity, we have:
lim ¢ (x)+ im ¢2(x) = lm ¢Z(x) =
X—>+a0 X—>+00 X—>+00
#2(lim x)+g2(lim x)=g2(lim x) =
X—>+0 X—>+00 X—>+00
¢ (5)+ 45 (5) =45 (&) “

Therefore as shown in relation (4), the Pythagorean theorem also
applies in the infinite rectangular triangle (as in the corresponding
finite one) with side dimensions ¢4(&), @2(&) and ¢3(&).

If we take the mirror numbers of the dimensions of an infinite
geometric shape, then another geometric shape can be obtained
which we call the mirror geometric shape of the original one.
However, for every infinite geometric shape there is not o mirror
geometric shape. For example, for the infinite triangle: a=&+1,
b=2¢&-3, c=3&+2, whose all sides are positive, its mirror triangle with
sides (1, -3, 2) has no meaning.

Assuming an infinite rectangular triangle, whose two vertical
sides are ¢i(&)=0,&+b; and @, (E)=apE+b, respectively, and the
hypotenuse is p3(&)=05E+bs (Where ay, by, 0y, by, ag, by € R and by,
b,, bs#0), then its mirror triangle whose sides are b,, b,, bs, it is also
a rectangular one. Indeed, applying the Pythagorean theorem in the
original triangle, we obtain:

¢ (E)+¢; (E)=¢: () =
(al§+bl)2 +(a2§+ b, )2 = (a3§+b3)2 =
o E 1 2o E 0] + ) 82 + 20, 0,E 0,7 = a0 % + 20,8 +D,

Now taking the mirror numbers in the above equality we get:

2 2 2
o 2ab a,” 2a,b o 2a5b
e e Mt e S It e e e R
S S S 4 4
b’ +b,” =b? ®)

Hence, relation (5) means that the Pythagorean theorem is also
valid for the mirror triangle (whose sides are by, b,, bs), so, the
mirror triangle is also rectangular like the original one. In the same
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way, one can generally prove that the mirror triangle of any infinite
rectangular triangle whose sides are polynomial functions of any
degree of the infinity unit (&), if it exists, is also a rectangular
triangle.

Also, if an infinite triangle is isosceles, its mirror triangle is also
isosceles. Let’s consider an isosceles infinite triangle whose two

equal sides are: ¢ ¢" +an71§" +..+a,é+a, Where ay, ang, .04, 0

€R’, neN and a0, and the third side is:
b,&"+b, & +..+b,E+b, where by, by, ...by, by € R" and bg#0.
Then, its mirror triangle has the two sides equal to:
a,l&" +an71/§” +.+al/é+a=a, and the third side is:

b, £ +bn4/§" +otb [E+D =hy- Therefore, the mirror triangle is
also isosceles, since its two sides are equal to oy,.

Example: In Fig. 1 a rectangular triangle is shown whose vertical
sides are infinite numbers with an imaginary part zero and a real
part positive, i.e. b=4&+2 and c=3&+1. By applying the Pythagorean
theorem to this infinite triangle, the hypotenuse is calculated:

t’71=\/(4§+2)2+(3§+1)2 = 1652 +85+4+952 +6£ +1
=J25£% +14£+5

Also, the surface of this triangle is calculated equal to:
%-(4§+2)~(3§+1):6§2+5§+1-

B

c=3L+1

A h=4£+2

Fig. 1 Infinite rectangular triangle

By using the previously calculated value of a, and applying the
law of sines, it is obtained:

3E+1_45+2 V2552 +14£ +5 _ 5¢

> 8 . ~— =5& =
sing sin® sin90 ° sin90 °

. 3¢+1 _ o
sing = =3/5 = ¢=36.87° and
sind ~ 45+2 =4/5 = 6=53.13°

So it applies that: ¢ + 0 = 90° as expected from the properties of
the ordinary (finite) rectangular triangles.

The mirror triangle of this rectangular infinite triangle (of Fig. 1)
has the dimension values calculated below, and it is presented in
Fig. 2. We notice that, it is also a rectangular triangle like the
original one.

a=+25/E2+14/E45 =45

b=4/&+2=2 and c=3/&+1=1

Fig. 2 Mirror triangle

Correspondingly with the mirror triangle, the mirror circle is
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also defined which has a radius equal to the mirror value of the
radius of the original circle. For example, the mirror of the circle
with a radius 3&+4 is another circle with radius 3/&+4=4. On the
other hand, the mirror of the circle with radius 10 is a circle with
radius 10/&=0, i.e. zero radius.

4. Application of the above theoretical concepts to
model and solve theoretical - technological problems

4.1. Applications in kinematics

Two half-lines Ox and Oy intersect at their origin O, at an angle
0=45° (Fig. 3). Two particles B and C move on these half-lines Ox
and Oy, respectively. At time t = 0, both particles, are at the
beginning (O) of the half-lines. At time t = 1, the particle B on the
Ox half-line has traveled a distance OB, =1, at time t = 2 it has
traveled an additional distance BB, = 1/2, at time t = 3 it has
traveled an additional distance B,B; = 1/3 and finally at time t = n,
it has traveled an additional distance B, B, = 1/n. On the other
hand, at time t = 1, the particle C on the Oy half-line, is at a distance
equal to In /2 from the beginning of this half-line (position C,), at
time t = 2, it is at a distance equal to In+/3 from the beginning of
the half-line (position C,), at time t = 3, it is at a distance equal to
In+/4 (position C;) and finally at time t = n, it is at a distance equal
to In+/n+1 from the beginning of the half-line (position C,). At
each time instant t, a triangle OB,C,, OB,C,,... OB,C, is formed, of
which the angle #=x0y=45° and the angle L. OB,C, is called ¢, (see
Fig. 3). What is the value of the angle ¢, when t tends to infinity?
What is the ratio yg/yc (Where yg and yc are the accelerations of the
particles B and C respectively), when t tends to infinity? What is the
ratio of the side (OB,) to the side (C,B,) of the triangle OB,C,,
when t tends to infinity?

Y
CH-‘-CE /

()
../ \
In(4 *
In3 Cs /
Lo
Ini2-c,. o \\
/ P ‘Pz‘T\L‘Par\-

B1 | Bz|83

1 1/2 1/3

Pn—=Pg

o0
Bn—-B¢

Fig. 3 Two particles moving on half-lines Ox and Oy

Proof: In the triangle OB3C; of Fig. 3, according to the law of
cosines we have:

(C,B,f =(0B,)’ +(OC,)* —20B, -OC, - cos45°
=1°+(0.346) —2-1-0.346-0.707 = 0.629984 —
C,B, =0.793715

Furthermore, according to the law of sines:

oC,
sin ¢,

sin ¢, =0.308756

CB, — 0346574 0.793715 —
sin @ sin ¢, V212

=  ¢,=0.313885rad=17.98°

Similarly it can be found that ¢,=19.26° and ¢;=20.047°.

At time t=n, the total distance Sg that is traveled by the particle
B, is given by the formula (6), and when n tends to infinity (&) the
total distance Sg(&)=OB:; is expressed by the infinite series of the

relation (7).
SB=}+1+1+1+ AL (6)
1 2 3 4 n
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According to [1] the series Sg(&) of the relation (7) is infinity
which (written in infinite numbers) is equal to In(§)+ct where ct
€ R. More precisely, ct=y (Euler—-Mascheroni constant).

1 11
S =+ =+ +— In(&) +ct ™
s ()= tot3ty ()
On the other hand, at time t=n, the total distance S¢ that is
traveled by the particle C of Fig. 3, is equal to In+/n+1 and when n
tends to infinity (&), the total distance Sc(£)=0C:; is expressed by eq.

@).

Sc(@)=Ihy&+1 (8)

Thus when n tends to infinity (&), the infinite triangle OB.C:; is
formed, where according to the previous theory, the trigonometric
laws of ordinary (finite) triangles normally apply. Therefore, based
on the law of cosines, we have:

(c.B,f =(0B, ) +(oC,} -20B, -0OC, -cos45°

=(n&+cty (Inw/4§+)2 2(In & +ct)-In /& +1- \F
zln2§+%ln2§—zgln§-—ln§
:|n2§+3|n2§ %m g_ﬁ =

©)

C.B, = ,/3 \Flng

Furthermore, applying the law of sines to the same infinite
triangle OBC, we get:

3- f 3-V2 .
0C. CB, — Iny&el_ .
sing,  sin6 sin ¢, f/2
1In &
2\/7 V2ine \/7In p =
sin ¢,
sin g, = 1 = ,=0.408303rad=23,39°

243-42

Therefore, the angle ¢, for n=1 receives the value ¢,=17.92°, for
n=2 it receives the value ¢,=19.26° and as n increases it receives
higher and higher values, up to ¢.=23,39° for n tending to infinity

©.

According to kinematics, the velocity (vg) of the particle B, at
time t=n is calculated by eq. (10) and therefore, when n tends to
infinity (&), velocity vgg is given by eq. (11). Moreover, the
acceleration (yg) of the particle B which is the derivative of velocity
Vg is calculated by eq. (12). We notice that yg is negative which
means that we have a deceleration.

1
v AS_ n 1 (10)
B™ At n—(n-1) n
1
Voo = z (11
o = d(l) _ 1 (12)
@ dele) &

Similarly, the velocity vc of the other particle C, at time t=n is
also calculated by eq. (13), and therefore, when n tends to infinity
(€), velocity v¢ is given by eq. (14). Moreover the acceleration
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Y Of the particle Cis calculated by eq. (15) which is also negative
(deceleration), as expected.

_ASy _In(n+1)—In(n) —In(mj (13)
‘M A, n-(n-) (U on
1
%@=mf;J (14)
_ ¢ -+ 1 (15)

. :dln(§+1j
O deT ¢ & E(E+D)

Combining (12) and (15) we find eq. (16) giving the ratio yp/yc
which is equal to number 1. Therefore, the deceleration of the
particle B becomes equal to the deceleration of the particle C, when
time t tends to infinity.

N

1
Yoo _ & _&+l_ (16)
Yo L S
EE+D

Since OB; is equal to Sg(&) and taking into account relations (7)
and (9), we obtain relation (17).

OB.
e I()+et _ | 2 ;153033

CB. [3-2 ne \3-2
2

4.2. Applications in a sphere - ellipsoid infinite expansion

a7

Let’s now assume that the universe is a sphere which is
expanding with the time t (t=1,2, ....n...) and each next second (n)
its radius r(n) increases by the amount 1/n as shown in relation (18).
Let’s also consider another option, that the universe is an ellipsoid
with axes a(n), b(n) and c(n), all increasing with time according to
relations (19), (20) and (21). What is the ratio of the volumes of the
two different universes when n tends to infinity.

r(n)=}+i+l+£+...+1 (18)
1 2 3 4 n

a(n):}+1+1+£+...+ ! (19)
1 3 5 7 2n-1

b(n):1+£+1+i+...+i (20)
3 6 9 12 3n

c(n)=1+£+i+i+...+ ! (21)

5 9 13 17

For n tending to infinity, the relation (18) becomes (22) which, as
we have seen above (eq. (7)), is equal to In&+ct where ct€ R while
egs. (19), (20) and (21) transform into (23), (24) and (25).

in+1

r(§):%+%+%+%+...+é:ln§+ct (22)

a(§)=}+1+1+1+... o (23)
135 7 261
3 6 9 12 3¢

C(é):1+1+i+i+...+ 1 (29)
5 9 13 17 45 +1

According to [1] the derivative of the infinite series o(&) is
expressed by its last infinite term that is 1/(2&-1), similarly the
derivative of the series b(§) is 1/3&, and the derivative of the series
C(&) is 1/(4&+1). Therefore, by integration of these derivatives we
obtain egs. (26), (27) and (28), where C,, C,, C. € R.
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a(st):.[ﬁdé:%ln(Zf—l)JrCaz%lng (26)
b(é)z[%déz%ln3§+cbz%|ng @7)

I L (28)
c(4) I4§+1d§ 45 +D+C = 7h¢

Thus, the volume V(&) and the surface S¢(&) of the sphere when n
tends to infinity are infinite, and they are given (in infinite numbers)
by relations (29) and (30). On the other hand, the volume of
ellipsoid V(&) which is also infinity, is given by relation (31).
Finally, the ratio of the volumes of the two infinite universes
(sphere - ellipsoid), is the natural number 24 as shown in eq. (32).

V(&) = %ﬁ(ln £ict)’ ~ gﬂw ‘ (29)
S (&) =4xn(n E+ct)’ x4xIn’ & (30)
A e e tnest o ome 31
Ve(§)~37r 2In(§ 3In§ 4In§ 18;zln £ (31)
4 3
AGN 7 e (32)

e~ =24
Ve(g) iﬂ.ln3 §
18

Let us now take the mirror sphere of the above infinite sphere
with radius given by eq. (22). Hence, the mirror sphere has a radius

r(&) equal to:

@:In§+ct:Inl—ln§+ct:—ln§+ctz—ln§ (33)

Although the mirror sphere (mirror sphere universe) has a
negative radius that is not consistent with our senses, it is interesting
to note the following. The mirror sphere universe has a negative
radius, which in absolute value is about equal to the radius of the
original sphere. More precisely, the sum of the two infinitely large
radiis gives the very small number 2ct=2y, where vy is the Euler—
Mascheroni constant (that is equal to 0.57721...) Also, the volume
of the mirror sphere universe is negative and in absolute value is
about equal to the original sphere universe. However, the surface of
the mirror sphere universe is positive as the original one, and its
value is about equal to the surface of the original sphere (eq. (34)).
S, (&) =4n(-InE+ct)? ~4nin? & (34)

Moreover, if we examine the mirror ellipsoid universe, its axes
are calculated by egs. (35), (36), (37). We note that the axis
(dimension) b(&) is negative infinity, just like the radius of the

mirror sphere universe. On the other hand, the axis c(¢) is a real

finite number C., meaning that this dimension is finite. Finally, the
axis (&) has an imaginary part (e™™ which is multiple (for each

different value of k e Z), a fact that alludes to multiple universes.

@:%ln(zlg-l)wa :%In(—1)+ca —e¢* +C,,wherekez (3%

@:%In3/§+cb:%(InS—In§)+Cbz—%lné (36)

@:%In(4/§+l)+cc =C, (37

5. Conclusion

The proposed in this study new properties and concepts of the
infinite numbers and functions introduced in [1], offer more
possibilities to model, analyze and solve theoretical and
technological problems as limits of series, kinematics problems,
sphere and ellipsoid infinite expansion. More generally, they are
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useful tools in modeling systems in Physics, Engineering and
Mathematics, where infinity appears. Furthermore, they can give
solution in applications where conclusion cannot be easily drawn
due to divergence of the calculations.
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