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Abstract:  The non-linear ship capsize equation derived by Thompson et al., that incorporates both direct and parametric excitation, is 
examined numerically in an attempt to deepen our understanding on the influence of the parameters involved in the final ship’s response. 
Because our interest is focused on the binary outcome of capsize-non-capsize, no remark of the steady-state onto which a non-capsize motion 
may settle is made. The four-dimensional phase-control space includes the non-dimensional damping coefficient, the ratio between wave 
frequency and ship’s natural frequency, and the direct and parametric forcing amplitudes. All the computed boundaries between capsizing 
and non-capsizing regions in bi-dimensional projections of control parameter space show fractal features. 
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1. Introduction 
Capsizing or keeling over is that catastrophic situation in which 

a ship is turned on its side. It is responsible every year for a lot of 
material damages and losses of human lives. To prevent such 
events, a better understanding of ship stability is necessary. 

The nonlinear behavior of ship motion leading to capsize has 
been extensively studied in the last three decades by many 
researchers using mathematical models in conjunction with 
theoretical developments in the dynamics of nonlinear systems. 
Thus, Thompson thought ship capsizing as an escape from a 
potential well and introduced innovative concepts like transient 
capsize diagram and index of capsizability [1]. Other authors, 
including Sanchez and Nayfeh [2], Kan and Taguchi [3] etc., 
focused on understanding fundamental mechanisms of capsizing 
with rather simplified mathematical modelling [4, 5]. Multi-degree-
of-freedom models have been proposed by Spyrou [6], Vassalos et 
al. [7], and Oh et al. [8]. Experimental investigations were made by 
Bird and Odibasi [9], Umeda et al. [10], Hamamoto et al. [11], and 
others. .  

Both theoretical and experimental studies have identified 
several physical mechanisms of ship capsize, including pure 
resonant rolling, parametric excitation, broaching, and loss of 
stability at a wave crest. It was emphasized the fact that more 
attention should be pay to capsize under transient, rather than 
steady-state conditions. This situation corresponds to a short train of 
regular waves impinging upon the ship in otherwise relatively calm 
weather conditions. Dangerous large-amplitude motions and, 
finally, capsizing can appear when the ship is hit by no more than 8 
– 10 sufficiently steep waves [12].  

In the paper, we concentrate on the archetypal single degree of 
freedom oscillator used by Thompson et al. to model the ship 
capsize under direct and parametric wave excitation. The model 
assumes a linear damping and a restoring moment curve represented 
by a second order polynomial. Besides direct forcing, derived from 
the rotational acceleration of the wave normal, the model equation 
includes the parametric excitation, generated by the fluctuating 
gravitational field [13]. The parameters space is four-dimensional 
and has as components the non-dimensional damping coefficient, 
the ratio between wave frequency and ship’s natural frequency, and 
the direct and parametric forcing amplitudes. 

We content ourselves here with an extended numerical 
investigation on the role played by each of these parameters on 
transient ship capsize. We will not make any reference to the long 
term behavior of ship, this issue being studied in a companion paper 
[14].  

2. Capsize equation  
In present work, the following non-linear second-order 

differential equation derived by Thompson et al. is numerically 

investigated in an attempt to understand the effect on ship capsizing 
of every parameter involved: 

(1)                ( )( ) tFtGxxxx ωωβ sincos12 =+−++
•••

 

        Here, x is the ratio between roll angle and the angle of 
vanishing stability, β  is the linear damping coefficient, ω  the ratio 
between wave frequency and ship’s natural frequency, while G and 
F stand for direct and parametric forcing amplitudes, respectively. 
A dot denotes differentiation with respect to non-dimensional time 
t. The derivation of Eq. 1 can be found in [13].  

        In the paper, a special attention was paid to the range of 
possible magnitudes and signs for the amplitudes F and G. Thus, if 
the wind and wave acting on the ship travel in the same direction, 
then F and G have the same sign, while if the wind and wave travel 
in opposite directions, G and F have different signs. If the wave 
propagates to the right then F is negative, while the sign must be 
considered positive if the direction of wave propagation is to the 
left. Finally, 1/ ≅GF  if the ship sails in deep water, 1/ <GF  for 
oblique waves, and 1/ >GF  for shallow water. 

       In [14], the periodic solution of Eq.1, describing the long term 
ship behavior, were approximated by using Fast Fourier Transform 
and Harmonic Balance Technique. As we have already pointed out, 
in the next section the transient behavior will be subject to our 
analysis. 

3. Parametric studies on capsize equation 
       Experimental studies and data from the reported capsizing 
conducted to the conclusion that the worst-case scenario and, in the 
same time, a more realistic representation of a sea state consists in a 
short sequence of no more than ten steep waves hitting the ship and 
not in a long pulse of regular waves. In conclusion, the transient 
response is essential for the analyses problem. If capsize not occur 
within 8 – 10 cycles of forcing than it is unlikely to appear in the 
following cycles. 
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Fig. 1 The phase trajectory of a) a non-capsizing oscillation; b) a capsizing 
oscillation, for FG 5,9.0,1.0 === ωβ  and 1.0=F , respective 15.0=F  

       To verify this assumption, equation (1) has been numerically 
integrated by use of a fourth order Runge – Kutta - Gill procedure 
with constant step, starting with zero initial conditions, and for a 
time interval equal with ten cycles of the forcing (having period 
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ωπ /2=T ). For a specified set of parameters G,, ωβ , and 

variable F, the system (1) evolves to a limit cycle for small forcing 
amplitude F or goes out in the phase plane, like a spiral with 
extending amplitude, for sufficiently large values of F. The second 
case corresponds to capsize (see Fig. 1). 

3.1. Influence of the ratio of the forcing magnitudes on 
capsizing 

      We tested first the effect of ratio G/F on the ship capsizing. 
The parameters  β  and G/F were maintained fixed, while ω  and F 
were slowly increased as follows. For a given ω  between 0.4 and 

2.0, F =0.0 and equilibrium conditions, 0)0()0( ==
•
xx , equation 

(1) has been integrated for the time interval ]10,0[ T . If at the end 

of this process the solution does not diverge, then the pair 
)0,(),( ωω =F  is classified as safe and a small black rectangle is 

drawn around it in the parameter plane ).,( Fω  Otherwise, the 

rectangle is colored in white. If the pair is safe, F is increased by a 
small amount FΔ , and the procedure is repeated. When the 

solution diverge to infinity, a small amount ωΔ  is added to ω  and 

F is reset to zero. By continuing this algorithm until ω  becomes 
2.0, a diagram like in Fig. 2 is obtained. The pairs ),( Fω  in Fig. 2 

were selected from a vast set having 201201×  equally spaced 
elements. 

Fig. 2 allows us to draw at least three observations. First, it 
should be noted that, whatever the ratio G/F is considered, the most 
dangerous area for capsizing is that explored by Thompson et al., 
i.e. the range of frequencies near resonance, 0.18.0 ≤≤ ω . For 
frequencies far from resonance ( 5.1>ω ), the forcing amplitudes 
for capsizing are ten times larger. 
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(e)          (f) 

Fig. 2 Examples of ),( Fω  parameter control planes for 1.0=β  and 

various relationships between forcing amplitudes: a) 2.0/ =FG ; b) 
1/ =FG ; c) 5/ =FG ; d) 5/ −=FG ; e) 1/ −=FG ; f) 5/ −=FG  

Second, for large ω  the danger of capsizing is lower for 
shallow waters ( 1/ <FG ) than for deep waters ( 1/ ≅FG )  or 
oblique waves ( 1/ >FG ). Third, boundaries between capsizing and 
non-capsizing regions show fractal shapes. 

These conclusions are more clearly shown in Fig. 3, where the 
parameter plane (G, F) is presented for fixed ω  values near and far 
from resonance. 
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(a)          (b) 

Fig. 3 Parameter plane (G, F) for 1.0=β  and a) 9.0=ω ; b) 8.1=ω  

 

3.2. Influence of the damping on capsizing 

Let now clarify how the damping affects the capsize 
phenomenon. To do this, the response of the system (1) has been 
investigated in the parameter plane ),( Fω  for the fixed ratio G/F = 

5, and different damping coefficients β . Some of our results are 
displayed in Fig. 4 (see also Fig. 2(c)). As expected, as β  
increases, the system resists better to the external stimuli, in that the 
forcing amplitudes for capsizing are moving to higher values. The 
most sensitive area continues to remain that near the resonance. 
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(a)          (b) 

Fig. 4 Examples of ),( Fω  parameter control planes for 5/ =FG and 

different damping coefficients: a) 04.0=β ; b) 25.0=β  

Another perspective on the influence of damping on capsizing is 
revealed in Fig. 5, where the parameter plane ),( Fβ  is presented 
instead, for fixed ,ω  and G/F. It is worth to note again the fractal 
boundaries between capsizing and non-capsizing regions. 
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(a)          (b) 

Fig. 5 Examples of ),( Fβ  parameter control planes for 5/ =FG and 

different non-dimensional frequencies: a) 9.0=ω ; b) 8.1=ω  

 

3.3. Influence of the initial conditions on capsizing 

The role played by initial conditions ))0(),0((
•
xx  on capsizing 

has been intensively studied in the literature by building the so-
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called basins of attraction (formed by all initial conditions that do 
not lead to capsize). Here, we consider two sets of initial conditions, 
namely (0, 0) and (- 0.3, 0), and integrate equation (1) for ten cycles 
of forcing, 1.0=β , { }8.1,9.0∈ω , and different G and F. If both 

initial conditions are safe, a black rectangle is drawn in (G, F) plane 
around the considered pair of forcing amplitudes. If only first set is 
safe, the rectangle is colored in red, while it is colored in grey if the 
second set is safe. For unsafe pairs, the rectangle remains white. 
Our findings are shown in Fig. 6. It seems that initial conditions 
significantly affect the safe area, especially at the boundary with 
unsafe area. 
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(a)          (b) 

Fig. 6 Influence of the initial conditions on capsizing. Examples of ),( FG  

parameter control planes for 1.0=β and different non-dimensional 

frequencies: a) 9.0=ω ; b) 8.1=ω  

 

3.4. Influence of the transient length on capsizing 

In all the numerical simulations described above we considered 
the transient motion of no more than ten cycles of the forcing. If 
capsizing not occur within this time period then it is likely that it 
will not occur in the next cycles. The last numerical results we 
report in the paper refer just to this assumption. Equation (1) was 
numerically integrated with zero initial conditions for the same sets 
of system parameters as given in the previous sub-section. This 
time, the integration was done for 10, respectively 30, cycles of 
forcing, and the obtained results were compared. Fig. 7 shows our 
results. The black small rectangles correspond to those pairs (G, F) 
that remain safe for 30 cycles, while the red ones are for those pairs 
that are safe for 10 cycles but unsafe for 30 cycles. Again, the 
difference occurs only in the border area between capsizing and 
non-capsizing regions and the percentage of red rectangles is small 
compared to that of black ones (less than 5 %).  
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(a)          (b) 

Fig. 7 Influence of the transient length on capsizing. Examples of ),( FG  

parameter control planes for 1.0=β and different non-dimensional 

frequencies: a) 9.0=ω ; b) 8.1=ω  

 

      4. Conclusions 

In the paper, the capsize equation derived by Thompson et al. 
was numerically investigated in order to determine the influence of 
the four parameters involved in the capsizing or non-capsizing 
response of the system. The main conclusions of the study are as 
follows: 

     a) Whatever the damping coefficient and the ratio between the 
parametric and direct forcing amplitudes are, the most dangerous 

frequencies for capsizing are those near the resonance. Far from 
resonance, the probability of capsizing is higher for deep water and 
oblique waves than for shallow water; 

        b) The system behaves much better in terms of capsizing for 
larger damping coefficients; 

  c) Initial conditions and transient length affect somewhat the 
safe area in the parameter space but the changes only occur in the 
border area, which is better to be avoided; 

        d) The boundaries between capsizing and non-capsizing 
regions in bi-dimensional projections of control parameter space 
show fractal features. 
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