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Abstract: A scientific methodology for foundry has been developed in order to have a constant connection between foundry and the 

continuous development of solid state physics. This is achieved through the continuous expansion of the minimum scientific knowledge 

based on the historical development of metal physics, solid state physics, and today mathematics is placed in the first place. Metal science is 

a pure application of metal physics and solid state theory based on foundry, today it is materials science. The natural mathematical theory of 

foundry is the theory of thermal conductivity describing phase transitions of the first and second kind through Stefan-type problems - 

solidification together with modern software products for descriptions. 
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1. Introduction – first order phase transition 

The mathematical base of the casting is mathematical tasks of 

Stefan [1] and Schwartz [2]. The open thermodynamic system 

(OTS) is:  VSYS is the sum of cast volumes of liquid VCL, surface 

front SFront and solid VCS phases, mold volume VM with it boundary 

surfaces BWS and BM. The task of Stefan-Schwartz in 3D for 

numerical investigation by Finite Elements Method is: heat 

conductivity equation (1, 1) and initial conditions (1, 1, 2); Stefan’s 

boundary condition at front (1, 2) with growth velocity front 

liquid/solid (1, 2, 1); mold boundary condition at work surface (1, 

3); mold/environment boundary condition (1, 4):  

 

where Т is the temperature of cast, liquid, solid, mold (C, L, S, M); 

the thermophysical coefficients of the (OTS): conductivity, 

capacity, density (, c, ); SF is source heat function, Qm is latent 

heat at the melting temperature Tm.  

 

1.1. Crystallography – Methodology [4 and 3] 

Crystal symmetry data: The description of the crystal 

structure: is through periodic atomic rows to build the elemental cell 

and forms bases. Mathematics remarks: crystal lattice is an 

abstraction: the crystal structure is formed of important "lattice" 

and "lattice points" are equivalent (LB); according to Bravais: 

points of a regular periodic structure is eq. (2, 1) by ,  and  are 

the axes of the coordinate system in 3D space, which is generally 

acute-angular; the same arrangement of atoms in a crystal lattice by 

the vectors a, b and c of primitive translation for every two points r 

and r/ is eq.(2, 2) and eq.(2, 3); bases of N atoms or ions (particles) 

and located to the lattice point so 0  xi, yi, zi  1 is defined as eq.(2, 

4); together with the presented on the figures 1 and 2: 

 

 

Fig.1 Formation of a structure by joining the basis: a) points of the lattice; 

b) a basis from two different particles; c) the grid points (a) are not visible; 
and 

 

 

 

    

 

Fig.2 Important crystallographic markings: Primitives cells: a) 
Geometric idea: Points of 2D crystallographic lattice, where a and b are 

primitives vectors of primitive translation T. Vectors a4 and b4 are not 

primitive translation vectors; b) Primitive cell on a 3D crystal lattice; 
Direction indices [uvw] are projections of vectors on the coordinate axes: 
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axis indexes (+x) is [100] and (–x) is [ , axis indexes (+y) is [010] and 

(–y) is , axis indexes (+z) is [001] and (–z) is ; diagonals 

indexes on the orthogonal surfaces: diagonal (+xy) is [110] and diagonal (–

xy) is ; diagonal (+yz) is [011] and diagonal (–yz) is [ ]; (+xz) is 

[101] and diagonal (–xz) is ; Diagonal indices in the volume of the 

quadrants of an orthogonal coordinate system: diagonals indexes in the 

positive quadrant (+x, +y, +z) are [111]; in the negative quadrant (–x, –y, –

z) are ; diagonal indexes in the other quadrants: (+x, –y, +z) are 

1]; (–x, –y, +z) are ; (–x, +y, +z) are ; (–x, +y,–z) are 

; (+x, –y, –z) are ; (–x, –y, –z) are ; (–x, +y, –z) are 

. The indices of the diagonals in the volumes of these quadrants form 

a group 111 and are obtained by displacement (relocation) the indexes 1; 

c) Atomic rows of three different structures: () are the points location in 

the lattice;  and  are two kinds of atoms; a is a vector of constant 
magnitude and direction. In all three rows I, II and III, the points are 

connected to each other by the vector of primitive translation a. I. Primitive 

(smallest) first-order basis: the distance between the atom ( ) and the 

lattice point () is a/2; II. Primitive second-order basis: between two 

identical atoms ( ) and lattice point () we have two distant one is u1a 

and second is u2a; III. Primitive third-order basis: two different atoms ( ) 

and the lattice point (), one at a distance u1a and the other at a distance 

u2a (x). d) A primitive Wigner-Seitz cell is a small volume around a point in 

the crystal structure obtained as follows: this point connects to its first 
neighbors by straight lines divided in half by perpendicular planes; e) Atoms 

on a plane form an atomic plane, and parallel atomic planes form a group 

through Miller indices (hkℓ), where h is cut from x–axes, k is cut from y–
axes and ℓ is cut from z–axes. In positive quadrant (+x, +y, +z) are (hkℓ) 

and in negative quadrant (–x, –y, –z) are ( ); group: (111), ( ), 

( ), ( ), ( ), ( ), ( ), ( ); f) Characteristic of this 

scheme [3, 4] for a cube: 1. for parallel and uniformly oriented planes, the 

Miller indexes are (hkℓ) are the same. A similar rule is true in the relations 
between the direction indexes [uvw]; 2. A plane parallel to one of the 

coordinate axes has an index 0 for this direction: [uv0], [0vw] and [u0w]; 3. 

A plane passing through the origin of the coordinate system shall be 
recorded by means of the indices of a plane parallel to it, crossing from the 

coordinate axes cuts of finite length. Example: a side of a cube 

perpendicular () to the axis (x) is written with Miller indexes so (hkℓ)  

(100) i.e. h = 1 k = 0 and ℓ = 0. At () to the axis (y) indexes (010); and  

 

Fig.3 Brave’s basic 2D lattices [4]: a) square; b) hexagonal; c) 

rectangular; d) centered rectangular; and  

 

Fig.4 Primitive 3D cells [4]. 

Elementary fourteen cells space lattices of Brave with 

[Crystallographic system (CS); Number cells in system (NCS); 

Symbol cells (SC); Characteristics of the elementary cells (CEC)] 

in an important Matrix of the „Brave knowledge“ as follows: 

, 

where types of cells (NCS) are C is wall centered is not a primitive 

cell, F is a wall-centered primitive cell, I is a volume-centered 

(internally-centered) primitive cell, P is a primitive elementary cell, 

R is a primitive rhombohedral elementary cell; (CEC): a, b, c are 

vectors of the crystallographic axes, and  , ,   are angles between 

coordinate axes. For every (CS) is needed: Elemental cell volume 

(cell); Atomic radius – defined by half of the distance between the 

first neighbors in the crystal of the pure chemical element; Number 

of points in the grid of a cell; The volume of the primitive cell; The 

number of points on (c) the grid per unit volume; The number of 

first neighbors; The distance between the first neighbors; The 

number of neighbors, after the first neighbors, i.e. the second 

neighbors; The distance to the neighbors, after the second 

neighbors. 

 

Fig. 5 Necessary rays measurement [4]: a) diffraction; b) reflecting atomic 

planes of crystal structure (cubic); c)  + r = R or r = R – ; d) scattering 

vector k = k/ – k (elastic scattering k/ = k) and each point of the lattice 

may be a scattering center. 

External observation method – Electron microscope (resolution 

2 Å) [4] with uses X-rays with wavelength to diffract in the crystal 

structure: X-ray eq. (2, 5); Neutrons: eq.(2, 6); Electrons eq.(2, 7); 

Bragg's law (Fig. 5) eq.(2, 8) with condition (2, C): 

 

vector and amplitude of diffraction (2, 9); Laue’s condition 

scattering (2, 10); Basic vectors (2, 11) inverse lattice and 

elementary cell volume b.ca=c.ab=a.bc; position of nodes of 

the grid mnp = ma+nk+pl; Fourier space in position of nodes and 

inverse lattice vectors G = hA+kB+lC; scalar multiplication of 

vectors G.mnp (2, 12); electron concentration in the Fourier crystal 

- analysis for periodic distributions (2, 13), (2, 13, 1), (2, 13, 2); (2, 

14) is new view of eq. (2, 13) by nG, which is also in integral (2, 14, 

1) equal to the volume V for k = G and if k = 0 then the integral 

is equal 0: 
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Fig. 6. Example of Fourier analysis of periodic distribution in a crystal [4]: 

a) Geometric idea of Fourier space: 1 - a rectangular primitive cell with 
axes a and b and a basis of two identical atoms. The contour lines connect 

places with the same concentration of electrons nG i.e. charge distribution; 2 

- Probability density by Fourier row for electron distribution in the crystal 
nG (see eq. (2, 16) and eq. (2, 16, 1), where G is the inverse lattice vector), 

i.e. in the nodes of the inverse lattice (Kx  a, Ky  b) the values of the 

Fourier coefficients |nG|.103 in the space Kx  [03/a], Ky  [02/a] 

are indicated; 3 – Vectors a and b of crystal lattice and vectors A and B of 

two-dimensional invers lattice. The hatched area is the cell on the invers 
lattice; b) Ewald's construction: 1 is a crystal, k is an incident photon, k/ is a 

diffracted photon, -G is a wave vector of the crystal experiencing emission, 

2 – the points  are nodes of the crystal invers lattice, k/ = k + G, k=2/, 
G – invers vector lattice. 

Fourier analysis [5] eq.(F, 1) and distribution of electron 

concentration in a crystal eq.(n, 1) is theorem [4]: for an arbitrary 

function eq.(2, 13) having a translational periodicity in a lattice is 

described by a Fourier series only if the quantities K appearing in 

the order are vectors of the inverse lattice G: 

 

The row (n, 2)  (n, 1) estimating complex coefficients np and n-p. 

Geometrically, diffraction is represent: 1. frequency - , /; 2. wave 

vector k, k/; , k – incident ray; /, k/ – scattered ray. In elastic 

scattering – the quantum energy of X-ray does not change (E, 1); 

dispersion ratios of electromagnetic waves in vacuum (E, 2); 

diffraction condition (E, 3); a photon in a vacuum has an energy 

impulse ħ equal to ħ/c or ħk; periodic distribution of electrons 

modulates plane wave in crystal (E, 3, 1) and wave vector k+G and 

photon with impulse ħ(k+G); for impulse condition: after entering 

the beam crystal gives impulse –ħG (Fig.6 b); the emission rate of a 

crystal with a mass of 1 g. for the reflection with a vector of the 

inverse lattice with a length of 1.10-8 cm is (E, 3, 2); a new record 

(E, 3) by k/2 = (k + G)2 and is reported k/ = k; eq.(E, 4) equivalents 

of eq.(2,8): 

 

Important for the different types of lattices [4] (see Fig.6 and 

Fig.7: the inverse lattice and the volume of the primitive cell are 

built, i.e. the Wigner-Seitz cell for the inverse lattice, which 

contains only one node located in the center of the cell, and is the 

first Brillouin zone for the corresponding lattice. The Brillouin 

construction represents the wave vectors k of all incident rays that 

are reflected by the crystal by Bragg diffraction: 

 

Fig. 7. 1. Reciprocal lattice: points C, D; reciprocal vectors GC, GD 

bisected by perpendicular planes (1 and 2 boundary of dotted lines of the 
dotted border lines of the Wigner-Seitz zone in reciprocal lattice); K1, K2 

arbitrary vectors satisfy the diffraction conditions; 2. Brillouin’s zones (see 

1); 3. 1D crystal and reciprocal lattices basic vector A with length 2/a; and 
the shortest inverse vectors are A and –A; intersecting planes (lines) 

perpendicular through the middle of the vectors A, –A are the boundaries of 

the first Brillouin zone at k=/|a|; 4. Structure factor: the position of the j-

atom in the elementary cell with vectors j=xja+yjb+zjc; and 

vector -G is also a vector of the inverse lattice (see Fig.6.b.1 and 

Fig.7.1) and for this in (E, 4) we put –G instead of G and get: 

 

Structural factor of the basis: Crystal lattice reflections are 

determined by eq.(2, 10). An atom consists of a nucleus surrounded 

by electrons whose distribution in the crystal is n() eq.(2, 16). The 

intensity of the reflections depends on the composition of the atoms 

in the elementary cell, i.e. by the number and arrangement of atoms 

and the distribution of electron density in the cell. Used: 1. the 

reflections describe the nodes of the inverse lattice eq. (2, 13) 

denoted by (h, k, l); 2. Superposition of functions of electron 

density cj bound to the individual atom-j (see Fig.7, 4). Algorithm 

[4] (Fig.7, 4): vector j = xja + yjb + zjc starting at a node with 

vector mnp eq.(2, 12) on the lattice mnp; selected the initial node of 

coordinates 000 = 0; vector of the atom-j (position) is j + mnp; the 

function cj( – j – mnp) determines the concentration of electrons 

in the vicinity of the atom-j in the cell mnp and n() = mnpjcj( – 

j – mnp) eq.(RI , n()), in the first summation j = 1,…, s is on all 

atoms of the basis, and the second is on the number of all nodes of 

the lattice M3; scattering amplitude by superposition 𝒜k = 

mnpjdVcj(–j–mnp)exp(–i.k) as dVcj(–j–mnp)exp(–i.k) 

=fjexp[–i(j + mnp).k] and /  ( – j – mnp)  eq.(RI, 𝒜k) and 

atomic scattering factor of (form factor) eq.(FF): 

 

From eq.(2, 9) and mnp = ma+nk+pl  if k satisfies the 

condition mnp.k = 2.(integer)  the sum of eq.(2, 9) of the 

scattering amplitude 𝒜 in the crystal lattice with the M3 nodes gives 

𝒜max = M3 and new notation eq.(RI, 𝒜k, 1) and max scattering 

amplitude in invers lattice 𝒜G;   of structure factor basis (SFB): 

 

An arbitrary reflection is called (h, k, l) in inverse lattice when 

the scalar multiplication j.G, where j is [(see Fig.1.4) j =xja +yjb 

+zjc] and G is eq.(2, 13) and: 
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fj the scattering ability of the individual atom–j in elementary cell. A 

classic notion of scattering by a single atom. In the scattering of the 

single atom, the effect of interference inside the atom eq.(FF, G) 

within the density limits c(r) is reported; r  G  r.G = rGcos, 

with spherical symmetry of c (r) with respect to the origin of the 

coordinate system (Fig.7.4) integrates by d(cos) in [–1, 1] eq. (FF, 

G, 1 ); the magnitude of the atomic scattering factor is eq.(FF, G, 

2); if the charge is at the beginning of the coordinate system 

(Fig.7.4) rj = 0  r.G = 0 and in the boundary case (sinGr)/1 = 1  

G we have eq. (FF, G, 3): where Z is the number of electrons in the 

atom and therefore [4]: fG is the ratio of the amplitude of radiation, 

actually scattered by the distribution of electrons in the atom, to the 

amplitude of radiation, of the scattering of an electron located at a 

point: 

 

A simple harmonic oscillator [3] (Fig. 8) describes chaotic motion 

of an atom around equilibrium position in a crystal lattice is eq.(3, 

1) to axes (x, y, z) of N is N/3; The solution is еq.(3, 2): where  is 

the coefficient of elasticity; u is the distance of the oscillation of the 

atom in the equilibrium position (node) from the crystal lattice;  is 

the angular frequency eq.(3, 3);  is Einstein's frequency eq. (3, 4); 

Hooke's law – elastic deformation of a cube with edge a0 extends 

(lengthened by a length a = a0), i.e. a cube with edge a0 under the 

force F becomes a parallelepiped, which in the direction of force is 

extended to 2a0 eq.(3,5); 

       

Fig. 8 Oscillator [3]: a) atom in equilibrium; b) the atom is displaced at a 

distance u in the direction x. First approximation, there is no displacement 

y, z; and 

 

At room temperature the atom is in the equilibrium position 0, 

and at high temperature it changes in time t with magnitude u(t) is 

eq.(MA, T); it is assumed that the mean value of the high 

temperature scattering amplitude is eq.(𝒜, T), where G is vector 

equal to the change of the wave vector at reflection, … is the 

average at temperature equilibrium; decomposition in order 

exponential multiplier is exp(–iu.G) [4] and the wave scattering 

intensity is eq.(RI,T): 

 

For eq.(RI, T) I0 is the intensity of scattering radiation at a fixed 

grid the exponential multiplier is called the Debye-Waller 

multiplier. Atomic standard deviation u2 and the mean value of the 

potential energy for a classical harmonic oscillator (Fig. 8) U in 

3D space at thermal equilibrium is (3/2)kBT  eq.(RI, T, U), where 

C is a force constant; M is the mass of the atom;  is the angular 

frequency of the oscillator and we use 2 = C/M [3]; and the 

intensity of the scattered radiation is eq.(RI, T, 1), where h, k, l are 

indexes in expression G=hA+kB+lC: 

 

And for a quantum oscillator u2  0 and at T=0 due to zero 

oscillations; the model of an independent harmonic oscillator is 

used for the oscillation of the atom: at T = 0 K this motion can be 

described by zero energy 3ħ/2. This is the energy of a 3D quantum 

harmonic oscillator in its ground state, related to the value of the 

classical energy of the same oscillator, located at rest, i.e. (without 

oscillation or movement). The potential energy of the oscillator is 

half the energy of a classical oscillator at thermal equilibrium 

eq.(RI,T,U) and we have eq.(RI,T,U,1 or eq.(RI,T,U,2)  eq.( 

RI,T,2): 

 

1.2. Thermodynamics – Methodology [3, 4 and 7] 

State of ideal gas in open thermodynamic system (cube - volume V, 

temperature T and pressure P) [3, 7]: Heat energy of solid body eq. 

(4, 1) and Debye temperature eq.(4, 2); pressure P (hits the atoms 

in the walls with velocity v) and it is assumed of force acting on the 

walls F = P eq.(4, 3) i.e. atoms motion p and transmitting in 

impulse of 2p [3, 7] eq.(4, 3, 1); the kinetic energy E of each atom 

is E=(1/2)mv2 and eq.(4, 3, 2), and energy gas eq.(4, 3, 3); Heat 

capacity (classical model) eq.(4, 3, 3); The thermal capacity of 

ideal one atomic gas is 3 cal/mole K independent of T and 

experiment agreement [3, 7]; The thermal energy is equal to kT/2 

to all degrees of freedom, relative to x, y, z coordinates in 3D space. 

Equation (4, 3, 4) is very important but not used for solid [3]. With 

each normal oscillation in the system, the heat energy kT/2 falls to 

the limit case - high temperatures [3]. An atom oscillates at a 

constant sum of kinetic ET and potential energy EP i.e. const = ET + 

EP; ET changes (0  ET) - period; the middle kinetic energy is ET/2 

= kT/2; heat energy in a closed volume of atomic gas is kT/2, gas 

have no potential energy; for oscillator the total kinetic energy is 

ET = kT; then total energy for each solid consisting of N atoms is 

eq. (4, 3, 5); for the molar heat capacity of a solid is eq.(4, 3, 6) 

generally correct, but used for quantitative ratios not always 

accurately. The absorption of heat energy by the oscillator allows 

the determination of the amplitude and max displacement umax, and 

converts the potential energy into a potential one 

 and eq.(4, 3, 7) and eq.(4, 3, 8). 

 

The behavior of atoms considered as a whole is considered through 

Newton's macroscopic mechanics, but atoms internal structure is  
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described by quantum mechanics [3, 4]  purpose of this work. 

2. Fundamentals of Material Science  

Heisenberg's uncertainty principle: in physics there are such 

pairs of variables for which a final error occurs in their general 

definition; the quantitative record is [3] eq.(5): 

 

where px, py, pz x, - impulse and coordinates; E, t - energy and time; 

ħ is Plnak’s constant. A probability of particle behavior is 

introduced by setting a wave function eq.(6, 1), eq.(6, 2). The 

probability is a real quantity,  in the general case it is a complex 

quantity and to determine the density of the probability it is 

necessary to multiply  by the complex conjugate * [3]: 

 

A method for determining the probabilistic behavior of the particle 

is: some wave function is set; the Schrödinger equation is used to 

determine the wave function. Basic law of physics [3] - 

Schrödinger's equation explaining phenomena is eq.(7, 1) in 1D 

case and 3D eq.(7, 2), where ħ is Plnak’s constant; m is particle 

mass; V(x) - potential energy; For time-independent potential 

energy V, then the wave function eq.(7, 3) is a partial solution for 

the Schrödinger equation independent of time is eq.(7, 4) [3]: 

 

Eq.(7, 4) is very important (3). For V (x) = 0, the Schrödinger 

equation is eq. (7, 5) and describes a harmonic oscillator when 

replacing time with x. One solution is the function (7, 6), which is 

replaced by a time-dependent function of the type (7, 6, 1) 

describing a traveling wave. Eq. (7, 6, 2) also depicts a traveling 

wave with phase velocity /k. The function (7, 6, 1) is compared 

with the equation of a string (7, 6, 3) oscillating with moving in the 

direction y (3). The wave function of the type eq.(7, 6, 1) when 

writing (7, 6, 4) two basic relations are obtained (7, 6, 5) and (7, 6, 

6) [3]: 

 

frequency  is expressed by the energy of the system (7 6, 5); the 

constant k is also a function of the system energy k=(82m)1/2E/ħ. 

But the energy in the considered case is only kinetic then E=p2/2m, 

where p is the particle impulse (7, 6, 6). The ratio (7, 6, 5) is called 

Einstein ratio and the ratio (7, 6, 6) is called de Broglie ratio. 

Energy quantization [3]: a particle in a potential pit [3]. Wave 

function  in 1D pit 0xL, is of the view eq.(7, 7) at x=0 (0) and 

at x=L (L)=0  (L)=sinkL=0 eq.(7, 7, 1); k accepts only these 

values from the condition eq.(7, 7, 2) i.e. k accepts only discrete 

values  energy E also assumes discrete values eq.(7, 7, 3); the 

uncertainty condition for a maximum nonlocalized particle (i.e. with 

minimum energy) is eq.(7, 7, 4) and taking into account E=p2/2m 

for energy we have eq(7, 7, 5): 

 

Particle in 3D potential pit [3]: the Schrödinger equation is eq.(8, 

1); The potential and zero values at the pit boundaries is eq.(8, 2); 

and eq.(8, 1)  eq.(8, 3) with boundary condition eq.(8, 2); -

function is eq.(8, 4): 

 

Eq.(8, 5) turns into system of differential equations (8, 5, 1) 

 

The system differential equations with exponential or sinusoidal 

solutions depending on the values of the constants k - real or 

complex eq.(8, 6) 

 

If k is apparent, then the solution is a real exponent and the 

boundary conditions (8, 2) are not satisfied, therefore only 

sinusoidal solutions are possible. The boundary conditions in a 

three-dimensional potential well are satisfied by the set of functions 

(9) [3]: 
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The term quantum state means the state of the system described by 

a partially linear independent solution of the Schrödinger equation. 

One main result is that the description of the motion of a particle in 

a 1D potential pit [3]. The motion of a particle in a 1D potential 

well requires only one quantum number. Therefore, the motion of a 

particle and in a 3D potential well the -function depends on three 

quantum numbers n1, n2, n3. Three quantum numbers appear 

because the partial differential 3D equation is divided into three 

independent equations and each of them leads to a new quantum 

number. The energy also depends on three quantum numbers eq.(9). 

Quantum state and degeneration [3]: The -function when a particle 

moves in a 3D potential well is denoted by (n1, n2, n3) and 

characterizes the possible states of the system, physically different 

from all other states or functions. The discrete states of particle 

energy in potential wells eq. (7, 7, 3) and eq. (9) have discrete 

values called discrete spectra [3]. According to Eq. (8, 5, 1) and Eq. 

(9), energy data can be obtained by specifying several combinations 

of quantum numbers. According to data from [3] for different levels 

in the 3D case the notation is (n1, n2, n3) and an example of three 

-functions of one level are:

3.2 CASTEP and First order phase transition 

In fundamental works [3, 4, 6, 8] the foundry methodology is 

embedded. The casting process consists of two parts: casting and 

solidification, but from the point of view of physics, hydrodynamics 

and first order phase transition. Work [3] covers all areas of foundry 

- a major branch of materials science. The idea and methodology of

the book [3] is "to build a bridge between metallurgical engineers

and theoretical physicists." This basic direction in our opinion today

is: mathematics; mathematical physics and theoretical physics in

materials science. Work [4] is a theoretical book and is an accurate

image of mathematics applied in-depth explanation of the

microscopic mechanisms of physical phenomena in solid state

physics. A concrete example is based on the mathematical field of

differential and integral calculus [5]: Fourier series and Fourier

integrals in [4] the concept of "Fourier space" was introduced. Work

[7] applied Nernst's theorem to a solid for atomic heat capacity and

compared it with Debye's formula derived by quantum theory.

Energy fluctuation of chaotic systems: Boltzmann energy 

fluctuation eq.(EF, 1): p is the probability of an atom staying in a 

state with energy E; k is the Boltzmann constant; T is the 

temperature; A (T) is a physical characteristic of the system such 

that the integral of the probability of staying in one state is equal to 

one. The probability of an atom being in two arbitrary states is 

eq.(EF, 2); Helmholtz free energy of system is eq.(FE): E is internal 

energy; T is absolutely temperature; S is entropy: 

Eq. (EF, 2) describes the distribution of the atoms of a solid body 

by levels of different energy states at any given time under the 

condition of constancy of the total energy. Atoms are distributed by 

levels of oscillation energy in different ways. A quantitative 

measure of these modes is entropy when it is maximal (in other 

words, maximal chaos). Hence a system is in a stable state when 

the internal energy is minimal. The exact condition for equilibrium 

of an arbitrary system is a tray: sustainability state = of minimum 

free energy, i.e. F = min. Defects in the crystals: point - violations 

of the lattice in isolated from each other points of the lattice: 

vacations - nodes of the lattice without atoms in them; embedding 

atoms - only atoms placed between the atoms in the lattice nodes; 

impurity atoms - atoms of different types, occupying places in the 

lattice; linear defects: dislocations - have a noticeable length in 

only one direction; surface defects of two types: external (boundary 

surface) - imperfections due to the fact that the surface of the solid 

body borders on another phase; internal (boundary surface) - 

surfaces on which there is a transition from one spatial orientation 

of the crystal lattice to another. There can be an infinite variety of 

boundaries between two adjacent grains. The energy of an atom in 

the ground state is ; the energy of high fluctuation for vacation 

formation is  and relative probability of vacation formation 

is  i.e. in a crystal lattice of Z atomic nodes, the 

number of vacations Schottky eq.(V, 1); the number of embedded ni 

in the volume of a crystal (with N atomic nodes) Frenkel eq.(V, 2), 

where a is integer (normally not great) which characterizes the 

amount of identical internodes in the calculation of one atom of the 

lattice; local expansion - dilatation to the end of the dislocation  

eq.(dil) [3], where b is Burger vector; r is radial distance from a 

point to a dislocation line,  angle between two atomic rows; 

displacement corresponding to the helical surface equation eq.(dis, 

1); energy dislocation of the hollow cylinder UD eq.(dis, 2),  is 

displacement module for the given material; l is length; if r0 is equal 

to a distance of one or two interatomic rows then the ratio  is 

about 5.103 [3]: 

The atoms in the crystal lattice move: through thermal oscillations 

and elementary acts of transition from node to node - diffusion. It is 

influenced by: 1. Crystallographic and geometric characteristics; 2. 

Temperature. Diffusion is a set of chaotic movements of atoms - in 

the form of oscillation and transition of atoms from one node of the 

crystal lattice to another. The averages of the chaotic unequal 

atomic "jumps" are statistically estimated and are the reason for 

moving an atom over a long distance. The diffusion in the crystals 

are: vacation movements; movements of embedded atoms; 

exchange of places between two atoms; ring-shape exchange 

between four atoms. Diffusion in solid solution alloys - diffusion of 

small atoms located between the nodes: Energy for overcoming the 

barrier is Em, frequency for jump fm of an atom in an elementary 

crystal cell of Z equivalent neighboring atoms is  at 

 is of order 1013 Hz eq.(Dif, 1) and atom exchange vacation is f

eq.(Dif, 2); 1D diffusion eq.(Dif, 1d); 3D diffusion eq.(Dif, 3d); new

1D eq.(1d, 1); diffusion coefficients eq.(D, 1) and eq.(D, 2):

CASTEP [6 and 8] is academic and commercial software 

product created in TCM Group of Cavendish Laboratory of  
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Cambridge. CASTEP [6 and 8] is redesign 1999-2001 and 

adapted for parallel computers (calculations) by researchers at the 

Universities of York, Durham, St. Andrews, Cambridge and 

Rutherford Labs. Theories used [8]: Density functional theory DFT 

- principles and method to determine the ground state electronic

structure of a system; Methodology of electronic structure

calculation: use a set one-electronic Schrödinger (Kohn-Sham)

equation solved by plane-wave pseudopotentials; The wave

functions are extended by a set of plane wave bases defined using

periodic boundary conditions and Bloch's theorem; Use ab initio

pseudopotential in the required wording; Mathematical schemes are

used to directly reduce the energy to obtain self-electron wave

functions and the corresponding charge density.; Tasks [8]: Total

energy in point; Electronic structure; Geometry optimisation;

Molecular dynamics; Transition states; Phonons; Electric field

response; Exchange and correlations. The amount of total energy is

of major interest and of extreme interest is its reaction to external

influences. This reaction can be compared to an experiment. In case

of system disturbances, the total energy can be expanded as a series

of disturbances. Thus a wide range of physical properties become

available to us; if the second-order energy is calculated with respect

to the given disturbance, Perturbation  Physical quantity can be

obtained [8]:

PERTURBATION       PHYSICAL QUANTITY 

Atomic position                Phonons 

Electric field                dielectric properties 

Magnetic field      NMR 

Lattice parameters        Elastic constants 

k-point                            Born charges. 

First order phase transition and classical theory and CASTEP is 

shown of Fig. 9 [15 and 16]: 

Fig. 9 First order phase transition 3D by Finite elements method, Fleming’s 
super-cooling [15 and 16] and CASTEP i.e. application of CASTEP in 

foundry: a) First order of phase transition in a sample for spectral chemical 

analysis and influence of the mold initial temperature 51 OC and 206 OC; b) 

Generalize solution in transition zone Tm  in one step of time  = 

0,0000185sec, Tm is melting point; Fleming’s super-cooling and CASTEP. 

In the work [10] data on the rate of growth of dendrites 

depending on the supercooling of the bath with melt are cited. The 

physics of supercooling in front of the top of the dendrites is 

Fleming's model as the sum [10]: the effect of the radius of 

curvature of the top of the dendrites + supercooling necessary for 

atomic jump through the interfacial surface + supercooling of the 

melt to separate and dissipate the heat of crystallization.  

In [16] 1D classical Stefan's problem is developed with taking 

into account a super-cooled zone with dissipation of the hidden heat 

of melting Qm; the boundary x1 (t) is liquid/(super-cooled zone) and 

the other x2(t) is (super-cooled zone)/solid; boundaries move 

according to two laws of the square root with coefficients K1 and K2 

and at speeds R1 and R2:  

To describe the state of the atoms in the moving cooled zone, we 

suggest using the CASTEP software by multiscale approach: 

Stefan's problem is solved and at any moment CASTEP is used: 

Here t is the time process as a sum of small steps . We know the 

solidification temperature field and at each time step we calculate 

the state of the atoms in the transition zone. And the end: 1. Stefan’s 

task [1] and Stefan-Schwartz’s task are complemented by the Stefan 

type task developed in [16]; 2. Work [16] offers a good opportunity 

for analysis of the transition state of atoms from a liquid state to a 

solid state through the software product CASTEP. Historically, the 

fundamental basis of metal science [9] is metal physics [11] and the 

theory of solids [3, 4]. Here we note that [13] is a natural 

methodological and fundamental continuation of work [9]. The 

mathematical basis of foundry is the theory of thermal conductivity 

- problems of Stefan [1, 2, 7 and 16], and phase transitions of the

first and second order, considered theoretically and engineering in

[10]. In [12] with quantum field theory of a solid body, elementary

excitations in solid and interactions between them are considered.

Scientific methodology is based on [14] with a focus on foundry.

3. Conclusions

1. A foundry methodology has been developed based on historical

developments and new advances in solid state physics and the

CASTEP software product.

2. The first order phase transition in the sample casting for chemical

spectral analysis presents the basic idea of the interaction

solidification and evaluation of structures through CASTEP.
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