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Abstract: A methodology for analyzing and evaluating macroscopic level of first-order phase transition in 3D printer technology is 

proposed. A classic Stefan-Schwarz task was used. A 3D mathematical model of the Stefan-Schwarz problem is made. The finite element 

method for numerical solution is applied. 

A numerical experiment was evaluated. A geometric drop (flow) model in 3D printer technology is proposed. The idea of filling a "flow" 

drop by smaller droplets than a "flow" has been investigated numerically. The temperature field at filling in the flow as hereditary was 

investigated. 
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1. Introduction – macroscopic description of first 

order phase transition in 3D printer 

First order phase transition  we 

describe only of macro-level in the frame of mathematical heat 

conductivity theory by Stefan-Schwartz task [4, 5] in Foundry is:  

- Open thermodynamic system in foundry (OTSF): 

, (OTSF) 

- Equation of the heat conductivity: 

 in ,           (1, 1) 

- Stefan’s boundary condition (SF):  

,                                  (1, 2) 

or 

,                       (1, 2, 1) 

- Boundary condition at the mold’s work surface (BWS): 

,    (1, 3) 

- Boundary condition mold-environment (BM): 

,                               (1, 4) 

- Initial conditions at t = 0: 

, ,                (1, 5) 

where Т is the temperature with indexes for the cast (C) liquid (L) 

and solid (S) phases and mold (M); the thermophysical coefficients 

of the (OTSF) are: thermal conductivity (), thermal capacity (c), 

density (); SF is function of the heat source, Qm is latent heat of the 

melting at the melting temperature Tm. 

Methodology of the first order phase transition  

(see Fig.1): 1. Finite Elements Method (FEM); 2.1 Min volume: 

1m3 or min Sum of 8m3 of (FE); 2.2 Max volumes: of the Cast is 

64 m3 and the Substrate (Mold) is 24 m3. The first order phase 

transition is cold crystallization (or solidification) [1-3, 7 and 8] on 

the base of the velocity of moving and the geometry of the 

isothermal surface in the Stefan’s boundary eq.(1, 2) or eq.(1, 2, 1). 

On the Fig. 1 we introduce geometry of (OTSF) for numerical 

investigation of the first order phase transition in the droplet of the 

3D printer.  

 

 

Fig. 1 Open thermodynamics system of foundry Cast and Mold (Substrate): 

the finite element grid is the cubes with a volume of 1 m3; BWS is the work 

surface contact Cast/(Substrate or Mold); BM is the boundary surface 

mold/environment i.e. (OTS)/environment; Sequential filling by droplets 

with volume of 8m3; Temperature interval of first order phase transition is 

[Tm  3,5] o C, where Tm = 660,1 o C is temperature of melt, between liquid 

phase (L) and solid phase (S).  

An initial and roughly orientated numerical experiment is presented in 

Fig. 2 - non-stationary temperature field of a first-order phase transition 

when filling the "cast" through droplets of 8 m3: 
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Fig. 2 Hereditary temperature field when filled in the "cast" with a slight 
change in the hereditary temperature field of the substrate. 

The calculation data for the Stefan-Schwartz task (1) 

are:TL=constL = 690,5o C; TM = constM = 50o C; temperature of 

melting Tm=660,1 o C with interval of transition  3,5 o C; 

Qm=401819 J/kg; BWS = 56000 w/m2Ks, BM = 56000 w/m2Ks; 

cast: L = 104,675 w/mKs, cL = 1088,23 J/kgK, L = 2380 kg/m3, S 

= 209,275 w/m2Ks, cS = 1130,085 J/kgK, S = 2540 kg/m3; M = 

385 w/m2Ks, cM = 1090 J/kgK, M = 8930 kg/m3.The aim of this 

work is to estimate the non-stationary temperature field of 1-st order 

phase transition  upon filling by adding a 4 m3 droplet. 

2. Numerical Experiments 

We assume that the continuously added material flowing from 

the 3D printer has some flow, which for us is already physically a 

droplet (Fig. 1 and Fig. 2). It is apparent from Figure 2 that the 

possibility of evaluating the thickness (volume) flow rate of the 

printer is considered one of the basics. It follows: what is the 

temperature of the "old" drop and the effect of the "fresh" drop, 

which creates the flow called by us the "big drop 64 m3" i.e. a 

major question about the "inherited temperature field" in the 3D 

printer and substrate flow rate.  

The residence time of the 8 m3 droplet of Fig. 1 is up to  3 (4) 

s and the thermodynamic state of the former is determined!  

The methodology and its geometric appearance is shown in 

FIG. 1: 1. The first row of drops that are in contact with the 

substrate (shape) is filled and the first row consists of drop 1 to drop 

4; 2. The second row is filled from drop 5 to drop 8 and lies on the 

first row; 3. The third row is filled with drops from 9 to 12; 4. The 

fourth line consists of drops from 13 to the last 16 drops.  

The state of the system changes with each fresh drop: The 

beginning of the process is the first drop with its initial temperature 

and substrate with its initial temperature. The system is cooled 

down to the next drop, etc. The temperature field of the system 

immediately before each drop is called a "hereditary temperature 

field".  

Initial state of the system: the droplet temperature is 690 o C and 

the substrate is 50 o C. In Fig. 3 shows the hereditary temperature 

field as follows: The hereditary temperature field is represented by 

two scales, one for the cast, marked "C", the other for the substrate 

and marked "M" 

1-st "hereditary temperature field" 

 

2-nd "hereditary temperature field" 

 

reduction of the melt temperature 

3-rd 
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4-th 

 

5-th 

 

6-th 

 

7-th 

 

8-th 

 

9-th 

 

10-th 

 

11-th 
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12th 

 

13-th 

 

14-th 

 

15-th 

 

16-th 

 

Fig. 3 Working principle of the 3D printer: with a hereditary temperature 
field of the droplet/substrate system 

The introduction of fresh drops in the adopted methodology 

indicates that the storage of the liquid phase state is ahead of the 

starting point for phase conversion. 
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The phase transition temperature range is (Tm + 3.5, Tm – 3.5) 

 (660.1 + 3.5, 660.1 – 3.5). It has been learned from previous 

experiments that even with this maximum heat exchange, curing 

conditions can be found that relate to future potentialities. The next 

last numerical experiment is to represent the process of solidifying a 

large drop equivalent to a flow rate. In FIG. 4 presents the process 

for solidifying the large drop (flow): 

 

 

 

 

 

 

Fig. 4 Work principle of 3D printer: nonstationary temperature field at first 
order phase transition in the large droplet.  

This experiment presents a very good opportunity to describe 

the temperature field of a phase transition with a very large number 

of temperature curves in small temperature intervals from 1.09 to 

2.5 o C. 
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3. Analysis 

The works of J. Stefan [4] and C. Schwarz [5] are the 

mathematical foundation of the theory of casting. These tasks [4 

and 5] are an important section in the mathematical theory of 

thermal conductivity. Along with classical crystallization theory, 

theoretical and applied thermodynamics are at the heart of 

theoretical material science. 

Phase transitions of the first and second order are fundamental 

processes of material science because they are in the nature of the 

formation of structures of pure metals, alloys and composite 

materials [1, 2, and 3]. It is known that in the foundry, in addition to 

crystallization, the term solidification is used [1, 2]. There is a 

fundamental connection between these two concepts through the 

solidification front according to [3]:  

 

Fig. 5 Phase transition of first order: solidification and crystallization. 

The interest in the tasks [4 and 5], but always presented in their 

classic type. Tasks [4 and 5] are used in various experimental 

techniques [1, 3, 8 and 10] or are the basis of mathematical studies 

[7, 11, 12, and 13]. The mathematical models of foundry are based 

on [4 and 5] for example work [8]. The use of tasks has long been a 

common mathematical basis for the study of first- and second-order 

phase transitions. The mathematical model (1) used here is the 

Stefan-Schwarz joint problem from the first half of the 20th 

century. 

Numerical experiments have clearly shown that the presented 

methodology can be used in 3D printer technology. At least by 

numerical experiment it is possible to make estimates for the 

crystallization front [3]. Numerical experiments in this pure type 

are "easy", but taking into account real contact and the need to use 

mathematical methods in solid state physics [6, 2] requires many 

high-level knowledge resources: for example, huge computational 

resources, mathematics, mathematical physics, computational 

mathematics and physics, high resolution for quantum level 

observation. 

Numerical experiments draw our attention to the notion of 

crystallization front as an important common criterion for 

evaluating heat transfer and droplet size in 3D printer technology. 

The achievement of high technological characteristics of products 

made using a 3D printer raise the question of optimization and 

control. 

 

 

4. Conclusion 

The basic mathematical methodology for creating and 

optimizing 3D printer technology is Stefan-Schwarz's task. 

The crystallization front is an important general control 

criterion in 3D printer technology as well. 
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