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Abstract. The definition of the n -order ( 2n ) elastic constants of a loaded crystal and the calculation method of the second and third 

order elastic constants of hcp crystal under hydrostatic pressure from the energy-deformation relation are given. The energy at the various 

pressures and deformations of hcp iron is obtained in framework of DFT. The calculations of the second and third order elastic constants of 

hcp Fe at 20-340 GPa (T=0K) are performed. The Gruneisen parameters for long wave acoustic modes in hcp iron are defined. The 

obtained results are used for the stability analyses of the hcp phase of iron at high pressures.  
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1. Introduction 
According to the experimental data, at the pressures 10-

15 GPа (the room temperature) BCC Fe experiences the phase 

transition in HCP structure (ɛ-Fe). The HCP phase at the 

pressures above 50 GPa is nonmagnetic and is stable till the 

pressures 300-400 GPа. The elastic properties of ɛ-Fe were 

investigated in many experimental and theoretical works. This is 

connected mainly with the problems of geophysics (the pressures 

in the internal part of Earth core are nearly 330-360 GPa ,and it 

consists mainly from ɛ-Fe) . Accordingly, the elastic properties 

are important for the interpretation of the seismic observations.  

The experiments were performed on the polycrystalline 

samples of ɛ-Fe at the different pressures using diffraction (RXD) 

[1], the inelastic X-ray scattering (IXS) [2], and the Raman 

spectroscopy [3].On this base the second order elastic constants 

(SOEC) of single crystal were found. In the theoretical papers the 

SOEC of HCP-Fe in the pressure interval were calculated by the 

first principles DFT method [4-7]. 

The SOEC define the linear response of a material. The 

third order elastic constants (TOEC) define the lowest order of 

the nonlinear response. TOEC are important for understanding 

the physical effects connected with the lattice anharmonism, such 

us the heat expansion, the temperature and the pressure 

dependences of the elastic response. Besides TOEC define the 

waveform distortion of the ultrasound waves with the finite 

amplitude in solid, and the second harmonic amplitude. The data 

on TOEC are absent in the literature.  

In the present paper the definition of the n-order ( 2n
) elastic constants of a loaded crystal is given. The calculation 

method of SOEC and TOEC from the energy-finite deformations 

for the crystals with the hexagonal symmetry at the hydrostatic 

pressure is given. The SOEC and TOEC of HCP Fe were 

calculated by this method in the pressure interval 20–340 GPа 

(T=0K). The energy of a crystal at the different pressures and 

deformations was defined by the DFT method. The expression 

was obtained for the calculation of Gruneisen parameters of the 

longwave acoustic modes in the HCP crystal via the second and 

the third order elastic constants. The calculations of these 

parameters for the longitudinal and the transverse acoustic modes 

in the high symmetry directions were performed in the 

investigated pressure interval. The obtained results were used for 

the investigation of Iron HCP phase stability at the high 

pressures. 

 

2. Definition of high order elastic constants 

of a loaded crystals 

The n-order ( 2n ) elastic constants of a loaded crystal 

characterize the elastic response on an arbitrary finite 

deformation of a material under hydrostatic pressure. The 

different order isothermal elastic constants (EC) at the given 

pressure can be defined as [8] 

Tklij

n

ijkl GVC ...)/)(/1(
~

0...     (1) 

Here G  is the Gibbs potential, ij  are of the Lagrange finite 

deformations tensor components, 0V  is the volume of a crystal in 

the undeformed state at the given P . The change of G  under 

additional deformation ij  (pressure P , tеmperature T ) on 

the unite volume in the undeformed state is equal 

000 /// VVPVFVG  , (2) 

where F is the change of the free energy, 0VVV   is 

the volume change due to the deformation ij . So, the elastic 

constants (1) take in to account not only the change of the free 

energy under deformation, but also the work against the external 

load done by the forces due to the additional small deformation 

ij . In this is the main difference between the elastic constants 

of a loaded and unloaded crystals. So, 
...

~
ijklC are defined not only 

by the interatomic forces, but also by the applied load. They fully 

characterize the elastic properties of a loaded material. Under the 

hydrostatic pressure 
...

~
ijklC have the full Voigt symmetry relative 

to the indexes permutation. For the definition of EC according to 

(1), the elasticity theory relations have the same form as at the 

hydrostatic pressure, and as at the 0P . 

 

3. Calculation details 
Now, we express EC (1) via the derivatives of the free 

energy and pressure by decomposition 0/VG  и 0/VF , 

аnd also 0/VV  in the series over ij , including the third 

order contributions [9]. HCP lattice has the 5 independent SOEC 

C
~

, and 10 third order elastic constants C
~

( EC are given 

in Voigt notations). The initial loaded state defined by atomic 

volume 0V . For such each state the different deformations of the 

unite cell were considered. The full energy of HCP Fe (

KT 0 ) at the different values of 0V  and deformation ij

was calculated by DFT method using VASP [10].The all initial 

configurations of the loaded crystal in the interval 

=1†0.7 have been relaxed. The exchange-correlation contribution 

was taken in to account in the generalized gradient approximation 

with the PW91 parametrization. The APW method was used to 

take in to account the ion-electron interaction. The integration 

)V(V 0/0
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over the BZ was done by the tetrahedron method with the point 

massive 28х28х18 using the Monthorst-Pack method. The 

limited energy of the plane waves was 700 eV. The big values of 

the calculation parameters defined by the smallness of the third 

order contributions over ij .The pressure and the different order 

EC defined by the mean square method (30 points with the step 

0.003 in the interval 045.0 ) from the polynomial 

dependences 0/)( VF   [9].  

4. Results and discussion 
The calculation results of the equation of state and SOEC 

are given in Table 1. The equation of states is in a good 

agreement with the experimental and theoretical results [4,11]. 

 

 

Table 1.The equation of state and SOEC of HCP-Fe at the different pressures (T=0K). 

The pressure and EC are given in GPa, B is the bulk modulus. 

 

V0 
3A  

P B 
11

~
C  12

~
C  13

~
C  33

~
C  44

~
C  

9,668 17,10 365,6 667,9 220,5 195,9 732,4 199,8 

8,886 54,30 521,1 912,5 

576 * 

599(33)” 

336,5 

307* 

403(20)” 

300,6 

324* 

318(22)” 

991,6 

539* 

650(45)” 

253,7 

237* 

187(40)” 

8,354 90,70 664,1 1134 444,5 399,4 1224 300,7 

7,954 126,6 799,4 1341 547,6 493,9 1444 343,7 

7,639 162,1 929,5 1538 647,2 585,8 1654 384,3 

7,366 197,4 1055 1727 744,6 675,8 1855 422,3 

7,138 232,4 1178 1910 840,2 763,5 2049 458,1 

6,939 267,3 1297 2088 934,4 849,6 2237 492,3 

6,764 302,1 1415 2260 1027 935,3 2421 525 

6,683 319,4 1473 2345 1073 977,6 2511 540,9 

6,607 336,6 1530 2429 1118 1020 2601 556,7 

*) experiment[11], (RXD). P=52 ГПа, KT 300  

“) experiment [11]. (IXS), P=52 ГПа, KT 300  
 

 

The stability conditions for the HCP lattice are following 

11

~
C ≥ 12

~
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~~
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~
121133 CCC  ≥
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~
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~~
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~
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~
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For the HCP Fe they are fulfilled in the all investigated pressure 

interval. Our SOEC data are in a good agreement with the first 

principles calculation results at the different pressures [4-7]. For 

some SOEC there is the big difference between the experimental 

and theoretical data (see Table 1, line 2). This may be due to the 

fact that the X-ray scattering and the diffraction experiments 

were carried out on the polycrystalline samples under non-

hydrostatic conditions. The elastic constants of single crystals 

were defined from these data by the inversion, what is the 

difficult task. The difference between the experimental data, 

obtained by the different methods ,also points on it (see Tаble.1). 

In the Table 2 the results of TOEC calculations are given. 

It is seen, that the all TOEC are negative and are increased by 

modulus with the pressure increasing. The results given in the 

Table 2 have a practical meaning, because these data are absent 

in the literature. In particular, they may be used for the 

interpretation of the experimental data on X-ray diffraction in the 

non-hydrostatic conditions. 

Using SOEC and TOEC, we have calculated for HCP Fe 

the Gruneisen parameters 
j

  of the long wave acoustic modes 

in the high symmetry directions. 

P
dV

j
d

j
V

j
)/)(/

0
(    defines the change of the 

normal mode frequency 
j

 with the volume changes and 

characterize anharmonicity of the lattice vibrations The 

calculations results are given on Fig 1.  

It is seen that in HCP-Fe the Gruneisen parameters for the 

longitudinal modes are larger than for the transverse modes. The 

frequencies of the lattice vibrations are increased with the 

pressure increasing, what points on the dynamical stability in the 

investigated pressure interval. But this increasing is diminished 

with the pressure increasing, so, possibly, at the higher pressures 

in the beginning the frequencies of the transverse modes become 

to soften. 
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Table 2. TOEC of HCP-Fe at the different pressures (T=0K). C
~

 are given in 10-1 GPа.  

.P 
- 111

~
C  - 222

~
C  - 333

~
C  - 112

~
C  - 113

~
C  - 123

~
C  - 133

~
C  - 144

~
C  - 155

~
C  - 344

~
C  

17,10 784,7 707,8 713,3 87,97 72,05 17,45 151,3 34,89 105,4 168,0 

54,30 1021 918,5 919,6 118,1 99,71 18,95 201,2 47,01 135,2 220,1 

90,70 1231 1105 1103 144,2 124,4 19,69 245,8 57,73 161,6 266,3 

126,6 1424 1277 1280 169,2 145,9 19,73 286,8 67,46 186,0 308,3 

162,1 1603 1436 1440 193,0 167,7 20,05 326,1 76,70 209,0 348,0 

197,4 1772 1586 1590 215,9 188,8 21,39 363,8 85,45 231,0 385,9 

232,4 1934 1728 1733 237,1 209,5 22,43 399,0 93,81 252,3 423,0 

267,3 2089 1865 1872 256,7 229,8 23,47 433,3 102,0 273,1 460,0 

302,1 2243 2001 2012 274,8 249,4 24,56 466,9 110,0 293,3 497,2 

319,4 2318 2066 2082 284,0 259,4 25,27 483,8 114,0 303,3 516,0 

336,6 2392 2130 2152 293,0 269,2 25,68 501,2 118,0 313,4 535,0 

 

 
 

Fig. 1. HCP-Fe; the pressure dependence of the Gruneisen parameters for the long wave acoustic modes .  ,   and   are the 

transverse modes [001]/[100], [100]/[001] and [100]/[010] accordingly; □ and   are the longitude [001], [100] modes. 
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