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1. Introduction. 
The shells of various shapes and sizes [1-4] is in high 

demand due to the development of the energy and chemical 
engineering, aviation and space industry, valve industry and 
household appliances. Sheet punching processes [5-7] are the 
most cost-effective in terms of saving resources and energy. The 
sheet or  tube workpieces may be used as starting material, 
depending on the necessary operations such as folding sheet and 
the extractor operations [10.8], distribution and crimping 
operation [11-14]. 

Plastic deformation processes are not stationary. Thus, 
preliminary mathematical [14-16] or computer [17] simulation of  
applied operations to the assessment of stress-strain state of the 
metal workpieces with the purpose of forecasting the 
sustainability of plastic flow are very important. 

Deformation scheme differ non-monotonic. Under complex 
loading deformation direction changes one or more times to the 
contrary, and there are the fractional deformation processes. 
Under the terms of continuous medium mechanics [18] for an 
incompressible material, the deformation of a material point is 
represented as the trajectory of the radius vector in five-
dimensional space of the independent components tensor of 
deformation. Therefore, under complex loading the trajectory 
drawn by the end of the radius vector is not smooth with breaks 
[19] or a smooth but with a curvature. Line length of the loading 
is a measure of the accumulated deformation at the material 
point. So there will be the largest value of non-monotonic 
deformation, because length polyline or smooth curve is bigger 
than the length of the radius vector. We concluded, if 
nonmonotonic deformation is implemented for most points in the 
body, its shape can be changed with a greater degree of 
deformation. In addition, should be given preference to 
mechanical deformation schemes dominated shifts [20] when 
choosing metal forming processes from a number of alternatives. 
Evaluation of the stress-strain state the deformed metal is the 
rationale for this choice. It provides a non-monotonic 
deformation and stable flow forming process at the same time. 

 
2. Preconditions and means for solving the 

problems 
A general idea of stress-strain state can be obtained through 

O. Mora’s pie charts [5-7] for the stresses and deformations. So 
we have extremity of the principal stresses and the main 
deformations. Regardless of the selected coordinate system of the 
stress-strain state is estimated by dimensionless invariant tensor 
characteristics and / or deviatoric deformations. 

 
The indicator of deformation state schemes (Nadai-Lode’s 

parameter for deformations) [5-7]: 
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where
 321 ,, εεε  the main deformations. 

If the indicator takes the value 1−=νε , there will be 
mechanical deformation schemes with a predominance of 

extension, at 1=νε - there will be  mechanical schemes with a 

pronounced unequal compression and, finally, at 0=νε - there 
will be flat mechanical shift circuits.  

 According to the criterion of positivity additional loads, 
plastic flow of an incompressible material is stable until the 
condition [21]: 

ii dd εσ≥σρ .    (2) 

When curve approximation metal hardening power law, we 
obtain the following expression: 

n
ii Aε=σ ,    (3) 

where
 

( )δ+σ= 1bA  - the constant of the metal; 

( )δ+= 1lnn  - strain hardening index; δ – a uniform 
elongation of the sample when it is tested in tension. 

This expression can be used to calculate the intensity of of 
deformations accumulated in the process of forming [7, 21]: 
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where

 ρ

θ

σ
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=α - dimensionless parameter of the stress state [7, 

21, 22], which is the ratio of the principal stresses. 
We pay attention to the axial symmetry of deformation, 

often encountered in sheet punching forming operations during 
plastic deformation of shells, and to coaxial principal axes of 
stress, deformation and deformation rate, and also to the 
similarity of O.Mora’s pie charts for stresses and deformations 
provided equality indicators of stress and deformation state 

εσ ν=ν . Legally, we will use equations relating the stresses 
and deformations in the form[5, 7, 23]: 

i

i

z

z

z

z

ε
σ

=
ε−ε
σ−σ

=
ε−ε
σ−σ

=
ε−ε
σ−σ

ρ

ρ

θ

θ

θρ

θρ

3
2

, (5) 

The finite deformation is determined [7, 23]: 

dr
dρ

=ερ ln ; 
r
ρ

=εθ ln ; 
0

ln
s
s

z =ε , (6) 

where r, s0; ρ, s – accordingly radius and thickness of the selected 
item in the original and deformed states; 

( )ε=ε DIi 23
4

- deformation intensity; 

( )εDI 2  - second invariant of the deviatoric of deformations, 
which represents the amount of deformations, causing plastic 
forming; 

( )σ=σ DIi 23 - stress intensity. 

3. Diagram of deformations 
In case we projected axis of the coordinate system in which 

it is built onto the flatness section of the cylinder plasticity 
deviatoric flatness, we can get the projections of the axes angled 

3
2π

 form oblique coordinate system [8-10]. Since the axes 

stresses and deformations are coaxial. We consider as axes of the 
main deformation. They are arranged in such a way that for any 
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point in the flatness with the radius vector incompressibility 
condition is satisfied: 

0=ε+ε+ε θρ z ,   (7) 

where the components of the principal deformations in the 
trigonometric form are presented as expressions [24]: 

ερ ϕε=ε cosi ; 



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 π+ϕε=ε εθ 3
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4cosiz , (8) 

and the modulus of the vector ε  is equal to the intensity of 
deformations in axisymmetric stress state[25]: 

( ) ( ) ( )222

3
2

ρθθρ ε−ε+ε−ε+ε−ε=ε=ε zzi
(9)  

We'll display the deviatoric flatness projection of the principal 
axes of deformations (Fig. 1). 

 
Fig.1. The pie chart of deformations on the deviatoric 

flatness. 

In our case, the projection axis ρε coincides with the 

direction at the angle 0=ϕε  
type deformed state, the 

projection axis θε  
coincides with the direction determined by 

the angle 
3

2π
=ϕε , and the projection axis zε  coincides with 

the direction at the angle
3

4π
=ϕε . We draw concentric circles 

with centers located at the origin and with radius accordingly
 

iR ε=
2
1

1
; 

iR ε=
2
3

2
; iR ε=3 , where iε  is taken as the 

scale factor. Except projections of the principal axes in the chart 

we choose the direction of steps in the angle 
6
π

=ϕ∆ ε  in the 

range 0≤φε≤ π2 additionally.In Table. 1 we show the results of 
calculating of the main deformations by (8) for each value of the 
angle type deformed state.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Table 1.Values of the principal deformation and strain state indicator 
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We chose the values of the principal deformations in the form 
of points on the appropriate direction and we joined them congruent 
circular arcs with radius R1. We obtain a deformation path of a star 
whose curvature says nonmonotonicities deformation processes (see 
Fig. 1). 

In addition, each direction is uniquely characterized by 
mechanical deformation scheme. Mechanical shifter schemes are 

realized at directions for angles 
6
π

 and 
6

7π
 of the form of the 

deformed state. Analysis shows that in addition the mechanical 

shifter scheme is realized at the corners 
2
π

, 
6

5π
, 

2
3π

, 
6

11π
 of 

the form of the deformed state. This means that the Nadai-Lode’s 
parameter for deformations in these directions should be equal.

0=νε . 
Curvature of the trajectories deformation allows to assert 

nonmonotonicity of deformation in the implementation of these 
stamping operations. 
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4. Rigidity of scheme of stress state 
We define the value of the indicator of scheme stiffness stress. 

Here we used G.D. Dheli’s technique [22]. The only difference is 
that we consider more general axisymmetric stress-strain state 
instead of flat. 

From the incompressibility condition (7) and the values of 
finite deformations (6) termwise differentiation we’ll have: 

θεεθ ⋅−=
ρ
ε

ρ 21 ee
d
d z

.  (10) 

After integrating the resulting differential equation: 

2
2

ρ
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Taking the logarithm we obtain the expression 
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We define the constant of integration of the boundary 

conditions kr=ρ
 

for deformation 
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Potentiation gives us 
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~22 . 

We substitute the expression in (15): 
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Constraint equations stresses and deformations (5) we can see 

the validity of the expression:
i

iср ε
ε

σ+σ=σ θ
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 (13) 

where 
3

321 σ+σ+σ
=σср

 
- average normal stress. If 

0>σср , diagram of the stress state is tough. 

 
Under the condition of incompressibility zε−ε−=ε θρ

equation (9) takes the form 22
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zzi ε+εε+ε=ε θθ . A 

deformable shell wall thickness θε=ε
3
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i  is constant, so 
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We represent (13) as follows: 
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Expression indication of the stiffness scheme stress state [5, 7, 
20, 21] is: 

i
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σ

=η
3

    (16) 

We substitute in (15) and taking into account (12) and (14) we 

obtain the dependence of normal stress θσ : 

( )3
3

+η
σ

=σθ
i .   (17) 

Doing the same actions, we define the normal stress ρσ : 

( )3
3

−η
σ

=σρ
i .   (18) 

Differential equation of equilibrium in the form of an 
axisymmetric shell deformation with friction [5-7]: 
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If stamped shell is conical, the differential equation of 

equilibrium is simplified ( ) 01 =αµ+σ−σ+
ρ
σ

ρ θρ
ρ ctg

d
d

.

 (20) 
We substitute the values of the principal stresses (17) and (18) 

in the differential equation of equilibrium (20): 
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Some transformations lead to a differential equation with 
separable variables: 

( )23 +αµ+αηµ=
ρ
η

ρ ctgctg
d
d

. (21) 

After integrating the resulting equation will be: 

( )[ ] ( )[ ]αµρ=+αµ+αηµ ctgcctgctg ln23ln (22) 

The conditions at 0r=ρ 0=η  are boundary to determine 
the constant of integration:  

( )[ ] αµ+αµ= ctgctg
r

c
1

0

231
.  (23) 

After substituting the constant of integration and the necessary 
transformations, we find the expression for determining stiffness 
index of scheme stress state: 
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5. Results of calculation of the indicator. 
 We consider forming a conical tube using a tool as an 

example evaluation of deformability Fig. 2 illustrates a change 
rigidity index in the stress state scheme depending on the taper 
angle of stamped shell (a) from the friction coefficient μ (b) and 
from a coefficient characterizing the extent of the deformation (c). 
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a) 

b) 

c) 
Fig. 2. The change in the rigidity index schemes of the stress 

state of scheme: a - angle of inclination of forming stamped conical 
shell, b - the friction coefficient; c - the coefficient characterizing 
the degree of deformation. 

 
Obviously, when the taper angle of forming of stamped shell is 

increasing, rigidity index of scheme of stress state η increases. 
Rigidity index makes the stress state more rigid and similarly it 
affects to the value η of and the coefficient characterizing the degree 
of deformation, the higher it is, the harder the scheme of stress will 
be. 
An increase of coefficient of friction µ makes the scheme of stress 
state less rigid. It confirms the well-known in practice position that 
at lower values of the friction coefficient the ability to localize 
stresses increases. It inevitably leads to the neck formation and 
further destruction of the boundary wall of of stamped parts. 

Therefore, the rigidity index of the stress state, along with 
other invariant characteristics may be an estimate of the stability of 
plastic flow processes. 
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