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Abstract: We investigate the three dimensional stagnation-point flow of an electrically conducting incompressible viscous fluid towards 
a moving vertical permeable plate in the presence of a transverse uniform magnetic field. The partial differential equations governing flow 
and heat transfer are reduced to a set of nonlinear ordinary differential equations by using the appropriate transformations. The MATLAB 
routine BVP4c is successfully applied to solve these nonlinear ordinary differential equations. The results are compared with those known 
from the literature and an excellent agreement is found. The effects of the suction/injection parameter on the velocity components, wall shear 
stress, temperature and heat transfer are discussed through the graphs and tables. 
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1. Introduction 
Flow and heat transfer over a moving flat surface is a significant 

factor in several industrial and practical engineering applications 
such as, cooling of electronic components, crystal growth, 
geothermal systems, heat exchangers, nuclear reactors, 
metallurgical processes, and others.  

The analysis of classical two-dimensional stagnation point flow 
toward a rigid horizontal plane dates back to the pioneering 
investigation by Hiemenz1. The corresponding temperature 
distribution was reported by Goldstein2. The axisymmetric case was 
investigated by Homann3. Both two-dimensional and axisymmetric 
flows were extended to three dimensions by Howarth4 and Davey5. 
Stagnation point flows on moving plates were considered by Rott6, 
Wang7, Libby8, and Weidman and Mahalingam9. The most general 
solution of the Navier-Stokes equations and energy equation for 
non-axisymmetric three-dimensional stagnation-point flow and heat 
transfer on a flat plate was presented by Abbasi and Rahimi10.  

Convection in a boundary layer flow was first considered by 
Sparrow et al. 11. They obtained similarity solutions for the 
combined forced and free convection flow and heat transfer about a 
non-isothermal body subjected to a non-uniform free stream 
velocity. Due to their importance in various branches of science, 
engineering, and technology, convection flows have been 
extensively studied by several authors and discussed in some 
articles12-16. Recently, Wang and Ng17 presented the solutions for 
the two-dimensional and axisymmetric stagnation flow toward a 
heated vertical plate with Navier’s slip condition. 

 The effect of suction on the Hiemenz problem was first 
considered by Schlichting and Bussmann18. The heat and mass 
transfer on a stretching sheet with suction or blowing was 
investigated by Gupta and Gupta19. Hiemenz and Homann magnetic 
flows and heat transfer problems on a permeable surface were 
considered by Attia20,21 in the presence of uniform suction or 
injection. The effect of uniform suction or injection on the two-
dimensional stagnation point flow towards a stretching horizontal 
plate with heat generation was examined by Attia and Seddeek22. 
Two-dimensional stagnation point flow and heat transfer problem 
towards a stretching vertical permeable sheet was studied by Ishak 
et al. 23.  

Because of its increasing importance in recent years for its 
applications in MHD power generators, MHD pumps, MHD 
accelerators, and MHD flowmeters, flow and heat transfer problem 
of electrically conducting fluids has drawn the attentions of many 
investigators. The study of the hydromagnetic interaction of an 
electrically conducting viscous fluid with an applied magnetic field 
in stagnation-point flow was initiated by Neuringer and Mcllroy24. 
In their subsequent study25, they considered the heat transfer aspect 
of the same problem. Ariel26 reexamined the Hiemenz flow in 
hydromagnetics in general, and the numerical procedure given by 
Na27 in particular. The problem of steady forced convection flow of 

an electrically conducting and heat generating/absorbing fluid near 
a stagnation point was solved numerically by Chamkha28. In a 
following paper Chamkha29 obtained non-similar solution with the 
finite difference method for the problem of mhd mixed convection 
flow along a semi-infinite vertical plate embedded in a uniform 
porous medium with heat generation and magnetic dissipation. 
Attia30 concerned with the axisymmetric stagnation point flow 
towards a stretching surface in the presence of uniform magnetic 
field with heat generation. Abbasbandy and Hayat31 developed the 
homotopy analysis solution for the problem considered by 
Chamkha28. Recently, Borelli et al. 32 studied numerically the steady 
three-dimensional stagnation-point flow of an incompressible, 
homogenous, electrically conducting Newtonian fluid over a flat 
plate. In a more recent study Demir and Barış33 obtained the 
numerical solutions for the two-dimensional and axisymmetric 
stagnation-point flow of an electrically conducting incompressible 
viscous fluid towards a moving vertical plate in the presence of a 
transverse uniform magnetic field using MATLAB routine BVP4c.  

The purpose of the present paper is to study the hydromagnetic 
viscous flow and heat transfer in the vicinity of a stagnation-point 
on a moving permeable vertical plate. A study of the problem under 
discussion was conducted by Demir and Barış33 in the absence of 
suction or injection. The governing equations are transformed into a 
system of nonlinear ordinary differential equations by means of 
similarity variables. The resulting equations, together with their 
corresponding boundary conditions, are solved through the 
MATLAB routine BVP4c. Particular cases of our results are 
compared with existing results of Wang and Ng17 and Demir and 
Barış33. An excellent agreement of the present results with existing 
results has been shown. 

2. Formulation of Problem 
We consider the three dimensional stagnation-point flow of an 

incompressible viscous fluid towards a moving permeable vertical 
plate. The flow is illustrated in Figure 1. The velocity components 
corresponding to the x-, y- and z- directions are respectively denoted 
by u , v  and w . Far from the plate, as z  tends to infinity, the 
velocity components are denoted by u∞ , v∞  and w∞ . a  is a 
physical constant, depending on the velocity in potential motion, 

wT  the temperature of the plate, T∞  the temperature far from the 
surface, g  the gravitational acceleration, 0V  the constant plate 
velocity in the y- direction and 0B  the external uniform magnetic 
field applied in the z- direction.  

The fluid is electrically conducting in a transverse magnetic 
field. The induced magnetic field is neglected under the assumption 
of a small magnetic Reynolds number. We assume that the flow is 
steady and laminar, all the fluid properties are constant and the plate 
is electrically non-conducting. The effects of viscous dissipation, 
Ohmic heating and Hall current are not included in the analysis, 
since they are generally small in the stagnation-point region. Also, 
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the radiant heating is neglected. In addition, the imposed and 
induced electrical fields are assumed to be negligible. 
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Fig. 2 Physical model and coordinate system. 

Following Demir and Barış33, the three-dimensional Navier-
Stokes equations with the Boussinesq term, the energy equation and 
the boundary conditions are written as: 
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where ρ is the density, p  the pressure, µ  the dynamic viscosity, 
T  the temperature, pc  the specific heat at constant pressure, k  the 

thermal conductivity, 0Q  the volumetric rate of heat generation, β  
the coefficient of thermal expansion and ( xF , yF , zF ) are the 

components of the source term 0 ( )σ= × ×F v B B  due to the 
imposed magnetic field, where 0σ  is the electrical conductivity and 

0(0,0, )B=B  is the transverse uniform magnetic field applied to the 
fluid. Following Wang and Ng17 and Demir and Barış33, we shall 
seek a solution of the form 
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where the prime denotes the differentiation with respect to z . 

Substituting Eq. (6) into Eqs. (1)-(4), eliminating the pressure term 

from these equations, and non-dimensionalizing the resulting 

equations using 
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we arrive at the following equations  
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where the prime denotes the differentiation with respect to η . Ha  
is the non-dimensional magnetic parameter, λ  is the non-
dimensional convection parameter, Pr  is the  Prandtl number , α  
is the non-dimensional heat generation parameter and s  is the 
suction/injection parameter and they are defined as: 
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It should be noted that 0s > is for mass suction and 0s <  is for 
mass injection19, 23. The dimensionless expressions for the velocity 
components, shear stress on the plate in the x and y directions and 
the heat transfer rate per unit area on the plate are given through the 
following equations33: 
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3. Results and discussion 
The present paper is an extension of the investigation by the 

authors33 in which the suction/injection cases were not considered. 
Therefore, we aim in this section to study the effects of the 
suction/injection parameter on the behavior of the fluid velocity, the 
temperature distribution, the shear stresses and the heat transfer rate 
on the plate in the case of permeable sheet. The solution was 
obtained numerically by the MATLAB routine BVP4c. We refer the 
reader to the book by Shampine et al. 34 for details about how to 
solve boundary value problems with bvp4c. We set the relative and 
absolute tolerance equal to 10-7 and the corresponding differential 
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equations were integrated from 0η =   to η η∞= , where   η∞  is a 
sufficiently large number. In practice, setting η∞ as low as 12 yields 
satisfactory accuracy for the problem under discussion.  As a test of 
the accuracy of the solution, the values of F''(0), M '(0)  and '(0)θ  
are compared with corresponding numerical values reported by 
Wang and Ng17 and Demir and Barış33. As shown in Table 1 an 
excellent agreement is found for Ha 0, 0, 1,Pr 0.7α λ= = = =   
and 0s = . 

Table 1: Comparison of the numerical results with those of Wang and Ng 
(2013) 

 

Wang and Ng 

Pr 0.7=  

Demir and Barış 

Ha 0, 0, 1,

Pr 0.7

α λ= = =

=
 

Present Work 

Ha 0, 0, 1

Pr 0.7, 0s

α λ= = =

= =
 

F (0)''  1.31194 1.311938 1.311938 
M (0)'  0.4955 0.495440 0.495440 

(0)'θ  -0.6654 -0.665378 -0.665378 

 

Figure 2 shows velocity component in the x- direction. It is 
clear from Figure 2 that in the case of mass suction ( 0s > ) the 
velocity component in the x- direction increases. On the other hand, 
we observe that the velocity component in the x- direction decreases 
for the case of mass injection ( 0s < ).  

 

 

Fig. 2 Variation of the non-dimensional velocity component in the x-
direction with suction/injection parameter s  

0
2Pr 0.7, 0.2, 0.5, 0.4, 0.4)(Ha 1, ax ay Vα λ µ ρ= = = = ==  

The velocity component in the y- direction is presented in 
Figure 3. From the figure, we observe that the velocity component 
in the y- direction increases for the case of mass injection ( 0s < ) 
while decreases for the case of mass suction ( 0s > ). Furthermore, 
the tangential velocity components approach the free stream values 
more quickly in the case of mass suction ( 0s > ). In other words, 
the velocity boundary layer is thicker in the case of mass injection 
( 0s < ). 

Figure 4 displays the effect of suction/injection parameter on 
the velocity component in the z- direction. The figure shows that 
the magnitude of velocity component in the z- direction decreases 
in the case of mass injection ( 0s <  ) while increases for the case of 
mass suction ( 0s >  ).  

Figure 5 illustrates the temperature profiles for different values 
of the suction/injection parameter. The numerical results show that 
the effect of increasing values of suction/injection parameter results 
in a decrease of the thermal boundary layer thickness. It is apparent 
from Figure 5 that the temperature of the fluid decreases in the case 
of mass suction ( 0s > ) while increases in the case of mass 
injection ( 0s < ). 

 

 
Fig. 3 Variation of the non-dimensional velocity component in the y-
direction with suction/injection parameter s  

0
2Pr 0.7, 0.2, 0.5, 0.4, 0.4)(Ha 1, ax ay Vα λ µ ρ= = = = ==  

 
 

 

Fig. 4 Variation of the non-dimensional velocity component in the z-
direction with suction/injection parameter s 

0
2Pr 0.7, 0.2, 0.5, 0.4, 0.4)(Ha 1, ax ay Vα λ µ ρ= = = = ==  

 

 
Fig. 5 Variation of the temperature profiles with suction/injection parameter 
s 0

2Pr 0.7, 0.2, 0.5, 0.4, 0.4)(Ha 1, ax ay Vα λ µ ρ= = = = ==  

The values of tangential shear stresses and heat transfer rate on 
the plate are tabulated in Table 2 for different values of the 
suction/injection parameter. We conclude from this table that the 
magnitudes of tangential shear stresses and heat transfer rate 
increase with the increase in the suction/injection parameter.  
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Table 2. Shear stress and heat transfer rate on the 
plate

0
2Pr 0.7, 0.2, 0.5, 0.4, 0.4)(Ha 1, ax ay Vα λ µ ρ= = = = ==  

s wxτ  wyτ  '(0)θ−  

-1 -0.892956 0.199941 -0.000230 

-0.5 -1.241543 0.382210 0.214127 

0 -1.732019 0.685898 0.608957 

0.5 -2.355983 1.093726 1.129628 

1 -3.085162 1.571353 1.721611 
 

Conclusions 
In this paper, we investigated the effect of the suction/injection 

parameter on the  hydromagnetic three-dimensional stagnation-
point flow against a moving vertical plate that is described by 
systems of coupled nonlinear ordinary differential equations were 
given by Demir and Barış33. The results were obtained using the 
popular MATLAB routine BVP4c. The graphical and tabular 
presentation of the results revealed the effects of the relevant 
parameters on the velocity components, temperature distribution, 
tangential shear stresses and heat transfer. 

References 
1. K. Hiemenz, Die grenzschicht an einem in den 

gleichformigen flussigkeitsstrom eingetauchten geraden 
kreiszylinder, Dinglers Polytechnisches Journal 326 (1911) 321-
324. 

2. S. Goldstein, Modern Development in Fluid Dynamics, 
Oxford University Press, London, 1938. 

3. F. Homann, Der einfluss grosser zahigkeit bei der 
strömung um den zylinder und um die kugel, Z.angew. Math. Mech. 
16 (3) (1936) 153-164. 

4. L. Howarth, The boundary layer in three-dimensional 
flow. Part II: The flow near a stagnation point, Phil. Mag. 42 (335) 
(1951) 1433-1440. 

5. A. Davey, Boundary layer flow at a saddle point of 
attachment, J.Fluid Mech. 10 (1961) 593-610. 

6. N. Rott, Unsteady viscous flow in the vicinity of a 
stagnation point, Quart. Appl. Math. 13 (4) (1956) 444-451. 

7. C.Y. Wang, Axisymmetric stagnation flow towards a 
moving plate, AIChE Journal 19 (5) (1973) 1080-1081. 

8. P.A. Libby, Wall shear at a three-dimensional stagnation 
point with a moving wall, AIAA J. 12 (1974) 408-409. 

9. P.D. Weidman, S. Mahalingam, Axisymmetric stagnation 
point flow impinging on a transversely oscillating plate with 
suction, J.Eng.Math. 31 (1997) 305-318. 

10. A.S. Abbassi, A.B. Rahimi, Nonaxisymmetric three-
dimensional stagnation-point flow and heat transfer on a flat plate, 
J.Fluids Eng. 131 (2009) 074501 1-5. 

11. E.M. Sparrow, R. Eichhorn, J.L. Gregg, Combined forced 
and free convection in a boundary layer flow, Physics of Fluids 2 
(3) (1959) 319-328. 

12. J.R. Lloyd, E.M. Sparrow, Combined forced and free 
convection flow on vertical surfaces, International Journal of Heat 
and Mass Transfer 13 (2) (1970) 434-438. 

13. G. Wilks, Combined forced and free convection flow on 
vertical surfaces, International Journal of Heat and Mass Transfer 
16 (10) (1973) 1958-1964. 

14. C.Y. Wang, Effect of natural convection on the 
axisymmetric stagnation flow on a vertical plate, Journal of Applied 
Mechanics 54 (3) (1987) 724-725. 

15. N. Ramachandran, T.S. Chen, B.F. Armaly, Mixed 
convection in stagnation flows adjacent to vertical surfaces, Journal 
of Heat Transfer 110 (2) (1988) 373-377. 

16. H.T. Lin, C.C. Chen, Mixed convection on vertical plate 
for fluids of any Prandtl number, Wärme-und Stoffübertragung 22 
(3-4) (1988) 159-168. 

17. C.Y. Wang, C.O. Ng, Stagnation flow on a heated vertical 
plate with surface slip, Journal of Heat Transfer 135 (7) (2013) 
074505 1-8. 

18. H. Schlichting, K. Bussmann. Schri. Dtsch. Akad. 
Luftfahrtforschung, Ser. B, 7, 25 (1943). 

19.  GUPTA, P.S. and A.S. GUPTA. 1977. Heat and mass 
transfer on a stretching sheet with suction or blowing, Can. J. 
Chem. Engng. 55: 744-746. 

20. H.A. Attia, Hydromagnetic stagnation point flow with 
heat transfer over a permeable surface, Arab. J. Sci. Engg. 28 
(2003) 107-112. 

21. H.A. Attia, Homann magnetic flow and heat transfer with 
uniform suction or injection, Can. J. Phys. 81 (2003) 1223-1230. 

22. H.A. Attia, M.A. Seddeek, On the effectiveness of 
uniform suction or injection on two-dimensional stagnation-point 
flow towards a stretching surface with heat generation, Chemical 
Engineering Communications 194 (4) (2007) 553-564. 

23. A. Ishak, R. Nazar, N.M. Arifin,  I. Pop, Mixed 
convection of the stagnation-point flow towards a stretching vertical 
permeable sheet,  Malaysian Journal of Mathematical Sciences 1(2) 
(2007) 217-226. 

24. J.L. Neuringer, W. Mcllroy, Incompressible two-
dimensional stagnation-point flow of an electrically conducting 
viscous fluid in the presence of a magnetic field, J. Aeronaut. Sci. 
25 (1958) 194-198. 

25. J.L. Neuringer, W. Mcllroy, Hydromagnetic effects on 
stagnation-point heat transfer, J. Aeronaut. Sci. 25 (1958) 332-334. 

26. P.D. Ariel, Hiemenz flow in hydromagnetics, Acta 
Mechanica 103 (1-4) (1994) 31-43. 

27. T.Y. Na, Computational Methods in Engineering 
Boundary Value Problems, Academic Press, New York, 1979. 

28. A.J. Chamkha, Hydromagnetic plane and axisymmetric 
flow near a stagnation point with heat generation, Int.Commun.Heat 
Mass Transfer 25 (1998) 269-278. 

29. A.J. Chamkha, Mixed convection flow along a vertical 
permeable plate embedded in a porous medium in the presence of a 
transverse magnetic field, Numerical Heat Transfer Part A 
Applications 34 (1) (1998) 93-103. 

30. H.A. Attia, Axisymmetric stagnation point flow towards a 
stretching surface in the presence of a uniform magnetic field with 
heat generation, Tamkang Journal of Science and Engineering 10 
(1) (2007) 11-16. 

31. S. Abbasbandy, T. Hayat, On series solutions for MHD 
plane and axisymmetric flow near a stagnation point, 
Math.Problems Eng. 2009 (2009) 376174 1-10. 

32. A. Borrelli, G. Giantesio, M.C. Patria, On the numerical 
solutions of three-dimensional mhd stagnation-point flow of a 
Newtonian fluid, Int.J.Pure Appl.Math. 86 (2013) 425-442. 

33. M.Ş. Demir and S. Bariş, “Mhd stagnation flow of a 
Newtonian fluid towards a uniformly heated and moving vertical 
plate”, Journal of Applied Fluid Mechanics, (accepted for 
publication)  

34. L.F. Shampine, I. Gladwell, S. Thompson, Solving ODEs 
with Matlab, Cambridge University Press, London, 2003. 

INTERNATIONAL SCIENTIFIC JOURNAL "MACHINES. TECHNOLOGIES. MATERIALS." WEB ISSN 1314-507X; PRINT ISSN 1313-0226

YEAR X, ISSUE 5, P.P. 17-20 (2016)20


	1. Introduction
	2. Formulation of Problem
	3. Results and discussion
	Conclusions
	References



