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Key aspects of Markov Chain Monte Carlo simulations in Bayesian statistical analysis
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Abstract: This paper focuses on the simulation aspects of Bayesian hypothesis testing applied on ophthalmic data. Bayesian statistical
analysis often relies on Markov Chain Monte Carlo (MCMC) methods for estimation, when analytical solutions are not possible. We
highlight the key aspects of MCMC including model specification, details on the simulation, MCMC diagnostics as well as its limitations and

advantages. The simulations are done using R and JAGS.
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1. Introduction

Bayesian hypothesis testing is powerful statistical approach,
which unlike frequentist statistics provides a probabilistic
interpretation of parameters and hypotheses. It is based on prior
beliefs on data which can incorporate expert’s opinion, theoretical
knowledge and historical data. It is more adaptive to new
information, since the analysis is allowed to be updated, as new
information becomes available. This is especially valuable in
medical studies where previous research and expert opinions should
be included in the decision-making [1].

The Bayesian approach involves three key steps. First, we
define a probabilistic model of the parameters, based on prior
distributions which represent prior beliefs about the data. These
prior distributions together with the observed data define posterior
distributions which are then used for inference and prediction. Only
in some cases the calculation of posterior distributions is possible
analytically, but in many complex models, especially hierarchical
models it is necessary to use computational methods such as
Markov Chain Monte Carlo (MCMC). MCMC methods use
iterative algorithms such as Metropolis-Hastings or Gibbs sampling
to generate samples from the posterior distribution. Based on the
simulated samples we can calculate Bayes factor, posterior means,
credible intervals and other quantities of interest.

In order to obtain reliable and interpretable results, the
generated chains should satisfy some conditions. It is recommended
that this part of the analysis is also reported when publishing results,
in order to provide transparency and enable reproducibility. In [2]
the authors recommend guidelines for reporting results from
Bayesian analysis. Our goal is to follow these guidelines and give
details for the MCMC aspects of the Bayesian hypothesis testing
applied on data from our ophthalmic study. We analyze data for
ocular perfusion pressure (OPP) in glaucoma and non-glaucoma
patients. With Bayesian inference we want to assess whether there
is a significant difference in the means of both populations. In our
research we define suitable models with prior distributions and
using R and JAGS software we simulate MCMC samples, obtain
predictive posterior distributions, calculate Bayes factors, credible
intervals, estimate values and give probabilistic interpretations of
some outcomes. In this paper we will focus only on details of
MCMC simulation and diagnostics. We hope this will bring better
understanding ?

The paper is organized as follows — in Chapter 2 we describe
the data and the Bayesian model. Chapter 3 discusses MCMC
implementation and diagnostics. The results and the discussion are
presented in Chapter 4 and the conclusions are summarized in
Chapter 5.

2. Data and Bayesian model

The data we consider is a subset of the data in a larger study on
pressure related ocular parameters in patients with and without
primary open angle glaucoma (POAG) [2]. The primary dataset
consists of 42 variables with measurements for different ophthalmic
and systemic manifestations but also data on age, sex and education.
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In this study we will consider only the variable for ocular perfusion
pressure (OPP). This is hemodynamic parameter which indicates
the blood flow in the eye and is considered as a risk factor for
ocular diseases as glaucoma. Our dataset consists of 27 values of
OPP for patients with glaucoma and has 30 values in the control
group of patients without glaucoma. Our goal is to compare the
means of the two groups using Bayesian inference methods. Table 1
summarizes the descriptive statistics in our data.

Table 1: Descriptive statistics on OPP data in glaucoma and non-glaucoma
samples.

Glaucoma Non-glaucoma

(POAG) n=27 n=30

bALEEITE 4591 4757

bizalEe 46.22 47.72

Star}da}rd 7.36 771
Deviation

biis 3222 29.67

b 62.22 67.22

We make the following assumptions about the data.

- Both populations have normal distributions with equal
variances. We denote this with

yg~N(#gr ao)
Ynon —g ~N(/~lnon -g’ 00)

where pgand py,, —g are the means of glaucoma and non-
glaucoma group respectively, and gy is the variance. This
can be confirmed with classical statistical tests, residual
analysis and normal Q-Q plots. It can also be tested with
Bayesian alternatives, as Bayes model comparison or
Bayesian goodness-of-fit methods.

- The observations in our data are independent.

We will estimate the means of both groups (means
parameterization) [4,5]. The data from both populations is modeled
as

Vg =g T & e~N(0,0)

Ynon_g = Hnon_g + &, SNN(O,J)

where ¢ is a residual coming from normal distribution. Thus, the
unknown parameters in this model are pig, pyon_g,and o and they
are considered to be random variables.

Next, we will specify prior distributions for the parameters. We
define weakly informed priors so that the posterior distribution
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relies more on the observed data. We used some theoretical
knowledge on the variable OPP for both populations [6] as well as
results from the meta-analysis published in [7]. In this paper the
authors report values of mean and standard deviation of OPP for
both groups, from different studies. We have used this information
to inform the prior distributions. For more details we refer to [8],
where Bayesian inference on the OPP dataset is discussed based on
Bayes factors.

We chose the priors for the means of both groups as following

py~N(45,10)
Hnon _g ~1\](4'5'10)

We will simulate the model using JAGS software, where the
normal distribution is defined through the parameter of precision
(denoted usually as t), which is an inverse of the variance. This
permits to choose gamma distribution as conjugate prior of the
variance of a normal distribution. With this new notation we have

1 .
pg~N (45'W ) (JAGS notation)

1 .
Unon_g~N (45,m) (JAGS notation)

For the parameter o = % we assume t = Gamma(0.1,0.1) which

is standard gamma prior for the precision as suggested in [5].

Next, we can simulate posterior predictive distributions for the data.
Figure 1 represents the density of posterior predictive distribution of
the glaucoma data. The plot helps us understand what kind of data
is simulated with this distribution and whether it is close to our
understanding of the data.

Posterior Predictive Density (Non-Glaucoma)
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Fig. 1 Density plot for posterior predictive distribution for non-glaucoma
data.

With the means parameterization we can estimate the difference
in means between the two groups. Next the model is implemented
using the JAGS software for Bayesian inference, which is called
through the R2jags package in R. More details on JAGS can be
found in [6]. In the following chapter we give details on the MCMC
simulation.
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3. MCMC implementation, diagnostics and
discussion

We provide the observed data for the response variable (y) to
the model. We use the jags() function from the R2jags package to
implement MCMC sampling. We monitor the key parameters of the
model pg, Unon _g, 0

We simulate three chains with the following setup

- adaptSteps = 1000: The number of adaptation steps for
the sampler to tune its parameters,
- burninSteps = 2000: The number of initial iterations to

discard as burn-in.

- numSavedSteps = 50000: The number of MCMC
iterations that are saved after the burn-in period.

- thinSteps = 1: The thinning interval for saving samples (1
means all samples are saved).

- nlter: The total number of iterations per chain, calculated
based on the desired number of saved steps and thinning.

We provided three sets of initial values for the parameters to
help the chains start in reasonable regions of the parameter space.

Convergence Diagnostics

MCMC is a random walk through the parameter space, and it
should walk more often in the regions with higher probability, and
only occasionally in the other regions. If we simulate a long enough
walk, the obtained sample should be a good representation of the
probability distribution. Details on MCMC can be found in [7].

In order for the simulated sample to be representative we have
to check that the random walk did not get stuck in some part of the
distribution [2]. Thus, we have to check whether the chains
converge. For this purpose, we employ recommended visual and
quantitative diagnostics.

- We visually inspect the trace plots for pg, pne, 4 and o.
The plots which are represented on Figures 2, 3 and 4
indicate that the chains have converged, they are well
mixed and stationary.
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Fig. 3 Trace plot for MCMC samples for p;.
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Fig. 4 Trace plot for MCMC samples for i, -
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Fig. 5 Trace plot for MCMC samples for o.

- We calculate Gelman-Rubin Statistic (R-hat or potential
scale reduction factor PCRF). This statistic compares the
within-chain and between-chain variance. Values close to
1 indicate convergence. In our analysis, the R-hat values
for all parameters were 1.001, providing strong evidence
of convergence.

- We calculate the Effective Sample Size (ESS). This
number is not connected to the size of the data and
sometimes it is referred to as “effective MCMC length”.
This metric estimates the number of independent samples
from the posterior distribution. Recommendation of ESS
values depending on the problem can be found in [2]. Our
analysis yielded large effective sample sizes, ranging
from 11,000 to 46,000, indicating adequate exploration of
the posterior distribution.

This analysis confirms that the MCMC samples are
representative and reliable. These samples are basis for many other
statistical calculations.

4. Next steps in the analysis

In [8] we discuss Bayesian inference on the difference of means
of the two groups. We suggested 3 partially informed models,
simulated MCMC samples and calculated Bayes factors for the
model. The complete Bayesian analysis of the dataset is extensive.
This includes sensitivity analysis, posterior predictive check,
finding point estimates, quantifying posterior uncertainty,
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calculating credible intervals, high density intervals and probability
of certain outcomes. The authors in [2] give guidelines on reporting
of these Bayesian methods. Very often, especially in complex cases,
these methods are based on MCMC simulation. This emphasizes the
importance of understanding the steps of MCMC implementation
and diagnostics.

5. Conclusions

In this paper we have discussed the key aspects of MCMC
simulation as part of Bayesian statistical analysis of OPP data. We
followed the guidelines for reporting results from Bayesian analysis
and gave details on the models, simulations, and diagnostics of the
simulated chains. This is an essential part for all the next steps of a
detailed Bayesian analysis of the OPP data.
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supported by Faculty of Computer Science and Engineering,
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