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Abstract: This article presents fundamental results in mathematics and mathematical physics on the example of a theoretical model of 
structure formation in casting. Basic scientific results are innovations for all micro-foundries. 
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1. Introduction – Phase transitions 

1.1 Equilibrium thermodynamics 
Basde states of matter and physical processes of the phase 
transitions are shown in Fig. 1 Physics • Phase transitions: 

a) Fundamental states of mater and different phase transitions; b) 
Phase diagram a single component system in coordinates P–T; c) 

thermodynamics driving force of phase transition – crystallization 
and growth: vapor–crystal, and liquid–crystal; d) quantum phase 
transition of second order; e) solidification of Aluminum alloy – 
phase transition of first order 

 

 
Fig. 1 Phase Transition: a) Fundamental states of the matter and different phase transition processes; b) Phase diagram a single component system [13]; c) 

thermodynamic diving force and crystallization of liquid [13]; d) Phase diagram of a second order quantum phase transition; Solidification process – zone of 
phase transition. 

 

Thermodynamics system: I. First low – the internal energy 
(U) = heat quantity (q) + work (w); II. Second low: Impossible 
process, the only end result of which will be conversion in work the 
heat, take away from the source with identical temperature 
everywhere. (Kelvin postulate); Impossible process, the only end 
result, of which would be transfer of the heat from body with given 
temperature to body with higher temperature (Clausius postulate). 
The system of the state with temperature is changing by giving or 
receiving an infinitesimal amount of heat δQ for the infinitesimal 
time is quantity δQ/T. For cyclic process of the system with finite 
number processes (δQ/T)i i=1, 2, 3,…, we have for irreversible 
cyclic process ∑=

≤
n

i iTQ
1

0)/(δ  and ∑=
=

n

i iTQ
1

0)/(δ  for 

reversible cyclic process. At infinite number reversible processes ⇒ 

the sum Σ is replaced with integral on close curve се заменя с 

интеграл по затворена линия i.e. for irreversible 0/ ≤∫ TdQ  

and reversible 0/ =∫ TdQ  process. The value of the integral 

for reversible process das not depend on the path. For reversible 
process between two equilibrium states A and B we have 
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∫∫ . The values of the integrals IAB and IIBA 

are equivalents, but (-IIBA) have negative sign. The properties 
(equality) IAB = IIBA determined new function of the state of the 
system termed entropy S. For reversible process between an initial 
equilibrium standard fixed state O and finite equilibrium state A we 

INTERNATIONAL SCIENTIFIC JOURNAL "MACHINES. TECHNOLOGIES. MATERIALS." WEB ISSN 1314-507X; PRINT ISSN 1313-0226

YEAR X, ISSUE 12, P.P. 26-29 (2016)26



have ∫=
A

O

TdQAS )( . Change of S for a time of infinitesimal 

reversible process is resulting from division of the quantity of heat 
absorbed by the system of the system temperature: 

TdQdS = .                                                        (Entropy, A) 

Entropy is determined to additive constant. Single-phase system 
there is only one homogeneous substance. Heterogeneous system is 
composed of different homogeneous parts. The Gibbs equation for 
the rule of the phases is 

v= 2 + n – f,  

where v – degree of variability or number the degree of the 
freedom; n – independents number of components; f – number of 
the phases. Thermodynamic potentials of the system are: 
Enthalpy H, Helmholtz function F and Gibbs function 

H=U+pV, F=U-TS и G=H-TS,                                     (I, 1, 2, 3) 

where p, V – pressure and volume of the system. Thermodynamic 
base equations introduced in differential form are: 

dU=TdS – PdV,              dH=TdS + VdP,                                         
dF = -SdT – PdV,          dG=-SdT + VdP.                  (II, 1, 2, 3, 4) 

Thermodynamic equations (II) for multicomponent system 
are: 
dU=TdS-PdV+Σjµ jdN j,   dH=TdS+VdP+ΣjµjdN j,                           
dF=-SdT-PdV+ΣjµjdN j, dG=-SdT+VdP+ΣjµjdN j,   (III, 1, 2, 3. 4). 
where ( ) ( ) ( ) ( )

SpjTpjTVjSVjj NUNGNFNU
,,,,

∂∂=∂∂=∂∂=∂∂=µ  – 

chemical potential of j-component; Nj – number of molecules of the 
component. With partial derivatives in µj is obtained Maxwell 
relation and with eq.(III) can obtain thermodynamic equation of the 
state. III. Third low: entropy of every system at the absolute zero 
always can be considered zero. (Nernst theorem). Thus, it can be 
assumed that at T = 0 K entropy of the default state of the system O 
and used to determine the additive constant entropy. 
Thermodynamic state of a large number of dynamic conditions 
(particles) in statistical mechanics probability π. In an isolated 
system spontaneously occur only those processes that bring the 
system most likely (most sustainable) state compatible with the full 
power of the system. Boltzmann establish a functional link between 
the probability π and entropy S 

S=klnπ + const                                                         (Entropy, B) 

where Boltzmann constant is k=R/A, R – gaseous constant, A – 
Avogadro number. For given thermodynamic state π is not 
probability, and great (∞) number dynamical states create major 
difficulties which are removed in the classical case by: 1. Dynamic 
states of multiple systems form (∞2v), where v – the number of the 
system freedom; 2. Therefore all state can be presented with point 
in 2v–dimensional space – phase space. мерното пространство; 3. 
The phase space is divided into small cells 〈〈over〉〉-volume (hyper-
volume) τ and the points covered in it are described by one state. 
Dynamic state, represented by cells introduces a break in the 
concept of state of a system, which allows calculation of π methods 
of statistical analysis and hence statistical definition of entropy. It is 
noted that π and S depend of the choice of the size cells τ; if τ→0 it 
π and S is turn in ∞. It shows that in case of τ in π appears in a 
multiplier and uncertainty π leads to uncertainty and an S i.e. 
classical statistical mechanics cannot result in constants entropy. 
Randomness associated with the π, and for this and with S, in the 
classical interpretation can be removed using the principles of 
quantum theory, because quantum theory naturally introduces a 
discontinuity in determining the dynamic state of the systems 
(discrete quantum state) without applying any division of the space 
cells. Shows that for statistical purposes, this discontinuity is 
equivalent to the division of the phase space of the cells having a 
volume equal to hv, where h - Planck's constant (h = 6,55x10-27 

erg.sek) and v - the number of degrees a free system. To emphasize 
that in quantum statistical theory disappears any uncertainty in 
determining π and S. Statistical interpretation of the Nernst’s 
theorem: thermodynamic state of the system at absolute zero 
corresponds only to a dynamic state, namely dynamic state with the 
lowest energy consistent with a crystalline structure or a physical 
state of the system. The hypothesis that the entropy is a function of 
the probability π  

S=f(π),                                                                                       (S) 

associated thermodynamics, mathematics and mathematical 
physics. For a system of two parts to it S, π and v equations are 

S = S1 + S2,   π = π1π2,   v(π1π2) = v(π1) + v(π2).          (IV, 1, 2, 3) 

If the parameters of the thermodynamic system p, V and T are 
selected two independent variables, for example T, V and Eq. (1, 
Entropy Change) was prepared 

( ) ( )[ ]

( ) ( )[ ] ,11
,

dVpVU
T

dTTU
T

TdQdS

dVpVUdTTUdQ

TV

TV

+∂∂+∂∂==

+∂∂+∂∂=                   (V, VI) 

entropy as a function of variables T, V system. 

),( VTSS = ,   dyyxNdxyxMdz ),(),( += ,    (VII, VIII) 

Equations (V) and (VI) defined entropy – generalized function Eq. 
(VII), most commonly used in physics [1, 2] and even outside of it. 
Equation (VIII) is full differential of function with two independent 
variables i.e. for us equations (VII) and (VIII) – very important 
methodological circumstance. 

1.2 Non-equilibrium thermodynamics 
Important definition of dissipative systems (Latin disipatio – 

scattering, destruction) (DS): open thermodynamic systems far from 
thermodynamic equilibrium; exchange energy and mater 
(substance) with environment. DS is sustainable state occurred in 
non-equilibrium environment with condition for dissipation 
(scattering the energy that comes from outside). Dissipative 
structure (introduce by I. Prigojine [12]): dissipative system with 
dynamic regime in reproducible state i.e. dynamical regime is stably 
reproduction in the time. The state of stable reproduction can be 
caused of natural evolution of the system; artificial (scientific or 
technological requirement). 

The phase transitions run in (OTS) and they are described by 
the thermodynamics. The extended form of the second low of I. 
Prigogine for (OTS) is [12]: 

EI SSS  += ,                                                   (Entropy, OTS) 

where Si – internal entropy production in the OTS; SE – entropy 
production from exchange flow energy and mater with 
environment. For technological system we add generalized principle 
of control of OTS [15]: 

Control on account of information about the external effect on 
technological object feedback main processes (from indirect 
information carrier).                                                       (Control) 

It is well know, that the phase transitions is classification of 
Ehrenfest: Phase transition of first order (see Fig. 1 solid ↔ liquid 
↔ gas involve), because they involve a discontinuous change in 
density, which is the (inverse of the) first derivative of the free 
energy with respect to pressure; Phase transition of second order are 
continuous in the first derivative (the order parameter, which is the 
first derivative of the free energy with respect to the external field, 
is continuous across the transition) but exhibit discontinuity in a 
second derivative of the free energy. 

Theoretical model of structure formation at phase transition of 
1-st order in casting process is [10] 
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Description of solidification non-stationary temperature field is the 
theory of conductivity – Stefan-Schwarz problem 
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Description of temperature field of moving overcooling zone by the 
next developed Stefan problem [9] 
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Classical crystallization description thermodynamic and kinetic [14] 
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където for Stefan-Schwarz problem: λ, ρ, c – thermal conductivity, 
density, heat capacitance; T, Tm, Qm, T(CM)FE – temperature field 
with index (C; M) of cast and mold, temperature of phase transition 
(melting), latent heat of melting, middle temperature of finite 
element; VC is sum of volumes liquid phase (VCL) inter phase 
surface (SFront), solid phase (VCS);WS – work surface (cast/mold); 
VM – volume of mold; Σ - external surface of mold; SF is δ-function 
for approximation heat source with parameter D, which refers to the 
final temperature range (Tm+∆, Tm-∆); for Stefan problem: R(x, t) is 
scattering function of latent heat Qm in Ω; Li =ρ/Qm; ai =λi/ρici – 
heat conductivity number; λi, ρi, ci i =1 i =2 in areas Ω1 and Ω2; in 
area Ω we have  a = (a1 + a2)/2  λ = (λ1 + λ2)/2 ρ = (ρ1 + ρ2)/2 c = 
(c1 +c2)/2; for classical crystallization theory: ∆Tr – overcooling of 
the radius of curvature of the interfacial surface (dendritic peak); 
∆Tk overcooling necessary to jump the atoms in interfacial surface 
(liquid/solid); ∆Tα overcooling of liquid phase where scattering Qm; 
ln(Tm/T) match ∆T; ∆µ = (µLiquid – µSolid) – thermodynamic driving 
force for nucleation; W – nucleation work for nuclei which build 
from n (particles, atoms); σ – surface energy (tension) of nuclei n 
particle; F surface of nuclei build of n particles; M – maximal 
number of atoms (particles) in one cm3 (∼1039); Zn and Zm – number 
of complexes in the system from n or m particles; fmn, fnm – 
attachment/detachment transitions frequencies for the complexes of 
m- and n-particles; Kn and Ln are transition frequencies not 
aggregate processes introduction/removal of n-particles in/out the 
system; tf  – local time of solidification in volume with suitable 
geometric scale. 

2. Mathematics – application in casting 
Mathematical description of §1.1 is on the base of [2]. For non-

equilibrium thermodynamics the necessary mathematics is mach 
extended, becaus the thermodynamic system is OTS. For example 
Stefan-Schwarz problem eq.(1) is 3D parabolic partial differential 
equation with initial, boundaries conditions and with conditions for 
descriptions of movable solidification zone (Fig.1 e).It is fact that 
Stefan’s problems no introduce the process of structure formation. 
In that reason is developed the classical Stefan task eq.(2) with 
possibility to obtain the size  of the overcooling zone Ω where is 
scattering the latent heat Qm.  

For solution of Stefan problem eq.(2) is used the scattering 
theory [3]. This theory on the base of abstract approach of Lax and 
Phillips [3] where introduces the properties of two spaces D+ 
outgoing and D- incoming. These spaces allow solving the first task 
scattering theory: proving the existence of scattering operator. The 
properties of spaces D+ and D- are related to other tasks: 
presentation of core scattering; occurrence of disappearing solutions 
and more. The second major trend is inverse tasks which allow 
obtaining: information for geometric form of the obstacle: if known, 
the main member of the amplitude of the scattering; the maximum 
feature of the core of the operator of the scattering and others. The 
inverse problems have an extremely important practical 
significance. Example of inverse problem is [4]. 

In [5] were studied hyperbolic systemic of first order in the 
appearance of a limited obstacle, which border on the obstacle is set 
boundary condition. In too particle case the hyperbolic systemic of 
first order can be reduced to one equation, but in general, this is not 
possible. It is obtained unified approach to a broad class hyperbolic 
system of first order: Problem A: Existence of wave operators and 
their completeness of dissipative systems having possibly zero 
speed diffusion. Problem B: Presentation of the kernel operator 
dissipation for dissipative hyperbolic systems, having possibly zero 
speed distribution. Problem C: When dissipative hyperbolic 
systems possess or do not possess disappearing solutions? Problem 
D: Relationship between operators and vanishing outgoing and 
incoming spaces.  

Mathematical scheme: The properties of the two spaces D+ and 
D- are  
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Here { })(0 tU  is group of unitary operators, acting in Hilbert 
space. Troubled system is described by strongly continuous 
semigroup of operators shrinking { }0);( ≥ttV , acting in Hilbert 
space 0HH ⊂ . For construction of the abstract approach is 
supposed that the property is satisfied H1, H2, H3 and H4 
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G is dissipative operator, generated semigroup and coercive. 
The norm in space H we will note with |||.|||. Domain D(G) of the 
operator G is the closing on the norm |||f|||+|||Gf|||. It is obtain the 
equality 

( )ϕϕϕ −=
→

)(.1lim
0

tV
t

G
t

 

where ϕ ∈ D(G); V(t) is shrinkage operator if |||V(t)f|||≤|||f||| for f∈H. 
Denote Hb a linear subspace in H caused by eigenvalues vectors of 
G with corresponding eigenvalues on the imaginary axis. Let ⊥

bH  
is orthogonal addition of Hb in H. In force assessment  

( )|||||||||||||||||| fGfCfx +≤∂  for D(G) ⊥
bH .                    H4 

Wave operator is define  
⊥

∞→
∈−= bt

HfforftVtUWf )()(lim 0
.                  (Wave operator) 

The space D+ is outgoing and the space (D- is incoming) if f∈Hac 
(G0) and R(f)(s,ω) = 0 for s<0 (s>0). 

Main idea: to seek representation of the distributions 
),,,(~ ωθσµν sS jk , which define the core of operator scattering in 

accordance to { }∑∑
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finite result in [5] is the core  

),,()()(),,,(~ ωθσωθδσδωθσ −+−−= sSIssS .             (Ker) 

The mathematics of this paragrapf is used to solved the eq.(2) 
[9] in theoretical model for structure formation in [10]. 

3. Mathematical physics in casting 
The nature of the casting process is the creation of a 

polycrystalline structure – the working properties of the castings. It 
is therefore required to use fundamental new scientific results. 
Elegant example is work [6] “at the end of 1907 Einstein holds in 
his hands the physical principle and the main consequences of the 
future theory; however, it takes him eight years - and the 
involvement of mathematicians Grossman and Hilbert - to reach its 
precise formulation”. If we follow [6] based on historical 
experience of the development of science in the 20-th century we 
have methodological basis: mathematics and physics; Mathematics 
and Mathematical Physics; computational physics. In that subject 
from [7] and [8] we can conclude – industry need pure mathematics.  

The Fig. 1 is picture for micro-foundry: mathematical 
description in solidification zone introduce not only numerically of 
phase transition like area, but and descript and polycrystalline 
structure formation with maximum details. The first is mathematical 
theory of scattering for introduction driving force of crystallization 
[9]. Second is description polycrystalline structure formation by 
quantum mechanics: the equations of the molecular mechanics 

iii frm =        
ii rUf ∂∂= ,                                                   (MM) 
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  (Schrödinger equation, 1, 2) 

where m, r and fi – mass, coordinates and acting on atomic force 
derived from potential energy U(rN), where rN = (r1, r2,…,rN) 
introduced full set of 3N coordinates of atoms; Planck's constant – 

ħ; ψ - wave function, m – mass of the electron. The potential energy 
can introduce: interaction between not connection or connected 
atoms; the atoms and electrons building the crystal lattice and 
behavior of electrons are describes with Schrödinger’s equation 
equation. 

For diffusion process is use task only in one dimensional case 
22 // xCDtC ∂∂=∂∂ , where C – concentration, x – coordinate, D – 

diffusion coefficient [11]. This approach is convenient to applied, 
because we have growth nuclei with different size i.e. different 
scales. 

3. Conclusion 
Micro-foundry is need of innovations of fundamental results 

from mathematics and mathematical physics. This can be done by 
creating temporary teams of scientists from the Bulgarian Academy 
of Sciences, Universities and user micro-foundry with the support 
of industry branch in this case machine-building. 
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