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Abstract. The structural weight reduction is the most visible effect of composite application, but it’s primarily important for aircraft or 
spacecraft only. In engineering branches the major effect of fiber reinforcement plastics (FRP) application is the ability to solve some 
fundamental technical challenge, for example: simplifying design of construction, the overall dimensions reducing of the elastic element, 
non-fragile, etc. In this paper the methodological approach to FRP application considered. Some examples of engineering design for vehicle 
load-bearing FRP element are presented. 
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A modern design engineer is like a composer (from Lat. 
compositor - a composer, writer) because the materials with which 
to work; and created products with the correct (rational, optimal) 
design is a work of engineering art. And created construction should 
have not only the specified strength, stiffness, operating and other 
characteristics, but also be aesthetically pleasing. 

Traditional materials used in mechanical engineering 
(various steel and alloys) impose severe restrictions on the product. 
Firstly, to achieve the desired strength, engineer selects the known 
material and selects the appropriate sectional element dimensions 
(overall dimensions), hence the second - it is difficult to vary the 
form of construction elements, inasmuch as for many years the use 
of metals was accumulated a sufficient number of standard forms 
(triangles, channels, I-beams, pipes, etc.).  
In addition, obtaining metal products requires huge amounts of 
electricity: ore mining, smelting of metal, creating an alloy, casting 
blank, machining, welding. The situation with fibre-reinforcement 
plastics (FRP) is different though. One of their main advantages is 
simplicity of obtaining complex shapes and in most cases, without 
subsequent machining. 

The main FRP advantage over metals is that the structure 
and the material are created simultaneously. The first composite 
material is "clay - straw" - the prototype of the modern 
ferroconcrete: the stems straw resist to tension and clay - 
compression. Adobe bricks were used and are still used in the 
building houses. 

The modern composite products are the top of engineering 
and technical thought: the most complex reinforcement because 
design really is woven from fibers, each fibers may be laid along a 
predetermined trajectory. These technologies are used for the 
manufacture bodies of spacecraft and aircraft. 

FRP, which are reinforced with carbon, glass, aramid and 
others fibers, are widely and effectively used in aerospace 
engineering, due to its unique high specific (per unit weight) 
strength and stiffness. We can not talk about the simplicity with 
"weaving" fuselages of the airplanes with holes for windows and 
hatches, which in are mounted tail and wings. Although in spite of 
the complexity of manufacturing leading aircraft manufacturer 
companies are expanding the use of FRP in their designs. For 
example: the modern civil airplane Boeing 787 contains 50% FRP.  

The effectiveness of the use FRP (including economic 
indicator) for aircraft achieved mainly due to weight reduction, but 
for the civil engineering industry (as well as construction, medicine, 
sports) performance criteria are quite different than for aviation. 
The economic effect is achieved due to the solving technical 
challenges, unrealizable using traditional structural materials. 

The most popular material of construction for the entire 
history of mankind is wood. The trees themselves are optimal 
natural design but mankind to create such a so far.  

The Nature implemented in the trees one of the principles 
of creating optimal fiber structure: the fibers are laid along the lines 
of maximum normal stress, i.e. in those directions where the 
greatest forces act. Moreover this lively construction adjusts to 
environmental conditions. From the same seed, if it planted in the 

field, in the forest or on a mountain top, will grow different types of 
trees but each of them will be optimal for the conditions (loads) in 
which it grows. And it is impossible to find fault with the aesthetic 
point of view. The places where the branches “grow into” the trunk 
or root “grows into” the trunk have unique strength characteristics: 
the branch will be broken if to jump on it, but will not wrested of 
the trunk. None engineer could not create anything like this: the 
critical loads “man-made” construction ever destroys at the joint. 
Constriction elements may be designed of the FRP by analogy with 
the wood: the fibers should be laid along the lines of action of 
maximum stress. 

The traditional elements of all constructions such as 
beams and bars which work on a bend, logically apply 
unidirectional reinforcement, i.e. fibers should be laid parallel to 
each other, to achieve maximum effect. The elements with such a 
structure most effectively resists on a bend. For creating a torsion 
pipe, the fibers are wound at angles of ± 45 ° to the axis. For 
creating a compressed gas cylinder - ± 54 ° because the 
circumferential stress twice more than axial stress. The material is 
designed for efficient operation. 

The huge advantage of fibrous FRP (in particular 
fiberglass) over metals shows in elastic elements. The first high-
profile use of fiberglass as a new “storage” of elastic energy was at 
the XV Olympic Games in Helsinki (Finland) in 1952: "At the pole 
vault R.Matias (USA) was first who used fiberglass pole, though the 
result was much lower than the world record, this jump was 
powerful push for the use of fiberglass in the sport. Before this 
athletes have used bamboo poles (a record 4.77m, 1942), aluminum 
poles (a record 4.82m, 1957) and steel poles (a record 4.80m, 1960), 
and the successful application of new technologies has led to a rapid 
growth results (a record 6.14m, 1994)". 

Glass-fiber reinforced plastic (GFRP) or fiberglass (one of 
the most inexpensive FRP) due to the low modulus of elasticity (!) 
is most effective for the elastic elements because the elastic energy 
is stored at a predetermined force is inversely proportional to this 
modulus.  

In sports, fiberglass is used for the manufacture of poles 
for pole vault, bows and sticks; in the automobile production 
fiberglass is used for an interior, exterior and pressure vessels. 
Fiberglass is used less often for the power components: springs, 
torsion bars, although is more effective than steel analogues. In the 
power elements (of beam type) from composites are most clearly 
visible analogy with live natural design – with a tree. 

Beam and bar are the most studied construction elements 
the use of which began long before they have learned to calculate. 
In the traditional course "Strength of Materials" is considered 
mainly not the materials themselves but beams and bars with 
different stressed states. It would seem that in the calculations 
beams everything is clear. But on this simplest example of profiled 
beams, as sketchy, learning task, is conveniently to show the effects 
of the use of fiber composites in elastic elements (that require 
strength calculation at a predetermined stiffness), features the 
optimum and rational design, ways to improve the durability of 
composite elements. 
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This article covers the following issues (about the rational 
design of beams worked on a bend): 

1. Changing the form - the most suitable geometry to meet 
the requirements to the beam. 

2. Changing of mechanical characteristics due to the 
curvilinear laying of fibers. 

 
1. Changing the form 

The features of rational design easily illustrated by the 
console profiled beam (Fig. 1), which section dimensions are: width 
𝑏(𝑥) and thickness ℎ(𝑥) varies along the length 𝑙 according to 
power laws: 

𝑏(𝑥) = 𝑏(0) �1 −
𝑥
𝑙 �

𝛼
 

ℎ(𝑥) = ℎ(0) �1 −
𝑥
𝑙�

𝛽
 

(1) 

 
Fig. 1. Design scheme console beam 

 
Selecting of power-law dependences (Eq.1) for creating a 

"equal strength" (Eq.4) beams with the same maximum stresses in 
each section 𝜎𝑚𝑎𝑥(𝑥) = 𝑐𝑜𝑛𝑠𝑡: is determined by the linear 
changing of the bending moment along the length of the beam. 

When the rational designing of elastic elements, working 
on a bend, you need (specified properties of the material: 
longitudinal elastic modulus 𝐸(𝑥,𝑦, 𝑧) and the bending strength 
[𝜎]) to find the size of the root section 𝑏(0) and ℎ(0) the laws of 
their changing (𝛼 и 𝛽) for the simultaneous execution of conflicting 
requirements specification: 
- the requirement for stiffness: 

𝑐 =
𝑃
𝑣  (2) 

- the requirement for strength: 
𝜎𝑚𝑎𝑥 ≤ [𝜎] (3) 

Additional condition "equal strength": 
𝜎𝑚𝑎𝑥(𝑥) = 6∙𝑃∙(𝑙−𝑥)

𝑏(𝑥)∙ℎ(𝑥)2 = 6∙𝑃∙𝑙
𝑏(0)∙ℎ(0)2 is resulting from (1) to a 

linear function: 
𝛼 + 2𝛽 = 1. (4) 
The sag v of shaped console beam in accordance with 

(Eq.1) with the load P is easily to determine from the equation 
1

2� 𝑃𝑣 and accumulated elastic energy: 

𝑣(𝑙) = �
𝑃 ∙ (𝑙 − 𝑥)2

𝐸(𝑥) ∙ 𝐼(𝑥) 𝑑𝑥
𝑙

0

=
𝑃 ∙ 𝑙3

3 ∙ 𝐸 ∙ 𝐼(0) ∙
1

1 − 𝛼
3� − 𝛽

 (5) 

 
where the moment of inertia is 

𝐼(𝑥) =
𝑏(𝑥) ∙ ℎ(𝑥)3

12 =
𝑏(0) ∙ ℎ(0)3

12 �1 −
𝑥
𝑙�

𝛼+3𝛽
 (6) 

In (Eq.6) for the sake of simplicity the elastic modulus 
assumed to be constant. In the future it will be considered the 
change because of disorientation of the fibers. In the first 
approximation is also not take into account additional sags of 
interlayer shifts and the type of criteria (Eq.3) for the possible 
destruction of the tangential stresses. 

The shape factor for a sag (Eq.6): 

𝛿𝑣 =
𝑣(𝑙)
𝑣0(𝑙) =

1
1 − 𝛼

3� − 𝛽
 (7) 

It equals to the ratio the maximum sag 𝑣(𝑙) of the profiled 
beam by sag 𝑣0(𝑙) of a rectangular beam with the same dimensions 
of the root section. 

The simultaneous fulfillment of the conditions (Eq.2) and 
(Eq.3) allows from (Eq.4) and (Eq.6) to find the rational sizes of 
root section of the profiled beam: 

ℎ(0) =
2 ∙ 𝑐 ∙ [𝜎] ∙ 𝑙2

3 ∙ 𝐸 ∙ 𝑃𝑚𝑎𝑥
𝛿𝑣 = ℎ0 ∙ 𝛿𝑣 

𝑏(0) =
27 ∙ 𝐸2 ∙ 𝑃𝑚𝑎𝑥

3

2 ∙ 𝑐2 ∙ [𝜎]3 ∙ 𝑙3 ∙ 𝛿𝑣2
=
𝑏0
𝛿𝑣2

 
(8) 

where ℎ0, 𝑏0 are constants cross-sectional dimensions of the 
rectangular beam which satisfy the same conditions (Eq.2) and 
(Eq.3). 

Factor of reduction mass depends on the resizing cross-
section. The main advantage of fiberglass springs is that due to the 
low modulus of elasticity which is compared with steel (at 
approximately the same strength) it is possible to reduce the number 
of sheets in 5-10 times and make a single sheet embodiment (𝑛 =
1). It means a transition to profiled beam whose mass 𝑚(𝑙) equals 
to the mass 𝑚0 of the rectangular beam with the same dimensions 
of the root cross section, multiplied by form factor of mass 

𝑚(0) = �𝜌 ∙ 𝑏(𝑥) ∙ ℎ(𝑥)
𝑙

0

𝑑𝑥 =
𝜌 ∙ 𝑏(0) ∙ ℎ(0) ∙ 𝑙

1 + 𝛼 + 𝛽 =

= 𝑚0 ∙ 𝛿𝑚 

(9) 

where  𝜌- material density, 
𝛿𝑚 = 1

1+𝛼+𝛽
 - form factor of mass. 

By substituting in (Eq.9) the sizes of the root section 
(Eq.8), we finally obtain: 

𝑚(𝑙) =
9 ∙ 𝜌 ∙ 𝐸 ∙ 𝑃𝑚𝑎𝑥

2

𝑐 ∙ [𝜎]2 ∙
𝛿𝑚
𝛿𝑣

 (10) 

where 𝛿𝑚
𝛿𝑣

= 𝛿∑  - factor of reduction mass. 
From (Eq.10) we may see that the mass of the beam 

depends not only from material density 𝜌, but also from the elastic 
modulus 𝐸. It is this effect makes fiberglass most suitable for the 
elastic elements, for example in automotive engineering, because it 
reduces the unsprung mass. 

Any engineer knows that the triangular beam with equal 
strength is in 2 times lighter than rectangular with the same sizes of 
the root section. However, as the elastic elements, which besides 
must have sufficient strength and predetermined stiffness, have 
been found more interesting regularities. Factor of reduction mass 
𝛿∑  (after satisfying the condition of strength with the 
predetermined stiffness) can be written from (Eq.7), (Eq.9) and 
(Eq.10) as: 

𝛿∑ =
3 − 𝛼 − 3𝛽

3(1 + 𝛼 + 𝛽) (11) 

Applying to the beams with equal strength (Fig. 2) from 
(Eq.5): 

𝛿∑ =
2 − 𝛽

3(2 − 𝛽) =
1
3 (12) 

i.e. when conditions are met simultaneously for stiffness and for 
strength, any (!) of equal strength “ideal” beam with a power law of 
resizing is in three times lighter than rectangular beam. This is the 
best limiting case, more weight reduce for the specified 
homogeneous material can not achieve. 

 
Fig. 2. Profiled beams of equal strength: triangle (1), parabolic (2) 

and constarea (3) 
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2. Changing of mechanical characteristics 
 Authors the most interested in equal strength beam (Fig. 
2) with constant cross-sectional area (constarea) as the most rational 
in terms of location of the fibers. The ideal beam constarea is such a 
beam which at the free end the thickness tends to zero and the width 
tends to infinity. 
 To account for the effect of fibers disorientation on the 
sag, it is necessary to take some of distribution “fibers” model in the 
beam. The task is quite complex. Indeed, let us imagine that the root 
section of the centers “fibers” are located at the nodes of a 
rectangular grid which consists of layers 𝑚 (height) and rows 𝑛 (in 
width). Then (almost) “ideal” constarea beam in the elongated 
section under load (at the right side in Fig. 1) should remain a single 
layer in which are located a row 𝑚 × 𝑛 of “fibers”. But in the 
intermediate sections can not obtain an integer number of “fibers” 
in rows and in layers. Specified has only a straight trajectory of 
central fibers and the trajectory of the extreme fibers in width (Fig. 
3), determined by the profile of the beam (Eq.1). 

a) 
 

b) 
Fig. 3. Fiber location in width (a) and in thickness (b) of spring- 

constarea 
 
In this paper we proposed to use the principle of 

“smearing” when from infinitely thin “fiber” remains only the 
volume content and direction at each point. In this case the 
trajectories are agreement with the beam form (Eq.1) and are 
determined the initial coordinates 𝑦(0), 𝑧(0), 

𝑦(𝑥) = 𝑦(0)(1 − 𝑥∗)𝛼, 
𝑧(𝑥) = 𝑧(0)(1 − 𝑥∗)𝛽 , (12) 

where 𝛼 = −1, 𝛽 = 1 ,  
𝑥∗ =

𝑥
𝑙 . 

The derivatives of these functions are characterized the 
slope of the trajectories in the plane 𝑥𝑦 and 𝑥𝑧: 
𝑑𝑦
𝑑𝑥

= 𝑦(0)∗

(1−𝑥∗)2, 
𝑑𝑧
𝑑𝑥

= 𝑦(0)  
Fig. 4 illustrates the calculation of disorientation angle. 

Element of “fiber” has projections (along the axis 1) on the axis: 
𝑑𝑥,𝑑𝑦,𝑑𝑧. The angle 𝜑 between the axis 1 and the axis 𝑥 is defined 
by one of the obvious ratios: 
cos𝜑 = 1

√1+𝐴
 or tan𝜑 = √𝐴  

where 𝐴 = �𝑑𝑦
𝑑𝑥
�
2

+ �𝑑𝑧
𝑑𝑥
�
2
. 

Knowing of disorientation angle can be calculated the 
local value of the longitudinal elastic modulus of 𝐸𝑥 which 
dependents from coordinates 𝑥, 𝑦(𝑥), 𝑧(𝑥) associated (Eq.12) with 
the initial coordinates of each “fiber” 𝑦(0), 𝑧(0). Approximately, 
assuming the longitudinal elastic modulus (along the fibers) is much 
greater than the transverse modulus and shear modulus can be 
replaced by: 

𝐸𝑥(𝑥, 𝑦, 𝑧,𝜑) ≈ 𝐸10 cos4 𝜑 =
𝐸10

(1 + 𝐴)2 . (13) 

 
Fig. 4. Scheme for calculating the volumetric disorientation angle 

 
The effective modulus of elasticity for the layer, for the 

cross section of the whole beam is value of module for a 
homogeneous element with the same sizes and with the same total 
stiffness. 

 
Fig. 5. Changing the disorientation angle from (13) for extreme 

“fibers” (1,2 – 𝑦(0) = 𝑏
2� )  and for almost central “fibers” (3, 4 - 

𝑦(0) = 𝑏
20� ) of ideal constarea. Full lines 1,3 – 𝑧(0) = 0 - 

accounting only flat disorientation, dashed lines 2, 4 - 𝑧(0) = ℎ
2�  - 

accounting volumetric disorientation 
 

In case of stretching bar is reasonable to assume that the 
deformations in each section are homogeneous, i.e. the same for 
each structural element (“fiber”). This hypothesis (Voigt type) for 
each cross-section, from which the effective modulus can be found 
directly by averaging: 
𝐸𝑥 = 1

𝑁
∑ 𝐸10 cos4 𝜑𝑖𝑁
1 . (14) 
Here, 𝑖 is the number of “fibers” in section, 𝑁 is the total 

number of “fibers”. Of course, nothing fundamentally will not 
change if instead of the simplified recording (Eq.14), use the full 
expression for the transformation of the tensor of elastic modulus. 

The more complicated problem of bending in the 
engineering approach can be solved only based on some natural 
kinematic hypotheses which are accepted in the following form: 
1. At the height (along the axis 𝑧) from layer to layer deformations 
change linearly (a traditional “hypothesis of plane sections”). 
2. In each layer (in width - along the axis 𝑦) deformations in the 
rows “fibers” are considered the same, so that the effective modulus 
of the layer can be determined by the formula (Eq.14). 
3. If the section height is very small compared to the width, it is 
possible to consider only the “flat” disorientation and to consider 
effective modulus the same of each layer in cross-section, and then 
you can apply for the whole cross section of average (Eq.14). 
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Fig. 6. Changing the effective module in cross-section along the 
beam length with “volumetric” (1) and “flat” (2) disorientation for 

an ideal constarea 
 

These hypotheses are tremendously simplifies visual 
analysis and graphic calculation, but for the FEM (finite element 
variational method) are not required and in future optimization 
problems will be solved in refined tasks. 
4. In general when calculating the sag of composite beam necessary 
to take into account the amendment at the expense of the interlayer 
shifts. 

1
𝐸𝑥𝐼

=
1
𝐸𝑥∗

+
𝑘 ∙ ℎ2

𝑙2 ∙ 𝐺𝑥𝑦
 (15) 

where  𝐸𝑥∗ - "true" Young's modulus, 𝐸𝑥𝐼  - "apparent" effective 
modulus calculated at the experiment using the standard formulas 
from the hypothesis of plane sections excluding the impact shifts, 𝑘 
- numerical coefficient that depends on the form of the cross-
section: for console beam with a rectangular cross-section 𝑘 = 6

5
, 

𝐺𝑥𝑦 - interlayer shear modulus. 
Concept of interlayer shifts loses direct meaning in 

pultrusion beam with disoriented, twisted fibers, and the definition 
of 𝐺𝑥𝑦 represents a separate experimental problem. The procedure 
for considering the effect of shifts became the standard for 
composites, its application by resulted formula (Eq.15) is not 
difficult, especially in computer modeling. But in this (analytical) 
presentment it will not be used because is clutters the calculations. 

When bending for each cross-section with sizes 𝑏(𝑥) and 
ℎ(𝑥) we can calculate the effective modulus: 
𝐸𝑥
𝑒𝑓𝑓(𝑥) ∙ 𝑏(𝑥) ∙ ℎ3(𝑥) ≈

≈ 48 � 𝑑𝑦

𝑏
2�

−𝑏 2�

� 𝐸𝑥(𝑥, 𝑦, 𝑧)

ℎ
2�

−ℎ 2�

𝑧2𝑑𝑧 
(16) 

 If we neglect disorientation “fibers” in height, then the 
beams with a small ratio of height to width we can evaluate the 
effectiveness module, averaging it only in width, and assuming this 
average value like constant over the whole cross-section: 

𝐸𝑥
𝑒𝑓𝑓(𝑥) ∙ 𝑏(𝑥) = � 𝐸𝑥(𝑥, 𝑦)

ℎ
2�

−ℎ 2�

𝑑𝑦 (17) 

For example, consider the scheme of the beam in Fig. 1 with 
𝑙1 = 𝑙2 = 𝑙3 = 𝑙

3�  . At Fig. 7 shows the lines of sags as a function 
of the longitudinal coordinate and for rectangular shaped beam 
(consisting of three equal parts: two areas with constant elastic 
modulus and one area with a variable elastic modulus, Fig. 1). 
 The results of calculation of the beam with the 
"volumetric" elastic modulus is almost exactly the same for a beam 
with a “flat” modulus: the difference is not more than 0.5%. 

 
 

Fig. 7. Graphics of a sags: a thin line - a simple rectangular beam 
with constant elastic modulus, the dashed line – a shaped beam with 

constant elastic modulus, a thick curve: beam – a shaped with a 
variable elastic modulus 

 
 In this paper we did not consider a very important 
question about the strength of the beam element. Fibers 
disorientation has not only a positive effect (an increase of sag) but 
also has a negative effect - a decrease of strength. It should not be 
forgotten. That is why in Fig. 7 shows graphs of the sags of the 
beam consisting of three areas, which leads to restriction of 
disorientation angle within acceptable limits. After exceeding the 
disorientation angle 𝜑 = 5° is a significant decrease of strength and 
requires additional improved analysis. 
Findings 
 Modern computer methods allow to model and design the 
structures with any complexity and from any desired materials, 
calculating and visualizing the whole process of manufacturing. 
Analytical methods are fading. The more valuable ability is to show 
this or that effect “on the fingers”. Very valuable skill is on a few 
strokes of chalk on the blackboard to show the fundamental 
possibility or no possibility of this or that construction, and then 
confirm it lasting many hours computer calculations. 
 One of the main tasks for engineer working with 
composites in the XXI century is to understand the biomechanical 
principles of building structures, such as trees. The authors hope 
that this work will make a bit closer to modern technologies 
(creating a new fiber composites and structures) the laws of Nature, 
the study of which became the cornerstone great mechanics of the 
past. 
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