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1. Introduction

Industrial aluminum alloys are multicomponent heterophase 

systems [8, 9, 15]. The modern theory of alloys [15] determines the 
main factors of interaction and their properties are: the place in the 

periodic table; their valence; atomic radius and lattice parameter; 

melting and boiling point; diffuse mobility of atoms, etc. Structural 
factors: defects in the crystal lattice (vacations, dislocations, 

impurity atoms) and their interaction between them and with the 
atoms of the alloying elements; the grain size of the solid solution 

and the condition of their boundaries; quantity and geometry of the 
eutectic; the quantity, size and geometry of the secondary phases 

and their interaction with the solid solution in the heating process; 
sustainability of the solid solution; Physic-chemical characteristics 

are: the main and most stable for an alloy with a certain chemical 

composition. Example: for the tensility of alloys the main physic-
chemical factors are: energy state of the crystal lattice of the solid 

solution (forces of inter-atomic interaction, nature of the electronic 
state); coefficient of self-diffusion of the aluminum atoms and 

diffusion of the atoms of the alloying elements and impurities in the 
crystal lattice of the solid solution; The boundaries of the grains are 

a distorted layer of atoms with different energy states than those in 

the volume of the grains: this is caused by the forces striving to 
move the atoms to a position corresponding to the orientation of one 

of the neighboring grains. Therefore, the grain boundaries are areas 
with an increased value of free energy. They play an important role 

in the mechanism of strengthening the alloy. The existence of a 
separating surface facilitates the processes of diffusion of atoms of 

alloying elements and impurities. The sum of the surface energy at 
the boundary of the solid solution is also an important structural 

characteristic that determines the mechanical properties of the 

alloys; Technological factors: melting and casting mode; rate of 
solidification (crystallization) of the castings and the obtained phase 

composition; heat treatment modes that can strongly change the 
phase composition; the quantity and nature of the location of the 

structural components; changes in one or another technological 
characteristics of alloys determine their final properties. 

Alloys are solutions and chemical compounds of metals and 

some cases and non-metals. Definition of the working properties of 
A. Balevski [8]: such a combination of mechanical and
technological (and in some cases physical and chemical) 

properties that no pure metal has, regardless of what mechanical
and thermal treatment it is subjected to.

Stability of phases: Concept of free energy. The term 'phase' 

refers to a separate and established state of a material in which a 
substance may exist [15]. The phase is part of the material with a 

boundary specific arrangement of atoms and the same intensity of 

properties [3]. The Gibbs phase rule [6, 8 and 15] is the basic 
equation: P + F = C + 2, where P is the number of phases 

represented at equilibrium; F is the number of degrees of freedom; 
to C the number of components, which is the smaller number of 

substances than the independent variables of the composition of the 

constructed system. Phase diagram [3] - a graphical way of 
describing phases in equilibrium with a combination of different 

variables (T, P, C). The condition [15] of each material is 
characterized by enthalpy H and the specific heat content CP at 

constant pressure of the type CP = (dH/dT)P. The entropy function S 

is used to describe a material in a phase transition by going through 

a complete cycle of events , where dQ is the heat 

exchange between the system and its environment during each 
infinitesimal stage and T is the temperature at which the transfer 

takes place [15 and 6]. The quantity S is defined by [6] 

at the condition ; so entropy determines a state property 

and at constant pressure in system dQ = dH   

where integration constant S0 represents the entropy at T = 0 K, 
which for a crystalline substance is assumed to be zero [6], i.e. third 

law of thermodynamics. Every reaction or phase transformation in 

the system is dS; the transition of the old phase  in the new phase 

 is the difference between their entropies S and S: 

Each irreversible change in the system increases the total entropy of 

the system. This is the second law of thermodynamics [6]. For 

convenient is work with energy than entropy total energy is H with 
two components free Gibbs energy and multiplication TS [6, 15]: 

where G is the part of the system energy causing the transition 

process; TC is the necessary energy resulting from the change 

involved; dG is change of free energy accompanying, the process of 
phase transition is called "driving force". Spontaneous changes in 

the system are accompanied by a decrease in total G free energy, 

i.e. the change has a negative sign (-G) and it follows that the

conditions for equilibrium are the driving force to be zero: dG = 0

equilibrium criteria. For a liquidsolid phase transition at

atmospheric pressure (PdV), is very small and the free energy
equation used for equilibrium criteria is dE-TdS=0; equivalent to

defined (E-TS) to be a minimum for equilibrium state, for by
differentiation [15 and 6]:

Quantity (E-TS) defined equilibrium at T=cents and constant 

volume and is given Helmholtz free energy F=E-TS to distinguish it 
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from Gibbs free energy G=H-TS. In the case of a second order 

phase transition (solid phase transition, i.e. () it is reasonable 

to work with the approximation F instead of G, because H as a sum 

of internal and external energies, then the external energy PV is 

negligible and H  E. 

Stability of phases [15]: Free energy and temperature. In metals, 
and especially alloys, they undergo a structural change from one 

phase to another (see Fig. 1 of the Al-Mg-Si triple alloy); and 

transition L(L+-Al)-Al and so on. As the temperature 

decreases between the lines L and S there is a liquid phase with free 

energy GL and a solid phase with free energy G-Al; below the line S 

- solid phase with G-Al. 

Stability of phases: Free energy and composition [15]. 

Depending on the type of phase diagrams, for example, a b inary 
case of a solid solution from statistical physics we have: The 

probability W for the distribution of two types of atoms A and B in 
a crystal with a total number of places in the lattice N let n be the 

places of the lattice occupied by atoms A and N-n be the places of 

the atoms B is given eq.(W) Thermodynamic and statistical 

definition of entropy [6] is eq. (SW, 1)  entropy is a property that 

measures the probability of configuration, the greater the 

probability W, the greater the entropy S. Using Stirling's theorem 

(at large N  lnN! = NlnN-N) eq. (SW, 2) is obtained: 

 

Principle of alloy theory [26]. Primary substitution solid 
solution. 1. The Hum - Rothery rules for Phase diagrams 

representing primary solid solutions and intermediate phases. In 

short, the rules for primary solid solution are as follows [15]: 1.1 

The effect of the atomic size factor - if the atomic diameter of the 
solute differs by more than 15% from the atom of the solute, the 

degree of primary solid solution content is small. In this case, the 

size ratio is said to be unfavorable for a broad solid solution; 1.2 
Electrochemical effect - the more electro-positive one component is, 

the more electro-negative the other, the greater the tendency for two 
elements to form (create) a chemical compound than to create a 

broad solid solution; 1.3 Relative valence effect - A metal with a 
higher valence is more likely to dissolve to a greater extent in one 

with a lower valence than vice versa. 2.1 The effect of the atomic 
size factor due to the distortion obtained in the native lattice 

deviation around the atom of the solute [29]: Two metals are able to 

form a continuous row of solid solution only if they have the same 
crystal structure (Cu and Ni). When the difference in size between 

the atoms of two metal components A and B approaches 15%, the 
changes in the equilibrium diagrams change from the fact that the 

dimensions limit the primary solid solution; for example, a Cu - Ni 
type system goes to a eutectic system with a limited primary solid 

solution; 2.2 Electrochemical effect: General principle: the 

solubility of phase decreases with increasing stability, and many 
also be used to show that the concentration of solute in solution 

increases as the radius of curvature of the precipitate particle 
decreases. Precipitate small particles are relatively stable than many 

particles and vary the solubility with particle size is reported in the 
Gibbs-Freundlich: 

 

where c(r) is the concentration of solute in equilibrium with small 

particles of radius r; c is the equilibrium concentration;  is the 

precipitate/matrix interfacial energy;  is the atomic volume; kB 

and T are constant of Boltzmann and temperature; 2.3 Relative 

valence effect: Generalized rule for alloys of monovalent metals, 
Cu, Ag and Au with those with high valence (valence). Copper 

dissolves 40% zinc, but the solubility of copper in zinc is limited. 
For solvent elements with high valence, the application is not so 

general, but for the magnesium-indium system the rule is 

applicable; 2.4 the primary solid solubility boundary [15]: The 

solubility limit of -solid solution increases or decreases with 

temperature due to the increase in entropy S from the mixing of 

different atoms. Entropy is a measure of the additional disorder of 
dissolution compared to pure metal. The high temperature helps the 

structure with high entropy because TS is a member of the eq. 
(Gibbs, Energy) G=H-TS. A complex alloy system, such as 

containing intermediate phases of secondary solid solution (Cu-Zn, 

Cu-Ga, Cu-Al, etc.), the area of the primary solid solution decreases 
with increasing temperature. The solubility limit of alloys is 

represented by a ratio of electron (e) to atom (a), i.e. e/a [15]. For 
example, a Cu-Zn alloy containing 40 at. % Zn has e/a = 1.4, i.е. for 

every 100 atoms, 60 are Cu, each contributing one valence electron 
and 40 are Zn, each contributing two valence electrons, so that 

e/a=(60x1+40x2)/100=1.4. The solubility in alloys for some 
elements according to their valence is [15]: 1. Monovalent Cu or 

Ag is e/a = 1, 4; 2. Divalent Zn, Cd and Hg have a solubility of up 

to 40 at. %. In Cu-Zn, Ag-Cd, Ag-Hg; 3. The trivalent elements are 
approximately 20% at. % (e.g. Cu-Al, Cu-Ga, Ag-Al, Ag-In); 4. 

The tetravalent elements about 13% (e.g. Cu-Ge, Cu-Si, Ag-Sn), 
respectively. The limit of solubility has been explained by Jones in 

terms of the Brillouin zone structure [15]. 

1.1. Solid State Physics Basis of Materials Science 

Phonons and lattice oscillation [4]. The energy of vibration of 

the crystal lattice or the energy of elastic wave is a quantum value 
[4]. The quantum energy of an elastic wave is called a phonon by 

analogy with a photon (quant electromagnetic wave energy). Planck 
- the energy of each type of oscillation of an electromagnetic field in 

a cavity (gap) is proportional to ħ . Important definitions are given 

in Table 1: 

Table 1. Some important elementary excitations in solid 

 

Phonon energy quantum energy (Photon, QE); phonon impulse (or 

quasi-impulse) (Phonon, I or QI); wave vector selection phonon rule 
(Phonon, WVSR) 

 

ħ is Planck's constant; is photon oscillation frequency;  is energy 

per photon; n is the number of photons; angular velocity 2; k 
and k/ are wave vectors of an incident and scattered photon; K is 

phonon wave vector; G is inverse lattice vector.  

Assumption [4] two phonons with wave vectors K1 and K2 interact 
anharmonically: Anharmonic interaction of two phonons with wave 

vectors K1 and K2 form an anharmonic term of the third order in the 
expression of the elastic energy and a third phonon with wave 

vector K3 is formed. There are other mathematical relations, such as 

selection rules for lattice of probability W of collision of three 
phonons with wave vectors K1, K2, K3 (W, Ki = (1, 2 and 3)) and for the 

continuum (Continuum): 
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Inelastic scattering of photons by acoustic waves [4]: photon 

with frequency  and impulse  
propagate in a continuous crystal medium with refractive index n; 

condition for energy storage and rule for selection of the wave 

vector are [4] in the case of photon 

scattering, the release or condition for energy storage 

 Fig.1a and the rule for selection of the wave 

 vector ; from Fig.1b at k/ k we have  

or as far as k = n/c can write . And 

since  the phonon formed by inelastic scattering of 

photons at an angle  to the beginning direction of incidence of the 

beam there will be a frequency Fig.1c  

 

 
Fig. 1 by work [4]: a) Non-elastic scattering of a photon with wave vector k 

and a phonon with wave vector K is formed. The scattered photon has a 
wave vector k/; b) Wave vector selection rule for the process presented in 

a). If k = k/ the triangle is isosceles, whose base is the wave vector of the 

phonon K=2k sin (/2); c) Generating phonons of frequency is eq. (F, Ph). 

Spectrum of inelastic scattering of monochromatic light. The scattering of 
light by photons in solids and liquids is a scattering of Brillouin. 

No elastic scattering of neutrons by phonons: Rule for selection 

of a wave vector when scattering a beam of neutrons on a crystal 

lattice is: k + G=k/ K, a sign (+) in front of K is the formation of a 

phonon, and a sign (-) is the disappearance of a phonon; G is an 
arbitrary vector of the inverse lattice; The kinetic energy of a 

neutron incident on a crystal is: , were Mn is neutron mas; 
impulse of the neutron is p=ħk, where k is neutron wave vector. 

Thus the kinetic energy of the neutron is ħ2k2/Mn. If the neutron 
undergoes scattering there is a wave vector k/ and energy 

ħ2(k/)2/2Mn. The condition for energy storage is: ħ2k2/2Mn = 

ħ2(k/)2/2Mn = ħ2(k/)2/2Mn  ħK sign (+) in front of the phonon 

energy ħK corresponds to the formation of a phonon, and a sign (-) 

is the disappearance of the phonon. To determine the dispersion 
law, it is necessary to experimentally measure the increase or loss of 

energy in the scattering of neutrons depending on the direction of 
scattering k - k. 

Oscillations in a lattice of identical atoms (short elastic waves 
with a wavelength comparable to the crystal lattice constant):  

 

Fig. 2 Propagation of short elastic waves with lengths comparable to the 

crystal lattice constant (with a primitive basis of one atom, complete 
displacement of the atomic planes at a distance us from the equilibrium 
position s) [4]: a) purely longitudinal waves (displacement of the atomic 

planes parallel to the wave K), a is distance between the atomic planes; 

b) purely transverse waves (displacement of the atomic planes 
perpendicular to the wave K).  

The force Fs acting on the plane s is proportional to the 

displacement us+p - us (linear displacement function) and therefore 

eq.(1, 1) is written in the form of Hooke's law, Cp is force constant; 

Important: The constant Cp is the force constant for planes at a 
distance p. Methodological scheme of [4]: The force constant Cp is 

also related to the potential energy of two atoms and often this is the 
Lennard-Jones potential; The motion of the plane is eq.(1, 2) with 
solution of the type eq.(1, 3) and (for a see Fig. 1); and dispersion 
law (DL) eq.(DL); The tangent of the angle of inclination of the 

curve described by the function   = f(K) is equal to zero at K = 

/a [4]: and we have eq.(1, 4); eq.(1, 4, 1) show the wave vector of 

the phonon lying at the boundary of the Brillouin zone; When 

interacting only between the first adjacent planes, we have eq.(1, 5), 
equal.(1, 5, 1), eq.(1, 5, 2); the independent values of K are the 

interval (1, B, zone) and the maximum value is (1, B, Boundary 
zone) (Fig. 3 a and b); K values outside the first Brillouin zone: 

condition (1, B, K/) and solution by eq. ; Up to the 

boundary of the 1st zone of Brillouin, the solution is not described 
by the eq.(1, B, RW) of a running wave, but by the eq.(1, B, SW) of 

a standing wave. (Fig.3 c); the difference between a discrete 
structure and an elastic continuous medium; Mathematical 

scheme: 

 

 

 

Fig. 3 The tangent of the angle of inclination of the curve described by the 

function  = f(K) is equal to zero at K = /a [4]: a) Dependence of 2 on 

K for a lattice in interaction only between the first adjacent planes; C1 is the 
force constant between the planes; and the distance between the planes is a; 
b) The definition domain for K  1/a or   a corresponds to a continuum 

approximation; here  is directly proportional to K; c) A solid line 

represents a wave that contains the same information as the wave described 

by a dotted line for which   2a. The wave described by the dotted line 
represents the displacement of the atoms. 

Neighboring atoms in standing waves move in antiphase 

because cos s = 1 it depends on s whether it's an even number or 

not. The wave does not move either left or right, i.e. it is standing. 
Analogy of standing wave and Bragg reflection in X-rays: the 

traveling wave cannot propagate in the lattice as long as there is a 

right and back reflection and a standing wave is established in the 

crystal. Critical values of the wave vector Kmax = /a if the Bragg 

condition is satisfied 2dsin = n if  = /2, d = a, K = 2/, n = 1 

it is accepted so that  = 2a. n can be not only 1, since the concept 
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of amplitude of a wave makes sense in the space between atoms, 
and the concept of amplitude of displacement of an elastic wave 

makes sense only in the vicinity of the atoms themselves. Group 
velocity: equations (GV, 1) and (GV, 2); eq. (Large Long Waves or 

Continuum approximation); experimentally found dispersion law 
eq. (Dispersion law, Experiment) for determination of the force 

constant eq. (Cp): 

 

Two atoms in primitive cell of the crystals lattice [4]: 

experimentally found dispersion law eq. (Dispersion law, 
Experiment) for determination of the force constant eq. (Cp) new 

features in the oscillation spectrum in crystals with several types of 

atoms: for each type of displacement (longitudinal and transverse) 
in the direction of propagation in the law eq. (dispersion law), i.e. in 

the function   = f(K) two branches called acoustic and optical 

branch. (Fig.4 a) By analogy, the corresponding phonons are also 
called. Symbols: LA are the longitudinal and TA transverse 

acoustic phonons; LO and TO are the longitudinal and transverse 
optic phonons (Fig.4 a). Interaction only between first neighbor 

atomic planes: next mathematical scheme equations (2, 1)(2, 1, 2) 

and (Fig.4 b); eq.(2, 1, 2) results opticalL eq.(2, 1, L) acousticT 

eq.(2,1, T); Interaction only between first neighbor atomic planes: 

eq.(2, 1, 2) is solved exactly with respect to 2, but simply in the 

boundary case Ka1 and Ka = /a at the boundary of the zone. In 

Ka1 we have cosKa  1 - 0,5K2a2 and two roots of eq.(2, 1, 

roots): eq.(2, 1, optical) and eq.(2, 1, acoustic); Values of K in the 

1st zone of Brillouin is -/aK+/a, where a is the lattice period; 

The 2nd case is for the boundary of 1st, where K is max, i.e. Kmax = 

/a then eq.(2, 1, frequency) (Fig.4); The oscillations of the 

particles in the transverse acoustic (TA) and transverse optical (TO) 

branches are presented in Fig. 4 c. For optical branches at K = 0 of 
eq. (2, 1, and 2) and eq. (2, 1, L) eq. (2, 1, oscillate) can be found:  

 

 

Fig. 4 Diatomic crystal structure in primitive cell of the lattice [4]: a) 

Optical and acoustic phonon branches in the dispersion law for a diatomic 
linear lattice. Frequency limits at K = 0 and K = Kmax =  /a, where a is the 
lattice constant; b) A diatomic crystal structure (in equilibrium and M1=M2) 

and the displacement of the atomic planes are connected by a force constant 
C: the displacement of atoms with mass M1 is us-1, us, us + 1; the displacement 

of atoms with mass M2 is vs-1, vs, vs+ 1; a is period of repeatability in the 
direction of the wave vector K; c) Transverse optical and transverse 

acoustic waves of equal length in a diatomic linear crystal lattice showing 
two types of particle oscillations (optical and acoustic). 

The atoms move against each other as the center of their masses 
in the cell remains fixed. If the crystal absorbs a photon with the 

formation of a phonon, the storage condition of the wave vector 
leads to kphoton =Kphonon. From Fig.4 an it follows that there is no 

solution of the wave equation for waves propagating in a diatomic 

lattice when the frequencies are in the interval between  

and . This is a characteristic feature of the propagation of 

elastic waves in a multi-atom lattice, i.e. we have a forbidden zone 

of frequencies located at the boundary Kmax = /a on the 1st 

Brillouin zone. In this region there is no solution for the real value 
of K and the wave vector is a complex quantity; and any wave with 

frequency in this region is strongly absorbed. A long solution other 
than (2, 1, oscillation) corresponding to small values of K 

corresponds to an equality of amplitudes: u = v. 

Optical properties in infrared region of the spectrum Fig. 4 and 

Fig. 5 [4]: How electromagnetic radiation acts in the infrared part of the 

(infrared) spectrum of (on) a crystal composed of two types of ions with 

charges e is. For large wavelengths or K = 0 the displacement is us 

vs does not depend on the index s. The equations of motion in a 

local electric field are: eq. (2, 2); solution eq. (2, 3)(2, 3, 1), where 

 is the reduced mass of the ion pair; T is the frequency 

corresponding to K0 for an optic branch. The applied local 

electric field causes a shift of the ions in the opposite direction - 

polarization of the crystal eq. (2, 3, 2), where N are positive and N 

negative charged ions. Eq.(2, 3, 2) always  frequency-dependent 

dielectric constant eq.(2, 4) and at =T - resonance; Eq.(2, 4) it 

follows that electromagnetic waves cannot propagate in any 

(forbidden) frequency range (T, L) eq.(2, 5) and eq.(2, 4) is saved 

as eq.(2, 5, 1); the ratio between frequency and wave number for 

electromagnetic waves are eq.(2, 5, 2), eq.(2, 5, 3) and eq.(2, 5, 4); 

If   real and ( ) minus  K is imaginary in (T, L); L defined 

of eq.(2, 5) or Maxwell’s eq.(2, 5, 5) it has: 1-st root of condition is 

divE=0 at KE; 2-nd root ( )=0 and D=0 for longitudinal optical 

oscillations; Lydden-Sachs-Teller relation (2, 5, 6), where at small 

K T is (frequency, transverse optical) and L is (frequency, 

longitudinal optical) oscillations; In transverse oscillations of 

polarization P is  E electric field at  wave electric field, because 

Е arises with an electromagnetic field eq.(2, 5, 7); and Fig. 5 [4]:  

 

 

a) The relative displacement of the positive ions at a time point in the 

direction of the z axis is indicated by a set of arrows. Atomic planes have 
zero displacement; the atomic wounds for long-wave phonons are separated 

from each other by many atomic planes. Left side: transverse optical 

phonon mode, particles shift  to wave vector K; the macro-electric field in 

an infinite medium acts only in the x direction for the mode shown, the 
symmetry of the problem is given by Ex/x=0. It follows that divE=0 for 
transverse optical phonons; Right side: the longitudinal optical phonon 

mode, the particle displacement and, therefore, the dielectric polarization P 
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is parallel to the wave vector. Macro-electric field E satisfies the ratio 

D=E+4P=0 in CGS and 0E+P=0 in SI; the symmetry is conditioned by E 

and P  on the z axis, and Ez/z0. Thus divE 0 for longitudinal optical 

phonons, and ()divE is equal to zero only if ()=0; 

 

 

b) Related oscillations of phonons and transverse optical phonons in an 

ionic crystal: oscillation with frequency T = 1 without interaction with 

electromagnetic field - thin horizontal line; thin line marked with 
=cK/()1/2 - electromagnetic wave in the crystal, not related to the 

oscillations of the lattice T; thick lines are dispersion ratios in the 

interaction between the lattice oscillations and the electromagnetic wave: 

thick lines are dispersion ratios in the interaction between the oscillations of 
the lattice and the electromagnetic wave, which increases the dielectric 

function according to the expression  

(see eq.(2,4)). One consequence is the appearance of a forbidden interval of 

frequencies between T and L: inside this interval the wave vector is a 

purely imaginary quantity - a dotted line. In the forbidden interval the wave 
vector is an imaginary quantity; the wave subsides according to the law 

exp{-Kx} and the graphics shows a much stronger attenuation near the 

boundary T than near L. The region of variation of K corresponds to the 
left end region of the values of Fig. 4 a [4] for dispersion dependences; the 
corresponding oscillations do not depend on the electromagnetic waves; 
neither acoustic nor longitudinal optical phonons that are not associated 

with transverse electromagnetic fields are shown. A quantum coupled 

photon-phonon oscillation is called a Polariton; c) the hydrogen ion H-, 

replacing Cl in the crystal of KCl: this impurity center is called the U-
center. The high frequency local oscillations are caused by the ions H-; d) 

Amplitudes of oscillation of particles in a crystal with two atoms in the 
primitive cell: impurity atom is denoted by the light circle; intermediate, and 

resonances  

Fig. 5 Zeros, poles of dielectric function and local phonon oscillations [4]: 

Local phonon oscillations [4]: The phonon spectrum of the 
crystal can be altered by lattice defects and impurity atoms. In Fig. 

5 c is the defect - an impurity atom called a U-center. The light ion 
H- oscillates with high frequency in the vicinity of the heavier ion K 

+; an electric dipole moment is formed; the crystal lattice to the H- 
ion is slightly deformed in the process of motion, but the magnitude 

of the deformation must decrease rapidly with increasing distance 

from the H- ion: this oscillation is called a local phonon. The ion of 
H- is at the beginning of the coordinate system s = 0. The 

description solution is applied not with a traveling wave, but with a 
standing wave, but with a standing wave, which is the solution at 

the border of the Brillouin. The motion of an ideal lattice is 
represented by eq.(2, 6, Ideal lattice) and Solution to the boundary 

of the zone for undisturbed lattice eq.(2, 6, Solution); For broken 

lattice eq.(2, 6, 1 Real lattice), where  needs to be determined; 

eq.(2, 6, 2) and eq.(2, 6, 3) are compatible when e=(2M-M)/M 

whence eq.(2, 6, 4), where max=(4C/M)1/2 is the border - off 

(threshold) frequency of the undisturbed grid for which M= M. If 

MM  eq. (2, 6 and 4)  eq. (2, 6 and 5): 

 

And the end on Fig. 5 d are shown so-called local, intermediate and 
resonant oscillations. The frequency of the local oscillation is higher 

than the maximum frequency of the "pure" (without impurities) 
crystal. The frequency of the intermediate oscillations lie within the 

interval between the acoustic and optical branches (see Fig. 5 b and 
Fig. 4 a). The frequency of the intermediate oscillations lie within 

the interval between the acoustic and optical branches. Heavy 

impurities can lead to quasi-local resonant oscillations, the 
frequencies of which lie in the region of the allowed phonon pairs 

of the ideal starting crystal; such oscillations are characterized by a 
greatly increasing amplitude of the oscillation of the impurity atom.  

Thermal properties of dielectrics [4]: Heat capacity of crystal 

lattice Heat capacity at constant volume CV is more fundamental 
quantity than heat capacity at constant pressure CP eq. (3, C). 

Experimental facts: 1. at room temperature, the heat capacity of 

almost all solids is close to 3NkB, i.e. 25 J/mol.grad; 2. at low 
temperatures the heat capacity noticeably decreases and in the 

region of absolute zero the temperature approaches zero according 
to the law T3 for dielectrics and according to the law T for metals. If 

the metal goes into a superconducting state, then the law of 
reducing the heat capacity is sharper than the law T for metals; 3. In 

solid magnets, at any temperature range where there is an 
arrangement in the system of magnetic moments, a significant part 

of the total heat capacity consists of the contribution associated with 

the magnetic order; Planck distribution function for the state of 
oscillators in thermal equilibrium and in excited states: eq.(3, 

Planck), at ħ<kBT we have eq.(3, Planck, Classic condition) as far 

as eħ/  1+ ħ / + …;  energy of every oscillator is nħkBT; 

at ħ /kBT1. At low temperatures the relation ħ /kBT1 and we 

have eq.(3, Planck, Low temperature); Einstein’s model of heat 
capacity eq.(3, Einstein), eq.(3, Einstein, CV), eq.(Number normal 

oscillation), eq.(Energy of small oscillation in (+d )); Condition 

density function (CDF) in one-dimensional case Fig.6 a and b: 
normal oscillation (modes) is a standing wave and solution is eq.(3, 

CDF, Sol.), eq.(3, CDF, K); at K=/L eq.(3, CDF, SolK); at s=0, 

s=N boundary condition of the case K=N/L=/a=Kmax eq.( 3, 

CDF, SolKmax); Fig.6 c; d eq.(3, periodic boundary condition, Sol) 
and at great system solution is running wave eq.(3, The case of 

great system, Sol) and of K (Allowed values) for two dimensional 
case Fig.6 e; function number of modes in one length of the 

frequency interval 𝒟( ); and the number of states 𝒟()d close to 

 is eq.(3, 𝒟), eq.(3, 𝒟, 1); approach to Debye eq.(3, Debye); for 

Einstein's N oscillators with frequency   eq.(3, Einstein); Dirac -

function eq.(Dirac); eq.(Dispersion law,  layers); eq.(Density 

mode); modes density in the three-dimensional case: eq.(3, 𝒟, 3D 
case) and eq.(3, 𝒟, 3D case 1), volume of K-space eq.(Volume, 𝒟); 

function 𝒟 in general case eq.(3, 𝒟, Volume) and the end equations 

of the frequency and the wave vector for acoustic phonons in N 

primitive cells eq.(3, 𝒟, 2). Physic-mathematical scheme of 
theoretical models is from blocks I to block V, and Fig.6: 
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f) 

Fig. 6 [4] a) Linear lattice (chain) of N + 1 atoms at N = 10. Boundary 

conditions for attachment of terminal atoms, i.e. atoms in s = 0 and s = 10. 
In normal oscillations, longitudinal or transverse displacement; the 

displacement is described by the function us ~ sin sKa; and boundary 
conditions: at s = 0 us = 0, and the value of K is chosen so that the offset at s 
= 10 is reversed to zero; b) The boundary condition of attachment: sin sKa 

= 0 at s = 10 can be satisfied by choosing values of K = /10a, 2/10a,…, 

9/10a, where 10a = L is the length of the chain i.e. image of K-space for a 
chain. The points (•) are not atoms, but admissible values of K. Only N-1 

particles can be moved from N+1 particles on the chain and in the most 
general case the motion can be described by N-1 values of K. Quantization 

of K has nothing to do with quantum mechanics; this is simply a classic 
consequence of the boundary conditions for the case of fixed terminal atoms 
of the chains. For each value of K we have three types of polarizations: two 
transverse (one - when the particle moves up and down in the plane of the 

drawing, the second - perpendicular to this plane) and (the third) is 
longitudinal when the particle moves to the left or right in the direction of 

the length.; c) N particles at equal distances from each other are located on 

a circle and vibrate around the equilibrium position only on the circle; the 
normal oscillation is the displacement at a distance us of the atom s; two 

independent oscillations: longitudinal oscillation described by the function 

sin sKa and transverse oscillation described by the function cos sKu; from 
the periodicity in the direction of the circle the boundary conditions are: uN + 

s= us, i.e. the number of NKa is a multiple of 2, at N = 8 the values of K 

are: 0, 2/8a, 4/8a, 6/8a, 8/8a. Values K = 0 and K = 8/8a are only for 

cos sKu as long as sin s0a = 0, and sin (sa8/8a) = sin (s) = 0. The values 

2/8a, 4/8a, 6/8a for K give for sin and cos eight permissible normal 

oscillations (modes) for eight particles. The periodic boundary conditions 
for a circle give equality between the admissible normal oscillations and the 
number of particles, i.e. coincidence with the result of (b). If the function of 

the normal oscillations is written in complex form: exp (isKa)  the 
boundary conditions again lead to eight normal oscillations with values of 

K: 0, 2 / Na, 2 / Na, 2 / Na, 2 / Na (for N = 8) same result eq. 
(Allowed values); d) The admissible values of the wave numbers K for 

periodic boundary conditions here for a linear chain of length L (1D lattice) 
at N = 8 (of eight atoms). The solution K = 0 corresponds to a homogeneous 

mode. The points N / L correspond to the same solution (еis coincides 

with e-is!); for this we have eight permitted modes; displacement of the atom 
with number s are described by the functions: 1, ехp (is/4), ехp (is/2), 

ехp (i3s/2), ехp (is); e) Permissible values of the wave vector of the 

phonon K in the Fourier space for a planar square lattice with constant a. 
Periodic boundary conditions here only inside the square with side L = 10a. 
A mode corresponding to the value of K is marked with a double circle. On 

an element of the surface with area (2/10a) 2 = (2/L)2 corresponds to one 

allowed value of K, so that inside the circle with area K2 we have rounded 
K2 (L/2)2 allowed points; f) 1 - Elementary site dS on the surface of the 

constant frequency in K-space. The volume of the layer between two 

surfaces with constant frequencies  and +d is equal to 
dSd/(gradK); 2 - The quantity dK is the distance between the surfaces 

with constant frequencies  and  + d taken in the direction of the 
normals to them; 3 - Visual explanation of Debye's T3 law. Assumption: All 

phonon modes with wave vectors K<KT have classical energy kBT, and the 
modes with wave vectors in the interval KT <K<KD are not excited at all. 

Part of the excited modes of the possible 3N is (KT/KD) 3 = (T/) 3, insofar as 

this quantity is equal to VT/VD, where VT = (4/3)(KT) 3 and VD = (4/3)(KD)3. 

For the energy in the atom for this case we have EkBT3N(T/) 3 and for 

heat capacity CV=E/T4NkB(T/) 3. In addition for 3 we have 

ħD=ħvKDkB; ħvKTkBT. 

Debye’s theory of the heat capacity lattice (HCL) [4]: energy of 
every type of polarization eq.(3, E, HCL), full energy at total energy 

at equal phonon velocities for the three types of polarization eq.(3, 

E, HCL 1), Debye’s temperature eq.(3, , Debye) and eq.(3, , 

Debye 1), for energy is eq.(3, E, HCL 2) and heat capacity of lattice 

eq.(3, CV, HCL) Values for Debye's theory are presented in the 
reference books [4]; Debye’s T3 Law: eq.(3, Law T3, 1), energy 

eq.(3, E, Law T3) and heat capacity of lattice eq.(3, CV, Law T3): 

 

Equation (3, CV, Law T3) is the approximate Debye law of T3; 

at very low temperatures only acoustic oscillations are excited; are 

considered as elastic oscillations of a continuous medium 
(continuum), described by macroscopic constants [4]. Shortwave 

phonons at low temperatures: The energy is so great that no matter 
how inconspicuous their number of eq. (3, Planck, low temperature) 

they can fill the corresponding levels [4]. Debye’s law of T3 is 
explained on the basis of Fig. 6, f, 3. At low temperatures, only 

those lattice modes whose energy is ħkBT are excited in a 

noticeable amount. These modes is close to the classics, insofar as 

their energy is close to kBT and is described by law nkBT/ħ . 

The volume of the K-space containing points corresponding to 

these excited modes occupies the part of the order of (KT/KD)3, 

where KT is the magnitude of the wave vector defined by the ratio 
ħvKT=kBT, and KD is the magnitude of the wave vector 

characterizing the approximation of Debye is defined eq. (3, 𝒟, 2). 

This part is (T/) 3 of the volume of K-space. The number of excited 
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modes will be of the order of N(T/) 3, and the energy of each state 

~ kBT. Then the internal energy ~ NkBT(T/) 3, the heat capacity ~ 

4NkB(T/) 3. The large numerical multiplier equal to 234 in (3, CV, 

law T3) appears for these reasons, as well as the multiplier (62)1/3 

in determining the Debye temperature T3 in eq. (3,, Debye 1). 

Important [4]: 1.Temperature selection method  for a suitable 

speed of sound at which the approximation to the law T3 is true: It is 

T</50. CV is a little sensitive to the change of the function of the 

density of the mode 𝒟(); 2. Computer the best way to determine 

the function of the mode density 𝒟(): 2.1 measurement of elastic 
scattering of neutrons in the crystal is used; 2.2 these data 

theoretical considerations and analytical methods can be used, a 
dispersion law for a chosen direction in the crystal is obtained. 

Anharmonic interactions in crystals [4]: The potential energy in 

the lattice oscillation theory is limited to quadratic terms at 
interatomic distances, i.e. harmonic approximations; with 

consequences and peculiarities : 1. No thermal expansion; 2. 
Equality between adiabatic and elastic constants; 3. The elastic 

constants do not depend on pressure and temperature; 4. The heat 

capacity at high temperatures (T>0) remains constant; 5. Two 
elastic waves in the lattice do not interact with each other, the 

individual wave does not break up over time and does not change its 
shape. None of these consequences are fulfilled in real crystals: 

the reason is that the anharmonic terms (i.e. higher than the 
quadratic ones) are not taken into account in the interatomic 

displacements: 

 

Mechanism of heat distribution is [4]: random process; similar 

to the diffusion process; energy in its path in the physical (material) 
environment, experiences multiple collisions. Flow of heat energy 

(FHE) Q in a long rod in which a temperature gradient dT/dx is eq. 

(4, Q, FHE), where K is coefficient of thermal conductivity; for 
description thermal conductivity (K) of solid dielectrics, Debye 
propose [4]: C is the heat capacity of a phonon gas; v is the 
average velocity of phonon propagation; l is the average free path 

length of the phonons. Flow of particles (molecules) in the 

direction of the x-axis is (½)n|vx|, where n is the number of 

molecules per unit volume; … mean average. Particle energy 

change here is eq. (4, T, Particle energy loss), where c is particle 

heat capacity;  is mean time between collisions; full flow of energy 

is eq. (4, Q, full flow particles energy) and foe the case of phonons 

is eq. (4, Q, full flows phonons energy) and the end for K 
coefficient of thermal conductivity (CTC) we have eq. (4, K, CTC) 

 

Crystal lattice thermal resistance: Two processes determine the 

magnitude of the average free path length of phonons l: 1. Influence 

of an-harmonic connections on the thermal resistance of the crystal 

lattices; 2. Geometric scattering - from boundary surfaces and from 
defects in the lattice. Possible situations when these effects are 

dominant: An-harmonic interactions of the type eq. (3, Planck 
Classical condition): there is an interaction between the phonons, 

limiting l. Then the exact modes of anharmonic systems no longer 
resemble the usual phonons. Then the exact modes of anharmonic 

systems no longer resemble the usual phonons. Influence of 

anharmonic connection on thermal resistance due to lattice 
interactions. An approximate solution is given by Debay; it was 

later examined in detail by Pierrels. It is known from experiment: at 
high temperatures l is proportional to 1/T. Explanation: A number 

of phonons interact with certain phonons; at high temperatures the 
total number of excited phonons according to eq. (3, Planck 

Classical condition) is proportional to T. The frequency of 
collisions of a given phonon must be proportional to the number of 

phonons it can collide with, therefore l~1/T. Need for thermal 

conductivity providing local thermal equilibrium in the 
distribution of phonons: mechanism providing limitation of the 

average free path length; mechanism of collision of a phonon with 
statistical defects or boundaries of the crystal without changing the 

energy of the individual phonons: the frequency of the scattered 

phonon 2 is equal to the frequency  1 of the incident (initial) one: 

next equations of ancharmonic plus geometric effects and Fig. 7 

 

 

Fig. 7 [4] a) Collinear interaction of two longitudinal phonons K1 and K2, 

and as a result a third longitudinal phonon K3 is created (arises). In this 
part of the spectrum, where no dispersion occurs, the two laws can be 

satisfied: for energy conservation 1+2=3 and for the conservation of 
wave vectors K1+K2=K3; b) Schemes of transmission of particle flow in a 

long cylindrical volume (pipe): 1 - particle flow (gas molecules) without 

friction in the walls of the volume. Storage of full momentum and total 
particle energy: elastic collisions do not change the total momentum and 
total energy, with each collision the velocity of the center of mass of the 

particles and the total energy remain unchanged. Therefore, the energy is 
distributed from the hot to the cold end not due to the temperature gradient. 

The thermal resistance is zero and the thermal conductivity is infinitely 
large (); 2 - determination of the thermal conductivity of the gas without 

mass transfer (both ends of the pipe are closed): with a temperature 
gradient (average velocity is introduced vaverage) - the velocity of the centers 
of mass of the colliding particles ( vparticl es) is greater, equal to or lower than 

vaverage; if vparticl es > vaverage the particles will tend to move to the left (hot) end, 
and if vparticles < vaverage the particles will tend to move to the right (cold) end. 

The small concentration gradient (of course the larger one on the right) is a 
means to help reduce the total mass transfer to zero, while creating the 

resulting energy transfer from the hot to the cold end.; 3 - stream of phonons 

in long crystal: Take the left end as a phonon lamp we get a stream of 

phonons to the left end. Only normal scattering processes (N-processes) take 
place in the crystal, in which K1 + K2 = K3 the flux of phonons is kept 

unchanged by a full pulse and part of the phonons pass through the crystal 
along its entire length. Much of the phonon energy flowing from the right 

end can in principle be converted into radiation, creating a flow of phonons 
there. As in case (b, 1), the thermal resistance is equal to zero; 4 - Scattering 

with displacement processes (U-processes), in which K1 + K2 = K3 + G 

(G0) in each act of scattering the momentum of the phonons can change 

greatly. The primary flow of phonons when moving to the right will quickly 
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disintegrate. The ends of the crystal can be either a source or a drain. The 
result of energy transfer in the presence of a temperature gradient will have 

a place analogous to (b 2); c) Wave vectors in scattering processes: 1 - 
normal scattering process (N-process) K1 + K2 = K3; 2 - Displacement 

process in which K1 + K2 = K3 + G; for a simple example, we work with a 
2D rectangular grid in K-space. The square shows the first Brillouin zone in 

the K-space of the phonons. The points inside this zone correspond to all 

possible independent wave vectors of the phonons. The wave vectors 
directed to the center of the zone describe phonons of absorption; wave 

vectors directed from the center of the zone describe detachment phonons in 
collisions. It is clear that in the case of (c 2) in the processes of 

displacement in the direction of the -x coordinate the flux of phonons is 
reversed. The vector of the inverse lattice G, is shown in fig. 7 (c 2) has a 

length of 2/a, where a is the distance between adjacent atoms of the crystal 
lattice (lattice constant); the vector G is parallel to the axis Kx For both 

types of processes (N- and U-processes) the energy is stored, and for this 

1+2=3; 3 - Points from the inverse lattice in a polyatomic one-

dimensional crystal (linear chain) with lattice constant a. A typical example 
of a displacement process (U-process): collision of two phonons with wave 
vectors K1 and K2. The vector sum K1 + K2 is a vector in the inverse lattice 

ending outside the first Brillouin zone; from eq. (1, Brillouin) such a vector 
is equivalent to the vector K1 + K2 + G, lying inside the first zone (G is any 

suitable vector in the inverse lattice). Here is the diagram. G = -2/a. For 

the phenomena of thermal conductivity there is a difference in the processes 
in which K1 + K2 lies inside the 1st zone of Brillouin and the processes in 

which K1 + K2 lies outside it, and it is necessary to add a suitable vector G 
to obtain the resulting wave the vector lies inside the 1st zone; d) 

Differences between 2D schemes of crystal and glass shown by W.H. 
Zachariasen (1932): 1 - a regularly repeating structure of atoms in a 

crystal; 2 - chaotic arrangement of atoms in glass (quartz, the lines indicate 
the directions of the bonds; black circles are the atoms of oxygen). 

Anharmonic effects eq.(4, three-phone processes without 
equilibrium), eq.(4, J=0, K3-K2-K1=0, N-processes), eq.(4, U-

processes, G0) and the geometric effects eq.(4, Thermal 

conductivity coefficient, Geometric effect of the D sample diameter) 

and (Fig. 7) of phonon scattering at the thermal resistance of the 
lattices are important information for us for mathematical 

description of the processes of formation of structures during 
casting. 

Free electrons. Fermi gas [4]: The models of free electrons are 

used to explain a number of very important physical properties of 

metals and especially of simple metals: 1. The least bound electrons 
are the valence ones that make up the metal atoms and can move 

freely enough in the volume of the crystal lattice; 1.1 The valence 
electrons in metals are carriers of electric current and are called 

'conduction electrons'; 2. In free electron models: the forces of 
interaction between valence electrons and ionic skeletons can be 

neglected; the calculations are such that, as if the electrons were 
indeed free, they can move freely in any area of the sample; 3. The 

total energy of the electrons can be assumed equal to the kinetic 

energy, and the potential energy can be neglected; 4. But free 
electrons experience a strong electrostatic potential from ionic 

skeletons. Free electron models are convenient for experimental 
evaluations of their kinetic properties; 4.1 but in general it is 

necessary to take into account the effects of the interaction of 
conduction electrons with the lattice. Simple metals: these are the 

alkali metals (lithium, sodium, potassium, cesium and rubidium). In 

all of them, the conduction electrons are almost like free electrons; 
Exception: These are metals in which there is an overlap of the d-

shells or where the energy of the electrons is close to the conduction 
band. The electrons in the d-shells are usually less mobile than the 

s- and p-electrons; They are added to simple metals (except alkali) 
Be, Mg, Ca, Sr, Ba, Al, Ga, In, Tl, Zn, Cd, Hg and Pb. Precious 

metals (Cu, Ag, Au), transition metals, lanthanides are not simple 
metals. (An example of a simple (alkali) metal is: sodium (Na) [4]. 

The valence electron of the Na atom is in the 3g state, in the 

metallic state this electron is established as a conduction electron 
and travels freely in the crystal. A monovalent metal crystal 

consisting of N atoms and N positive ionic skeletons. Ten electrons 
of Na + ions are located successively in the states 1s, 2s and 2p of 

the free ion. The distribution of electrons by states in the ionic 
skeleton is exactly the same as in the metal atom. Important 

comment: The classical theory, the models of free electrons is well 

developed; and the interpretation of the properties of metals has led 
to the following [4]: Successes: Derivation of Ohm's law, 

establishing the connection of current with the magnitude of the 
electric field and the derivation of the ratio between electrical 

conductivity and thermal conductivity; Difficulties: classical theory 
is not able to explain: 1. The behavior of heat capacity by 

temperature and para-magnetic susceptibility by conduction 

electrons; 2. Why are the free path lengths of the conduction 
electrons so large. It is known from experiments that free electrons 

move freely without collision with other conduction electrons or 
ionic skeletons and do not deviate from the straight path at 

distances consisting of many lattice constants. In the purest samples 

at low temperatures, the average free path length can reach 108109 

between-atomic distances (more than 10 cm), which is much larger 

than the expected classical estimates. The answers to the questions 
are sought: Why is the condensed medium so transparent to 

conduction electrons? Why do conduction electrons behave like a 

gas of non-interacting particles? The answer to these questions 
consists of two parts: a) Conduction electrons do not deviate from 

ions because the ions are located in a regular periodic lattice in 
which the waves (in this case the electron waves), as in any periodic 

structure, propagate freely; b) Conduction electrons rarely scatter 
from other conduction electrons. This property of electrons is a 

consequence of Pauli's principle. A gas of free, non-interacting 

electrons that obeys Pauli's principle, we will call Fermi gas of free 

electrons [4]. Schrödinger's equation is the law of physics, 

explaining physical phenomena; if applicable, it should lead to the 

prediction of experimental data. Schrödinger proposed his equation 
for the final explanation of the atomic structure using wave function 

 (x, t) [3]. 
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III  

 

a) ; b) ; c) ; 

d) ; e) ; f) . 

Fig.8 Quantum Mechanics [3]: a) Wave functions of free particles: 

running wave eq.(4, Description running wave): over time, the phase of a 
point moves evenly to the right at the phase speed /k; b) Particle potential 

energy in a one-dimensional potential box; c) Some wave functions of a 
particle moving in a one-dimensional potential box; d) Energy spectrum 
particle moving in a one-dimensional potential box; e) Energy levels of a 
particle moving in a three-dimensional potential box; f). Crystal sodium 

crystal model. The light circles are the ionic skeleton of Na+; they are 

immersed in an electron fluid formed by conduction electrons. Electronic 

conductivity is the former valence electrons of Na. In isolated atoms, these 
electrons are in 3s-states. The ion skeleton stores 10 electrons in the 1s2 2s2 
2p6 configuration. The total volume of the ionic skeleton of the alkali metals 

is a small part (15%), but in the noble metals (Cu, Ag, Au) the ionic 

skeleton is relatively large (the ions touch each other). At room temperature, 
alkali metal crystals have a volume-centered cubic structure, and precious 

metals have a wall-centered cubic structure. 

Stefan’s task describes the nonstationary field solidification with the 
motion of the interfacial surface of the first–order phase transition 

[12] and it is 1st task; 2nd task is [13], which describes the first – 
order phase transition of the system cast–mold with contact 

temperature between them. Third Stefan’s task is [1], where we 

have a moving a moving volume in which the latent heat of melting 
is dissipated. Work [7] is also of great importance for the circular 

economy. With the zone melting method; and the results in [7] are 
also associated with a significant environmental effect. Engineering 

studies are important for the phase stability and performance of 
casting [7]. The use of modern testing tools in [7] and even more so 

in mathematical experiments based on quantum [2 and 5]it will be 
studied as [7] will be very simplified. There is a very good 

methodological coincidence between: [8] and [11]; and between [8] 

and [9]. In [9] it is measured supercooled per melt. Thus develop 
Stefan’s task [1] of taking into account the latent heat of melting 

connects fundamental theory and engineering research. Now can 
use heuristic methods. I [14] a very good study of heuristic rules for 

the formation of laws was made. A basic cycle [14] is proposed: 
problem–method–solution, respectively hypothesis–conclusions–

verification. Heuristics rules by American physicist Holton and 

Roller present seven steps for formulating laws [14]. 1. Knowledge 

of modern science; 2. Close knowledge of natural experience and 
observation; 3. Reaching the question or problem; 4. Preliminary 

knowledge of the type of expected solution; 5. Specific concepts 
that analyze the problem situation; 6. Emergence of a working 

hypothesis, by trying the simplest hypothesis, various independent 
checks are made; before accepting an experimental result of 

significance, never consider the hypothesis as beyond and 

necessarily reevaluate an reformulate the old knowledge in the light 
of the new; 7. Design and perform experiments that are more 

specific and better specific and better controlled. 

Everything written is well known. But the great difficulties come 
from the need to work very quickly and especially professionally 

with modern scientific and engineering knowledge. 

3. Conclusions – Materials Science Knowledge  

Working with modern knowledge requires continuous learning 

and orientation in many contradictory cases. 

Working with modern knowledge leads to the creation of more 
or less, very difficult negotiations of the fundamentally known and 

with a strict mathematics, mathematical physics and the best 
patents. 
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