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Abstract: This paper presents the results of a finite element analysis of a receding frictional contact between a perfect-fit pin inside a bushing, 
which is in perfect fit with a hole in a plate. The elasticity of all three bodies is taken into account, and the bodies are considered as isotropic. 
The problem is analysed within the frame of linear theory of elasticity and under the assumption of plane strain conditions. The fact that the 
presence of friction affects contact pressure distributions is well known, and the results obtained for the structural problem presented here are 
a novelty in this field of study. In addition, the results are analysed for several different geometries, which gives an insight into the influence 
of the ratio between the pin radius and bushing thickness. 
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1. Introduction 
 

The defining property of receding contacts is the occurrence of par-
tial separation of two contacting bodies upon the application of load. 
The contact area in the loaded (deformed) configuration is always 
contained within the contact area of the unloaded (i.e. undeformed) 
configuration [1]. Without exception, these problems fall into the 
category of conforming contact problems and two primary classes 
of receding contacts are the case of an unbonded layer indented into 
a substrate and the case of a perfect-fit or interference-fit pin in a 
plate. The pin-plate contact is mainly studied as the model problem 
for a variety of joints in mechanical assemblies, with a particularly 
strong interest coming from the aviation industry, because of the 
prevalent use of rivets and bolts in the assembly of the outer skin of 
an aircraft. Given the fact that structural failures usually take place 
at the joints or in their immediate vicinity, all such mechanical links 
and joints must be considered as regions of particular interest for the 
designer. The contact problem of pin and plate can be studied for 
three possible cases: (i) the case of a loaded plate, (ii) the case of a 
loaded pin and (iii) a combination of the first two cases. 

The pin-plate problem, which is very similar to the subject of 
investigation in this paper, received much attention in scientific lite-
rature. For a good insight into earlier works the reader is referred to 
[2-4], with [4] also containing a reference to a comprehensive series 
of photoelastic studies, and a special experimental method for the 
measurement of the separation of contacting surfaces is given in [5]. 
In [6] a very detailed set of results is presented, for the cases of loa-
ded pin, biaxially loaded plate and the combination of the two. On 
the other hand, newer significant results that employ more sophisti-
cated analytical models can be found in [6-10], and a very compre-
hensive FEM study by Iyer is given in [11]. Ciavarella et al. in [12] 
investigated the behaviour of contact parameters for the case of lo-
aded pin in a conrod-bushing-gudgeon pin assembly (in internal 
combustion engines) in correlation to the fit between the elements. 

This paper deals with the structural problem of a cylindrical 
pin in perfect fit with a bushing, which is in perfect fit with a hole in 
a loaded plate. This corresponds to the problem investigated in [12], 
which to the best of the author's knowledge received practically no 
attention in scientific literature in the context of receding contacts. 
The problem is modelled under the assumption of plane strain and 
within the framework of linear elasticity. Friction is also taken into 
account, which means that in addition to compressive tractions both 
contact surfaces (i.e. plate-bushing, bushing-pin) transmit tractions 
in the tangential direction as well. All bodies in contact (plate, bush-
ing and pin) are assumed to be isotropic. The analysis is carried out 
primarily as a qualitative assessment of the influence of friction on 
the contact parameters (contact pressures, contact angles) in compa-
rison to the frictionless case. In Chapter 2 a brief description of the 
problem and of the numerical model is outlined and analysis results 
are presented and discussed in Chapter 3. Finally, chapter 4 gives 
concluding remarks, complemented by a critical analysis of the re-
sults and an outlook to future research. 

2. Numerical model 
 
2.1. Description of the problem 

 
The analysed problem is shown in Fig. 1. In the unloaded state the 
contact between the plate and the bushing is realized over the entire 
circumference, so the total contact angle equals θ1 = 2π. The same 
applies to the contact between the bushing and the pin, with θ2 = 2π 
in the unloaded state. Since the plate is uniaxially loaded in tension, 
in the deformed configuration it separates from the bushing in a bi-
axially symmetric manner (θ1 < 2π), making one quarter of the total 
contact angle ϕ1 a sufficient quantity for the calculation of the total 
contact angle. The ensued contact pressures at the plate-bushing in-
terface deform the bushing, which then leads to separation between 
the bushing and the pin as well (θ2 < 2π). 
 
 

 
Fig. 1. Geometry of the problem: (1) plate, (2) bushing, (3) pin 

 
The primary unknowns are the contact angles on the two con-

tact surfaces, ϕ1 at the plate-bushing interface and ϕ2 at the bushing-
pin interface, contact pressure distributions (normal pn and tangential 
pt) on both contact surfaces, and the extent of stick and slip zones. 
 

2.2. Features of the finite element model 
 
The problem is analysed for the case of material similarity, with ma-
terial properties: E = 200 GPa, ν = 0.3. Four different geometries are 
analysed, with the ratio D/R (see Figure 1) as the varying parameter 
over the set of values D/R = 0.1 ; 0.2 ; 0.5 and 1. All other dimen-
sions and relations are kept constant in all models: H/B = 2, B/R = 
10 and R = 1. Tension load acting on the plate is a uniformly distri-
buted stress in the y-direction σ = 2·108 N/mm. 
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The coefficient of friction on both contacting surfaces is taken 
as µ =0.2, and the transition from the state of stick to the state of slip 
is modelled in accordance with Coulomb's static friction model. This 
means that the slip state between the points of the two bodies takes 
place when the local tangential traction pt reaches the value equal to 
µpn, with pn being the local normal contact pressure. 

The model is meshed with plane strain finite elements and the 
material of all three contacting bodies is defined as isotropic and li-
nearly elastic and the model is solved by using the nonlinear static 
analysis in the Femap software package. Only the left half of the 
structure in Fig. 1 is modelled and a detail of the mesh is shown in 
Fig. 2. The plate and the pin are divided into regions for the purpose 
of uniform structuring of the mesh and better accuracy of the result. 
 

 
Fig. 2. Mesh detail around the hole and bushing for D/R=0.1 

 
The modelling considerations in connection to the implement-

tation of contact constraints are the same as those briefly described 
in the author's paper Effect of friction on a receding contact between 
cylindrical indenter, layer and substrate, published in the previous 
issue (8/2016) of this periodical. 

 
3. Analysis results 
 

In order to quantify the influence of friction on the resulting contact 
pressure distributions, they must be compared to the already obtained 
results for the frictionless case, which are to appear in a forthcoming 
publication by the author. For geometry D/R=0.1 contact pressure 
distributions are shown in Fig. 3 in dimensionless form. Hereafter, it 
will be understood that index 1 designates the plate-bushing inter-
face, and index 2 designates the bushing-pin interface. 
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Fig. 3. Contact pressure distributions for the frictionless case and 
geometry D/R=0.1: a) at the plate-bushing interface ϕ1 ≈22° and 

pn1,max /σ ≈ 0.61 ; b) at the bushing-pin interface ϕ2 ≈ 23.4° and 
pn2,max /σ ≈ 0.666 

 
For the remaining geometries in case with no friction the results are 
qualitatively similar to those given in Fig. 3, and the values of con-
tact angles and maximal contact pressures are given in Table 1. It 
must be emphasized that the results given in Table 1 exist only for 
the normal contact pressures, since no friction is taken into account. 

The results obtained for the case of frictional contact can then 
be compared to the results from Fig. 1 and Table 1. 

 

Table 1. Results for the frictionless contact (approximate values) 

D/R ϕ1 pn1,max/σ ϕ2 pn2,max/σ 
0.2 22° 0.591 27° 0.682 
0.5 21° 0.607 33° 0.67 
1 21° 0.667 37.5° 0.667 

 
The contact pressure distributions obtained for the frictional 

contact are shown in Figures 4-7. The dashed line in these figures re-
presents the distribution of static friction force, i.e. the threshold for 
the occurrence of slip state at any observed point of the contact area 
when the local tangential force reaches this value. 
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Fig. 4. Contact pressure distributions for D/R=0.1:  

a) at the plate-bushing interface ϕ1 ≈ 23°, pn1,max /σ ≈ 0.622 ;  
b) at the bushing-pin interface ϕ2≈ 26°, pn2,max /σ ≈ 0.590 
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Fig. 5. Contact pressure distributions for D/R=0.2: 
a) at the plate-bushing interface ϕ1 ≈ 23°, pn1,max /σ ≈ 0.598 ; 

a) b) 
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Fig. 5. (continued) Contact pressure distributions for D/R=0.2;  
b) at the bushing-pin interface ϕ2≈ 29.5°, pn2,max/σ ≈ 0.587 
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Fig. 6. Contact pressure distributions for D/R=0.5;  
a) at the plate-bushing interface ϕ1 ≈ 23.5°, pn1,max /σ ≈ 0.592 ;  

b) at the bushing-pin interface ϕ2≈ 36°, pn2,max /σ ≈ 0.584 
 

The distribution of tangential contact tractions pt (the red line) 
in Figs 4-7 goes in some places above the line of the static friction, 
which is in contradiction with the assumptions of Coulomb's static 
friction model. This inaccuracy must be attributed to numerical error, 
most likely due to the basic property of the penalty method, which 
always produces a certain amount of violation of the enforced con-
straints – in this case of contact modelling it can be considered as a 
penetration. However, the value of this error is not very significant 
and for the purpose of this study the accuracy of the obtained result 
can be considered as satisfactory. 
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Fig. 7. Contact pressure distributions for D/R=1;  
a) at the plate-bushing interface ϕ1 ≈ 23.3°, pn1,max /σ ≈ 0.636 ;  

b) at the bushing-pin interface ϕ2≈ 40°, pn2,max /σ ≈ 0.587 
 

Based on the results presented in Figures 4-7 and comparing 
them to the results presented in Fig. 3 and Table 1, it can generally 
be concluded that the presence of friction modifies the normal pres-
sure distribution by shifting the maximal point away from the centre. 
This phenomenon is in agreement with the results in the available 
literature. The influence of friction at the plate-bushing interface 
does not seem to be very pronounced, making the contact angles only 
marginally larger and decreasing the values of pn by a small amount. 
An exception to this pattern for pn is the geometry with D/R=0.1, 
which is likely caused by numerical error and should be further in-
vestigated. The influence of friction at the bushing-pin interface is 
somewhat more pronounced, also making the contact angles larger 
and decreasing the maximal contact pressures pn2 much more signifi-
cantly than the contact pressures pn1. 

The dislocation of maximal normal contact pressures exhibits 
a very interesting behaviour. At the plate bushing-interface the an-
gular shift α1,max gradually increases as the ratio D/R  increases. At 
the same time, at the bushing-pin interface the value of this angular 
shift α2,max gradually decreases as D/R  increases. The results seem 
to suggest that these two values converge to approximately the same 
value, which is evident from the data in Table 2. 
 
Table 2. Angular shifts of the maximal normal pressures 

D/R 0.1 0.2 0.5 1 
α 1,max 1.2° 1.8° 2.4° 2.4° 
α 2,max 5.4° 3.6° 2.4° 2.4° 

 
Analysing the extent of stick and slip zones, it is evident that 

the tangential contact tractions pt on both contact surfaces follow a 
consistent pattern for all geometries. Points in the central part of the 
contact surface remain in a state of stick, while points toward the 
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edges of the contact surface enter a state of slip. This is in qualitative 
agreement with the results in the available literature. Estimating the 
size of the stick zones is a somewhat sensitive task, since the values 
of the tangential contact tractions contain a small error that is still 
significant enough to strongly influence the results. This is because 
the distributions of pt and Ft are practically tangent to each other in 
a wide range, thus making the problem poorly conditioned from the 
mathematical standpoint. The extents of the stick zone relative to the 
size of the entire contact area ϕ st,1/ϕ 1  for plate-bushing and ϕ st,2/ϕ 2 
for bushing-pin are summarized in Table 3 for all geometries. These 
values are approximate, since the extent of the stick zone could de-
viate from the estimated values by as much as ±1°. 
 
Table 3. Relative size of the stick zones for all values of D/R 

D/R 0.1 0.2 0.5 1 
ϕ st,1/ϕ 1  0.57 0.58 0.53 0.47 
ϕ st,2/ϕ 2  0.46 0.42 0.39 0.40 

 
It is evident from Table 3 that the extent of the stick zone relative to 
the entire contact surface is greater at the plate-bushing interface and 
that on both contact surfaces this extent shows a declining tendency 
as D/R increases. 

 
4. Conclusion and outlook 
 

The influence of friction was analysed on a receding contact between 
a perfect-fit pin in a bushing that is in perfect fit with a plate loaded 
in tension. In this analysis four geometries were investigated, with 
the ratio of bushing thickness and pin radius D/R = 0.1 ; 0.2 ; 0.5 
and 1. The problem was modelled within the framework of linear 
theory of elasticity and under the assumption of plane strain, and all 
three bodies were considered as elastic. This kind of investigation 
of the described structure has not been performed previously in the 
available literature and thus presents a novelty in the field of study 
dealing with receding contacts. 

The obtained results show that the presence of friction reduces 
the values of the normal component of maximal contact pressures on 
both contact surfaces, at the same time increasing the contact angles. 
This effect is more pronounced at the bushing-pin interface. Since 
Coulomb's friction model was used for the implementation of fric-
tional effects, the criterion for the calculation of stick and slip zones 
was the equality of the local tangential contact traction and the local 
static friction force. On both contact interfaces points in the central 
part of the contact surface remain in a state of stick, while points lo-
cated away from the centre enter a state of slip. The size of the stick 
zone relative to the extent of the contact surface is greater at the 
plate-bushing interface. As D/R increases the relative size of the 
stick zone is shown to gradually decrease on both contact surfaces. 
Furthermore, the points of maximal normal contact pressures exhibit 
an angular shift away from the central point of contact on both con-
tact surfaces. This angular shift seems to converge to the value of 
2.4° on both contact surfaces as D/R increases, while for smaller 
values of D/R the shift is several times greater at the bushing-pin 
interface in comparison to that of the plate-bushing contact. 

Potential extensions and improvements of the presented study 
are various. Firstly, the problem should be investigated for a larger 
set of several different values of the coefficient of friction. Keeping 
in mind the nature of this problem, the analysis could also be exten-
ded to alternative cases of loading, primarily the case of a pin loaded 
in its centre, but the cases of a biaxially loaded plate and a combina-
tion of pin and plate loading are also viable subjects of interest. In 
addition, an analysis of the load-dependent aspects of the problem, 
which would quantify the variable nature of the stick and slip zones 
for every geometry through a larger set of coefficients of friction, 
would be a very significant generalization and extension of the pre-
sented results. Finally, the presence, influence and magnitude of nu-
merical errors should be put under additional scrutiny in order to 
possibly improve the presented results and observations, since the 
values of contact angles and stick zones are quite sensitive to errors, 
even if they are small.  
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