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Field-free calculation of heat and mass transfer flows with short-term contact of phases
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Abstract: Calculation of thermal diffusion and filtration fluxes at the interface by "traditional” methods requires preliminary determination
of the potential values (concentration, moisture content, temperature, pressure) in the four-dimensional space of events. Such methods for
solving boundary value problems, which provide "extra" information for technical calculations, are usually very laborous and require the
use of numerical methods that are not always convenient in engineering practice. The proposed fieldless calculation method allows one to
determine on the boundary of the region the gradients from the transfer potentials and, consequently, energy and material flows in the form
of a known functional of the potentials at the interface at their short-term contact directly on the matrix of transfer coefficients of the
formalized boundary value problem. This method uses the fractional index differentiation operation (fractional differentiation) and is
convenient for solving limiting boundary value problems, i.e. when the characteristic size of the contacting phases in the boundary
conditions of boundary value problems tends to infinity or the time of their interaction tends to zero.
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1. Introduction

Calculation of thermal diffusion and filtration flows at the interface
by "traditional" methods requires a preliminary determination of the
value of the potentials P~ (concentration, moisture content,
temperature, pressure) in the four-dimensional space of events
R*(X1,Xz, X3, )=R*(X, 7) [1,2]. Such methods for solving boundary
value problems, which provide "extra" information for technical
calculations, are very laborious and require the use of numerical
methods that are not always convenient in engineering practice
[2,3]. The field-free calculation method allows one to determine the
gradients from the transfer potentials at the boundary of the region
(Tiz| o) at their short-term contact directly on the matrix of

transfer coefficients of the formalized boundary value problem.
This method uses the fractional index differentiation operation [4].

2. Materials and methods
We present briefly the necessary information about their theory of
fractional differentiation.
Definition. For functionf(x) , given on the segment [a, b] , each
of the expressions
1 d x f(t)dt
0% N = g i L @
1 d b f(t)dt

D N = ~ i mse @
is called the fractional derivative or the Riemann-Liouville
derivative of order a, 0 < a <1, respectively left-sided right-sided.
B (1) and (2) T - gamma function, f(x) — piecewise continuous
function.
Let us give a sufficient criterion for the existence of fractional
derivatives.
Lemma. If a f(x) belongs to the class of absolutely continuous on
the segment [a, b] functions, then f(x) almost everywhere has
derivatives Do f u D% f, 0 < a <1, moreover D, f n
D, f belong to the class measurable on [a, b] function f(x)

(Ly @b), 1<r< 1/a), for whom [°| f(0)|"dx < o and

a« g_ 1 f(@ x f'()dt

Da. f = r(1-a) [(x—a)“ fa (x—t)a]' @)
a _ 1 f(b) b f'(t)dt
b-f = r-a) Lib—x)e fx (t—x)a]' )

The fractional Liouville derivatives for the semiaxes with the
corresponding limits of integration in (1) and (2) are introduced
similarly.

3. Theory

Let us consider a mathematical model of interconnected unsteady
heat and mass transfer under conditions of short-term contact
interaction of phases, which, within the framework of the formalism
of linear nonequilibrium thermodynamics based on integral
conservation laws, is formulated as a system of linear homogeneous
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differential equations in the following compact vector-matrix form

[5]:

J( ﬁjr = KJ Aﬁj, Xe (O, (-1)J OO) , TE(T(), Tk), j=1, 2 (5)
ﬁj (X, ’I.'o): ﬁ] (X, ‘Ek): ﬁj [(-1)JOO, ‘C] :ﬁjO , |X| Eg;

l _ k| ﬁ|x (0, T): k2 ﬁZX (0, ‘C), .
where I, IT j, — local changes in the vector of transfer potentials IT
dimensions n; respectively in time = and coordinate x in j phase,

K = kC™! — constant matrix of system parameters (nxn), k, c! -
matrices of Kinetic coefficients and inverse diagonal matrix of
capacitance coefficients, respectively, A - component-wise
Laplacian, x — coordinate normal to the plane of contact with zero
at the interface, 7, — duration of contact.

In what follows, omitting the indices of the contacting phases and
setting for definiteness x € (0,0), o = 0 and T1(0,7)=II, , we
introduce a new vector variable @ =ﬁ0—ﬁ (bringing constant
initial conditions to zero) and expand the difference between
differential operators in time and coordinate in (5) similarly to the
difference of squares, then system (5) - (7) will be rewritten as:

(875K, (@7 +VKo,)8=0, (8)
6(x,0)=0(o0,1)=6, ©)
(10)

6(0,0)=04(7).
If the elements of the matrix k; >0 and det K > 0, then the
definition of the radical from the matrix is carried out in a
continuous unambiguous manner [4]. When the matrix has
dimensions 2x2, then the corresponding formulas for determining
the radical from the matrix are:

bf1=TKq1 (K11 -k22)>+ka2koy (kg1 -kao)+2Kokar ’(kll kao-Kioka1)1A™,

1

kirn kp\2e_(bin b
\/K:( 11 12) :( 11 12)‘
kor koo ba1 b
where k;; > 0, ky1kyy > ki2kaq,

b222 = b121 = (k11 — k22)

(11)

k k 2
bio=——, byy=—2—, b1>0, bp>0, A=(Kyq-Kpp) +4kyokys.
by +bg, by1+b2 . . o

In this case, under conditions of linear nonequilibrium

thermodynamics, the matrix K, due to the positiveness of the
production of entropy, must be positively determined, that is, the
following conditions must be satisfied [7-9]:
K11>0, k22>0, (Kyo+ka1)?<dki1kop
Thus, according to the second law of thermodynamics,
"eigencoefficients” (or direct coefficients, for example, the
coefficients of thermal conductivity, diffusion), k; must be
positive, and the "cross factors" (or drag factors, which are
determined by superimposing effects such as thermal diffusion)
kij (i #j) can have any sign. Moreover, due to microscopic

(12)
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reversibility [7], the elements k;; must satisfy the Onsager relation,
ki = kj;, that is, the matrix is symmetric, and in this case,
inequality (12) implies the first inequality in (11) and as a
consequence, b, = by;. Physically diagonal coefficients k;;
determine the intensity of transfer of the i-th flow of a substance
(heat, mass of a substance) under the direct action of the
thermodynamic force of the same name (for a heat flow, the
thermodynamic force will be VT —temperature gradient, and for
mass flow VC — concentration gradient).

Further, considering from physical considerations the equations
formed by the right factor of the operator in (8) (the left factor with
increasing, for example, the temperature at the interface gives
Tulx=0>0, which is physically absurd) and, writing the latter at

x = 0, we obtain the relation defining 6? at the boundary of short-
term contact of phases:

D56,(r) + VK 6, (0) = T, (13)

For fractional differentiation, the right-hand fractional derivative is
used in (13).

The solution of the system of equations (13) with respect to energy
and material flows no longer causes difficulties, since the formulas
of the fieldless method are applicable to systems of differential
equations of parabolic, and for high-intensity processes of heat and
mass transfer and hyperbolic types. Calculations of fluxes and a
number of heat-mass transfer characteristics for the system of
equations (5) with boundary conditions of the first kind and the
considered problems of molecular and molecular-molar transfer
with mixed boundary conditions of the first and second kind,
carried out by the field-free method, are fully confirmed by
calculations performed on the fields of transfer potentials proposed
in[5].

3. Conclusions

For limiting boundary value problems, the possibility of using a
non-field method for calculating heat and diffusion fluxes at
interfaces is shown, which essentially uses the operation of a
differential fractional index, does not require preliminary
determination of fields, allows one to obtain a solution in the form
of finite formulas, and is important in applied research.

Analytical solutions of boundary value problems of diffusion and
diffusion-filtration heat and mass transfer under mixed boundary
conditions of the first and second kind and the calculation of heat
and material flows from the obtained temperature and concentration
fields are fully confirmed by calculations obtained by the fieldless
method.

The results obtained serve the development of the general theory of
mathematical modelling, are useful in the formulation of
experimental studies on stationary and non-stationary energy and
mass transfer, in the analysis and calculation of heat and mass
transfer processes in applied research and design.
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