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Abstract: Partial differential equations (PDEs) are differential equations in which there is more than one independent variable. They arise in
the modelling of a wide-range of physical phenomena including electromagnetism, fluid flow, elasticity, quantum mechanics and heat
conduction. The wave equation serves as a fundamental model for understanding various wave phenomena in physics and engineering.

In this paper, we explore the application of Sturm-Liouville problems to solve the wave equation. The results of our investigations not only
showcase the accuracy and computational advantages of the Sturm-Liouville method but also shed light on the physical interpretations of the
obtained eigenfunctions and eigenvalues. In conclusion, this paper contributes to the body of knowledge regarding the application of Sturm-
Liouville problems in wave equation modeling and analysis. It offers a valuable perspective for researchers, scientists, and engineers seeking
efficient and insightful solutions to wave-related challenges. The versatility and effectiveness of the Sturm-Liouville approach make it a
compelling tool for gaining deeper insights into wave phenomena and their practical applications.
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1. Introduction On the domain a < x <b with boundary conditions

PDEs are fundamental in describing various phenomena in
physics, engineering, finance, and other fields. They are used to 1Ay _
model processes like heat conduction, sound and electromagnetic {ay(a)+ﬂy (2)=0
wave propagation, fluid dynamics, and many other situations where 7y(b)+5Yy'(b)=0
the state of a system evolves in more than one spatial dimension and
over time. Examples of well-known PDEs include the heat Here the coefficients in the problem are A(x), B(x), Q(x) and R(x)
equation, the wave equation, and Laplace's equation. A differential are given functions of x while a, , y and J are given constants.
equation with partial derivatives, commonly known as a partial The first thing we do is to transform the ODE into the standard
differential equation (PDE), is a type of differential equation that “symmetric” self — adjoint form:
involves unknown functions of multiple variables and their partial

©)

derivatives. In a PDE, the function to be determined depends on d dy
several independent variables, and the equation governs the way in ™ p(x)& +(a(x) +Ar(x))y=0 Q)
which these variables and their partial derivatives relate to each Here
other.
o _ ) y(x) is the unknown function.
The general form of a partial differential equation can be expressed p(x), q(x) and r(x) are given functions, with p(x)and r(x) being
as. positive.
F[xl ) - ou eu ou o A 2u J 0 o A is a scalar parameter, often called the eigenvalue.
s Ay Ay My Ty T ey T o yeeny 2 [T
Ox, 0%, 0%, 0K OXOX,  OX, The reason for going to this trouble is that it gives a form of the

equation that allows us to apply a theorem below and obtain major
results.
Where: This is easy enough to do. Expanding this out we get

Xy, %0, X, are the independent variables. POV’ + p'(X)Y + (q(x) +Ar(x)y(x) = O

u is the unknown function that depends on these variables.
b which should be compared to the problem formulated as

ou . . A .
aTi are the first-order partial derivatives of u with respect to the AX)Y"+BX)Y + (Q(X) + AR(X)Y(X) = 0 )

independent variables. . .
Hence we need the following two equations to be the same

ou . )
— ,...are the second-order and higher-order partial o q+Ar
%" Ox0X y'+—y+——y=0
derivatives. p p
y”+Ey’+Q+lRy= 0
2.1 Theory of general Sturm-Liouville problems A A
and that requires that we take

The Sturm-Liouville problem is a fundamental concept in the , B
theory of linear differential equations, particularly relevant to BZE:@:dejmp:IEdX: p:ejidx (6)
second-order ordinary differential equations. This problem forms p A A A

the basis for understanding a wide range of physical phenomenaand  Hence we choose q(x) and r(x) to be
has applications in various fields such as physics, engineering, and

mathematics. a_ 9 =0= @ )
The general homogeneous linear Sturm-Liouville problem is written p A A
as and

AX)Y”"+B(X)Y' + (Q(X) +AR(X))y(x) = 0 )
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Definition: Orthogonality
For the equation (4), given any two eigenfunctions y;(x) and

y;(X) with distinct eigenvalues 4 and 4; (that is 4 # 4, ) then it is
always true that

b

(¥oy3), = [rO9% (9, (e =0,

a

i#]

)

The two eigenfunction are said to be orthogonal with respect to the
weight function r(x) on the interval a<x <b . The value when i=j

may generally be non — zero.

3. Motivation

The motivation for studying the applications of Sturm-Liouville
problems in various fields, particularly in physics and engineering,
stems from their fundamental role in understanding and solving a
broad range of complex phenomena. These problems are not merely
abstract mathematical constructs; they have practical implications
that are both profound and far-reaching. [1]

In Physics

Quantum Mechanics: In quantum mechanics, Sturm-Liouville
problems are essential in solving the Schrodinger equation for
various potential problems. The eigenvalues represent energy levels
of quantum systems, and the eigenfunctions correspond to the state
functions of particles. This understanding is crucial for the
development of quantum theory and its applications in atomic,
molecular, and solid-state physics.

Wave Mechanics: Many problems in wave mechanics, including the
vibration of strings, membranes, and the propagation of sound and
electromagnetic waves, can be formulated as Sturm-Liouville
problems. The ability to solve these problems analytically or
numerically is crucial for designing and analyzing a wide range of
devices, from musical instruments to advanced communication
systems.

In Engineering

Control Systems and Vibrations: In mechanical and aerospace
engineering, Sturm-Liouville theory is applied to study the natural
frequencies and mode shapes of structures. This is critical in
designing structures that can withstand vibrational stresses and in
the development of control systems for damping vibrations.

Heat and Mass Transfer: The theory finds application in thermal
engineering, particularly in problems involving heat and mass
transfer. Solutions to these problems are essential for designing
efficient heat exchangers, understanding the cooling processes, and
in various industrial applications.

General Motivations

Analytical and Computational Tools: Sturm-Liouville problems
provide a framework for both analytical and computational
solutions to differential equations. They offer methods for
approximation and simulation, which are indispensable in modern
engineering and scientific research.

Interdisciplinary Insights: The study of these problems encourages
an interdisciplinary approach, bridging physics, mathematics, and
engineering. This crossover is vital for innovative solutions and
advances in technology.

Educational Value: Learning about Sturm-Liouville problems
enhances one's mathematical sophistication and problem-solving
skills. It equips students and researchers with a deep understanding
of the interplay between theory and application.

Advancing Research: In research, exploring Sturm-Liouville
problems can lead to new insights in both the theoretical and

7

applied aspects of science and engineering. It can inspire novel
approaches to longstanding problems and open up new avenues of
inquiry.

Theorem 1. For a Sturm-Liouville problem of the form

%{p(x)%}(q(x) +Ar(x))y=0 in a<x<b

{ay(a) +py'(a)=0
7y(0) +5y'(b)=0

with p(x)>0and p(x)>0in a<x<b

@)

There is an infinite set of real distinct eigenvalues
A <A <..<A <.
(b)

These eigenvalues are all simple (i.e., there are no
repeated eigenvalues)
(c) The eigenfunctions vy, (x)are orthogonal to each other,
i.e., they satisfy:

b

(Yo Y, = [ 100 Y, ()Y, (09X =0,

a

n=m

(d) Any f(x) that is piecwise smooth on a<x<b (i.e.
f(x)and f'(x) are piecewise continuous in a<x<b)

can be expressed in the form

0=y 8-

Furthermore at a discontinuity of f (x)

A‘L"ﬁanyn(x) =w

i.e., the series takes “the average value” of f(x) at a
discontinuity. [1-5]

3. Wave equation

One of the most significant applications of Sturm-Liouville
theory is in the analysis and solution of the wave equation, a
fundamental partial differential equation (PDE) in physics and
engineering that describes the propagation of waves, such as sound
waves, light waves, and water waves, through a medium.

The wave equation is a fundamental concept in physics and
engineering, describing the behavior of wave-like phenomena. This
second-order linear partial differential equation (PDE) is crucial in
understanding how waves propagate through various mediums, such
as sound waves in air, light waves in vacuum or materials, and
water waves on the surface of a pond. [1-5]

The wave equation, typically represented in the form

(10)

describes the propagation of various types of waves, such as sound,
light, and water waves. Here, ¢(x,t) is the wave function, which
describes the displacement of the wave at position at position x and
time t.

c is the wave speed.
2

op

The left-hand side (LHS) P represents the acceleration of the

wave.
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2

g

The right-hand side (RHS) P
X

represents the spatial curvature of

the wave.

4. Sturm-Liouville Theory in Solving the Wave
Equation

Sturm-Liouville theory can be effectively applied to the wave
equation to find solutions, especially in situations involving
complex boundary conditions or geometries. The application is
primarily through the method of separation of variables, which
transforms the partial differential equation (PDE) of the wave
equation into a set of ordinary differential equations (ODEs) that
can be solved using Sturm-Liouville theory. Here's how this process
typically unfolds: [1]

a) Starting with the Wave Equation

Suppose we wish to find a solution to the wave equation (10)
in a domain 0<x<L, 0<t<+oo and subject to the homogeneous

boundary conditions

»(0,t)=0, o(L,t)=0 (11)

b) Applying Separation of Variables

In the case of a linear homogenous PDE with 2 independent
variables (x,t) the method of separation variables consists of
looking for solutions to the PDE of the form

p(x.t) =g(x) f ()

and then using linear combinations of these solutions to form a
solution which satisfies the appropriate boundary and initial
conditions.

(12)

We can substitute (12) into (10) to obtain

' —c’g" M) _ .9
f'®)g(x) =c’g"()f(t) = o —c 00

f'(t)
f(t)
function of x only. It follows that they must both be equal to the
same constant, say —c’A. This leads to two homogenous ODEs,
one for f(t) and the other for g(x), both of which

contain an unknown parameter A .

Observe that

is a function of t only while CZM is a
X

#) £7(t) + C2Af (t) =0

) g"(X) + A9() =0 -

c)

Formulating Sturm-Liouville Problems

The boundary conditions (11) suggest we look for g(x) satisfying
the Sturm-Liouville eigenvalue problem

9"()+49(x) =0, 9(0)=0, g(L)=0 (14)

d) Solving the Sturm-Liouville Problem

We get the characteristic equation of equation (14) k®+ 4 =0and
we have three cases [6]

78

i A>0 K =-A=k =itA=k=4i1
The solution to the ODE for g have the following form
g(x) =e**(Acos+/Ax + Bsin/Ax)

Here A is the eigenvalue and g(x) the eigenfunction. Our aim
now is to find the eigenvalues A, (for n=1,23...), and the

associated eigensolutions g,(x), to this problem. Since it

is a Sturm-Liouville problem we are guaranteed by Theorem 1 that
it has an infinite set of distinct eigenvalues and that the associated
set of eigenfunctions form a basis for any piecewise constant
function over the interval O<x<L . Substituting the boundary

conditions g(0)=0, g(L)=0 we get

2
nz . (Nnr
= = d X) =SIn| —X
A, (Lj and g,(x) (L j

The corresponding solution to *) is

f.(t)=C,cos [n;chtj +D,sin [n;chtj

and that for the wave equation (10) with the homogeneous boundary
conditions (11)

p,(xt) = sin(nﬂ x] Cncos(nﬁctj +D, sin(nﬂctj
L L L

The general solution is

- . (nm nzc . [ nzc
p(x,t) = ZS”{L xj{cncos[Lt) +D, sm[LtH (16)

n=1

(15)

ii. A1<0, A=—a’=a=~-1
k-a?=0=k==a

g(x) = Ae ™ + Be™ = Ae > 1 BV

Substituting the boundary conditions g(0)=0, g(L)=0 we find
A=B=0.

A=0,
9"(x)=0, k*=0
g(x) =e>*(A+BXx)

Substituting the boundary conditions g(0)=0, g(L)=0 we find
A=B=0.

We can only find nontrivial solution in the first case 4 >0.

4. Application. The time dependent shape of a
violin string.

We will apply the method outlined above to a concrete example.
The vertical displacement of a violin string of length ¢ satisfies the
wave equation [1-6]

o _oy

o 17

=50
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where x is distance along the string and t is time. The ends of the

string are fixed so that
p(0,1)=0, ¢(z,t)=0 (18)

The string is plucked in its middle at t =0, starting from rest, so
that ¢ satisfies the initial conditions

X for 0O<x <%
o(x,0) = (19)
r—x for —<X<7
op
—(x,00=0 20
P (x,0) (20)
Using separation of variables ¢@(x,t)=g(x)f(t) in (18) we

have

f7(t) + Af (t) =0, 9"(x)+ Ag(x) =0

where A is an arbitrary constant. Requiring the solution to satisfy
the homogeneous boundary conditions (18) leads to the following
Sturm-Liouville eigenvalue problem for g(x) and A:

9"(0)+49(x)=0, g(0)=0,9(x)=0

We get the characteristic equation of equation and we have
k?+1=0.We are only interested in the first case, that is, when we
A=k =iPA= k=42

have non-trivial solutions. A >0, k*
g(x) = Acos~/2x + Bsin/Ax (21)
Substituting the boundary conditions g(0)=0, g(x)=0we get

A,=n%and g,(x)=sin(nx) for n=12,3,...

The corresponding solutions to f"(t)+Af(t)=0, with A, =n’,
are

f,(t) = Accos(nt)+ B, sin(nt) (22)
Substituting condition (20) we have
f,(t) = A,cos(nt)
The general solution is
p(xt) = f.(t)g,(x) =>_Acos(nt)sin(nx) (23)
n=1 n=1
for the condition t = 0we obtain
" X for O<x<Z
D Asin(nx) = (24)
= z—-x for %<x<7r

The solution shows how the string vibrates in a series of modes,
each with a specific number of nodes (points of no displacement).

The time-dependent shape of the string at any instant is a
combination of these modes.

The coefficients A, determined by the initial conditions, such as
how the string is plucked or bowed.
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4. Conclusions

e In this paper we have presented applications of the Sturm-
Liouville problem in the solution of the wave equation.

e In summary, the study of Sturm-Liouville problems and
their applications is motivated by their fundamental
importance in a wide range of practical and theoretical
contexts. Their versatility, the depth of insight they
provide, and their role in fostering interdisciplinary
collaboration make them an invaluable area of study in
both academia and industry.

e The application of Sturm-Liouville theory to the wave
equation demonstrates its powerful role in a diverse range
of scientific and engineering problems. It provides a
methodical approach to dissecting complex wave
phenomena into manageable mathematical solutions,
thereby enhancing our understanding and predictive
capabilities in various fields.

e This case study of a vibrating violin string elegantly
demonstrates the application of Sturm-Liouville theory to
a practical and tangible problem. It provides a clear
insight into the physical phenomena of musical
instrument  acoustics, revealing the mathematical
underpinnings of the sounds produced by a violin. The
solution to the wave equation, through the framework of
Sturm-Liouville theory, illustrates the complex vyet
harmonious patterns of vibrations that give rise to music.
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