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Abstract: The report presents an analytical and numerical analysis of mathematical model of the control synthesis of a solid body moving 
in an incompressible viscous fluid. It is assumed that the body does not have its own propulsion system, but is equipped with controlled 
rudders - wings of finite span. It pops up under the influence of the buoyancy force and wings lift. The basic mathematical model was 
presented by the authors at XII MTM Congress held in September 2015. 
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1. Introduction 
The effectiveness of observations and measurements 

obtained in the study of the underwater world via underwater 
vehicles, in particular, unmanned, depends on minimizing the 
impact of these submersible crafts to surrounding underwater 
environment. First of all, it refers to a moving apparatus, which 
movement is carried out by various power plants (screw propeller 
or other propulsion). Therefore, the reduction or elimination of 
such effects is an important application. The ideal situation would 
obviously be the complete lack of engine. This means that 
movement control of the body can be carried out only by natural 
hydrodynamic forces, for instance, the Archimedes buoyancy or an 
wing lift effect (the body can be equipped with wing). Basic 
terminology and classical results for the bodies motion in 
continuum can be found in books [1,2]. 
 

2. Mathematical model  
A large borehole bottom reservoir with an ideal 

incompressible low-conductivity stratified liquid is considered. 
There are assumed each layer has uniform density, which is known. 
Furthermore, liquid in each layer can move rectilinearly and 
uniformly along the horizontal axis.  

 
Fig. 1. Double-layer continuum figure. 

 
In this paper the authors consider two-dimensional motion 

of submersible craft case. At the initial time this body is located at 
a predetermined depth in stationary state (fig. 1). 

It is assumption to consider an uniform sphere-shaped rigid 
body with two similar symmetrically located around the ball centre 
wings (fig. 2). 

 
Fig. 2. Schematic submersible craft image. 

 
At the previous authors paper [3] mathematical model of the 

submersible craft plane motion was constructed. It allows to control 
the body through wings angle of attack modifications: 
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 – induced drag force (details can be 

found in [3]). 
This paper devotes to an constructed mathematical model 

analysis of control possibility of rising trajectory of the submarine 
craft. Besides, it is necessary to estimate in what measure 
parametric variations leads to motion trajectory of the body 
variations. 

It is supposed that an attack angle is a small quantity [4]. 
We also allow this assumption. The attack angle smallness 
necessitates the angle δ smallness. Therefore, we can accept 
sin𝛿 ≈ 𝛿, cos𝛿 ≈ 1. 

Using the change of variables  
𝑥 = 𝑧1 𝑦 = 𝑧3

𝑥̇ = 𝑧1̇ = 𝑧2 𝑦̇ = 𝑧3̇ = 𝑧4 

we transform the mathematical model to a nonlinear differential 
equation system: 
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A motion trajectory of the submarine craft can be modified 
by the attack angle α values variations. For instance, we will 
consider three cases: 
• The zero attack angle; 
• An piecewise constant attack angle value; 
• An attack angle is a small nonzero constant. 

If H1 is an initial immersion depth of the submarine craft 
and H2 is an second layer thickness, we can find an required 
displacement vector of the body in the near-bottom layer from 
system (1) using zero initial conditions. In the second layer 
calculations are done similarly with consistent substitution of initial 
conditions 
 

2.1. Numerical examples. 
The examples of calculation on the basis of found equations 

(1) are described below. We use the software called MATLAB 
7.10.0 (R2010A).  

Motion trajectories of the submarine craft for different 
attack angles in a double-layer liquid with differently directed flows 
(𝑤1����⃗ ↑↓ 𝑤2�����⃗ ) are presented on the figure 3.  

 
Fig. 3. Motion trajectories of the submarine craft for different 

attack angles: 
blue - for the zero attack angle; 

green – for the attack angle α = 0.2; 
red – for the piecewise constant attack angle value (firstly, α = 0; in 

second layer, when y = 23 α = 0.1 and when y = 20 α = 0.2). 
 
The motion trajectory of the submarine craft in 

homogeneous liquid without any shear flows for the piecewise 
constant attack angle value is presented on the figure 4. The law of 
the attack angle variation is displayed in Table 1. 

 
Table 1. The law of the attack angle variation. 

The attack angle 
value 

Conditions of the 
attack angles 

changing 
α = - 0.2 y = - 2 
α = - 0.1 y = -3 
α = 0 x = 100 
α = 0.1 y = -1.5 

α = 0.2 x = 200 (The body 
had surfaced.) 

 

 
Fig. 4. Motion trajectory of the submarine craft for the piecewise 

constant attack angle value in homogeneous liquid. 
 

At these examples the following values of a quantities are 
offered. The diameter of the surfaced body (ball) is 1 meter; its 
mass is calculated like 𝑚 = 0.98𝜌𝑉, where ρ is averaged body 
density. It is assumption to consider rectangular wings with 
wingspan 1 meter, aspect ratio of the wing 5 and relative maximum 
thickness 16 %. An initial immersion depth H1 equals 200 meters. 
The second layer depth H2 is 70 meters. Liquid densities in 
different layers equals ρ1= 1050 kg/m3 and ρ2=1025 kg/m3. Shear 
flows have speeds |𝑤1����⃗ | = 0.15 m/s and |𝑤2�����⃗ | = 0.1 m/s. 
 

3. Conclusion  
At this paper the motion trajectory of the submarine craft 

calculation algorithm is presented. Mentioned body can rise up 
under the influence of the Archimedes buoyancy and an wing lift 
effect. 

The attack angle control possibility of the submarine craft 
movement is analyzed. A problem of optimal wings forms and 
sizes remains open. 
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