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Abstract: In this work, case of rotations transformation between arbitrary crossed shafts (axes of rotations) by means of high kinematic 
joints, which elements configure active tooth surfaces of hyperboloid gear mechanisms is treated. |Analytical dependencies, defining the law 
of rotations transformation are illustrated. This law of transformation in this concrete case is a constant function of the relations of the 
angular velocities of the movable links of the spatial three-link gear mechanism. The shown functions are applicable both to the synthesis of 
the studied transmissions, and for the determining and control of the kinematic errors of these transmissions, caused by manufacturing and 
assembly errors. 
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1. Introduction
The Science of Spatial Gearing, that studies the processes of 

rotations transformation upon a preliminary defined law between 
non-coplanar (in the most common case) axes by means of three-
links mechanisms, having high kinematic joints, essentially can be 
considered as an independent direction of the science Applied 
Mechanics. It studies kinematic and dynamic behavior of these 
body systems, in relation to the geometric characteristics of the 
elements of the constituting high kinematic joints.  

Three-links mechanisms, for which the transformation of rotations 
between non-coplanar axes is accomplished through a system of 
high kinematic joints, which elements come into and go out of 
tangent contact (instantaneous contact), by observing a definite law 
of order, are named hyperboloid0 gear mechanisms. This name is 
derived from the fact that their axoids are two revolution 
hyperboloids, which geometric axes coincide with the axes of 
rotations of the movable links of the three-links gear mechanism. 
For them the rotations transformation is realized as a result of the 
action of normal forces in the places of tangent contact of the 
elements of the kinematic joints. The process of sequential 
occurrence and disintegration of kinematic joints is a permanent and 
regular one, and during its realization over time there should be 
more than one configured kinematic joint. The state in which 
kinematic joints exist is called gearing. For gear sets, when their 
axes of rotations do not lie in one plane, is talked about spatial 
gearing. 

The main focus of the current research is put on defining of 
specific characteristics of the instantaneous contact of the elements 
of high kinematic joints, when the processes of the rotations 
transformation by means of hyperboloid gear mechanisms are 
realized. 

2. Instantaneous Velocity Ratio in the Pitch
Contact Point 

The exactness of the realization of a preliminary given law of 
rotations transformation between shafts with crossed axes by means 
of three-links gear mechanism, is in a direct dependency on 
geometric and kinematic conjugation of the active tooth surfaces, 
which come in and go out of contact. In this process, every occurred 
instantaneous contact point (for gear mechanisms with a point 
contact) or instantaneous contact line (for gear transmissions with 
linear contact) is characterized by an instantaneous velocity ratio. 
The main requirement to the synthesis and design of gear 
mechanisms are that their instantaneous velocity ratio should 
correspond to a preliminary given design value, by observing an 
adequate exactness. Hence, the defining of the instantaneous 
velocity ratio, as a function of the geometric parameters of spatial 
gear sets, is of a great importance, especially for the kinematic types 

of gear mechanisms, when it is necessary to study their sensitivity, 
while these parameters are changing. 

 Main interest, from view point of the synthesis of spatial gear 
drives upon a pitch contact point, is to be defined the instantaneous 
velocity ratio when the instantaneous conjugated contact point, 
respectively the instantaneous conjugated line, passes through the 
pitch contact point. For this case it is necessary to define the 
instantaneous velocity ratio by means of the geometric parameters 
of the pitch contact point [1, 2]. 

 Considering the symbols given in Fig. 1, for the instantaneous 
velocity ratio at one arbitrary contact point it can be written [3, 4]:  
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Fig. 1. Kinematic scheme for determining the instantaneous velocity ratio of 
a hyperboloid gear mechanism 
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Here iω  ),( 21i =  are the magnitudes of the instantaneous 

angular velocities 1ω  and 2ω ; id  ),( 21i =  - minimal

distance between the points of piercing πiO  ),( 21i =  of the

normal nn −  with planes iΠ  ),( 21i =  and the rotations axes 

ii −  ),( 21i = . nn −  is a normal line to the tooth surfaces

1Σ  and 2Σ  passing through the conjugated contact point P . The

planes iΠ  ),( 21i =  are perpendicular to the axis 21OO  of the

crossed axes of rotations 11−  and 22 −  and contain as well the

corresponding crossed axes ii −  ),( 21i = ; ie  ),( 21i =  -

minimal distances between nn −  and the crossed axes ii − ; iε
),( 21i =  - angles between the normal  nn −  and the axes of

rotation ii −  ),( 21i = .

 Here, it will be reminded that in general case, in order to realize 
rotations transformation between fixed crossed axes ii −

),( 21i =  by means of the conjugated contact point P  it is
appropriate the instantaneous contact in it to be considered by 
means of two infinitely small regions from the surfaces 1Σ  and 

2Σ , respectively. Actually, these regions have a relative motion, 

determined by the vector of the relative velocity 12V , which is a

result of the rotation of iΣ  ),( 21i =  around axes ii −
),( 21i =  (see Fig. 1). The fact, that one of the surfaces iΣ
),( 21i =  transmits motion to the other one, means that the

12V  lies in their common tangent plane nT . If this condition is
fulfilled, from it follows the equality of the normal components of 
the absolute velocities of P , considered as a point from iΣ

),( 21i =  and vice versa. Both conditions are equivalent ones

for the kinematically conjugated action in the point P , namely:

n,2n,1 VV = , (2) 

where n,iV  is a normal component of the absolute velocity iρ  and

of the circumferential velocity iV .

 Let’s first show how equality (1) is obtained, from the condition 
(2), and taking into account Fig. 1: 
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When taking into account the symbols, given in Fig. 1 and Fig. 2 
(assuming that the conjugated contact point is a pitch contact point) 
then from (2) it can be written: 

,coscoscoscos, niiiniini rVV αβωαβ ==  (3) 

where iV  is the magnitude of the circumferential velocity iV ; ir  -

radius of the pitch circle iH ; iβ  - angle of inclination of the 

longitudinal line of the tooth in the pitch contact point P ; nα  - 

normal profile angle of iΣ  in the pitch contact point P  (a pitch

normal angle); n,iV  - magnitude of the projection of the

circumferential velocity vector iV  on the common normal nn − .

Fig. 2. Geometric-kinematic scheme of a spatial gear pair with an opposite 
orientation of the longitudinal line of the teeth  

Then from (2) and (3), the well-known dependency is obtained 
[5, 6, 7, 8]: 
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When the rotations transformation between crossed axes 11−
and 22 −  by means of contacting in pitch contact point P  tooth

surfaces 1Σ and 2Σ  with an opposite orientation of the 

longitudinal lines 1L  and 2L  (see Fig. 2) is realized, then the
equation (4) can be presented in the type [1, 2]: 
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where 2,1i =  is the number of the gear, and µ  - hypoid angle.

 For the case of spatial rotations transformation between crossed 
axes, by means of contacting in the pitch contact point P  tooth

surfaces 1Σ  and 2Σ  with one-way orientation of their longitudinal 

lines 1L  and 2L  (see Fig. 3), then the equality (4) is of the type
[2]: 
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In equations (5) and (6) the above signs refer to 1i = , and
bellow ones – 2i = .

Fig. 3. Geometric –kinematic scheme of spatial gear pair with one-way 
orientation of the longitudinal line of the teeth  

If from a formal view point it is assumed that i  represents the
number of the movable link of the three-links spatial gear 
mechanism, then the cases 1i =  define the instantaneous velocity 
ratio in the pitch contact point, when a rotation from axis 11−  is
transmitted towards axis 22 − , and 2i =  covers the cases of
rotations transformation form 22 −  towards 11− .

In order, the rotations transformation between crossed axes 
ii −  ),( 21i =  are realized, when the active tooth surfaces

1Σ  and 2Σ  have a contact in the pitch contact point P , (for a
nominal velocity ratio, which is equal to the instantaneous velocity 
ratio), the longitudinal lines 1L  and 2L  of the mentioned above
tooth surfaces, should have an inclination angles, defined by the 
expressions [2]: 

• When the longitudinal lines iL  ),( 21i =  have
opposite orientations 
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• When the longitudinal lines iL  ),( 21i =  have one-
way orientation 
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 For the case when the analysis of the instantaneous velocity ratio 
requires estimations to be made on the basis of the analytical 
dependence (1), it is necessary the defined distances ie  and id  to
be expressed, by means of the geometric parameters of the tooth 
surfaces 1Σ  and 2Σ  in the pitch contact point. 

 Then from (1), taking into account the symbols shown in Fig. 1, 
Fig. 2 and Fig. 3, it can be written 
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From (9) it is obtained 
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where ∆  is an acute angle between the normal nn −  and the
direction of the line 21OO  of the crossed axes of rotations ii −

),( 21i = .

Analogically, for the distance ie , the following expression can
be received: 
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whence 
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When (10) and (12) are solved together, then the following 
relation between the distances id  and ie , (for the case when the

instantaneous contact is realized in the pitch contact point P ) is
obtained: 
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3. Geometric-Kinematic Model of the Object of the
Research 

As it has already been mentioned, the transformation of rotations 
according to a preliminary defined law is a basic process, to the 
realization of which are oriented to the predominant part of the 
three-links hyperboloid gear mechanisms. From a theoretical view 
point, the most common process is the process of spatial rotations 
transformation with the crossed placement of the axes of the 
movable links of the three-links transmission mechanism, which 
determines the predominant interest of the researchers. For this 
reason, for the current study, a mechano-mathematical model will 
be illustrated, that treats this most common case, but in an aspect 
determined by its practical application. In other words, the study 
will consider a hyperboloid gear mechanism, transforming rotations 
with constant angular velocities between crossed shafts (axes). The 
model presented below illustrates geometric-kinematic 
characteristics - an object of the current work.  
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On Fig. 4 a geometric-kinematic scheme of three-links gear 
mechanism, transforming by means of movable links (gears) 1  and

2  rotations with angular velocities 1ω  and 2ω  between fixed 

crossed axes 11−  and 22 −  (placed in the static space) of the
links 1  and 2  is illustrated. The studied case of the process of
rotations transformation is characterized by the following 
conditions: 
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where iω  is a magnitude of the angular velocity vector iω  of 

rotations of the movable link i  ; δ  - crossed angle of the axes

11−  and 22 − ; wa  - minimal distance between the crossed

axes 11−  and 22 −  (offset); )( 2112 ii  - velocity ratio.

The rotations transformation is realized by means of high 
kinematic joint ( 1Σ : 2Σ ), which elements are the surfaces 1Σ  and 

2Σ , that in a given moment have a conjugate contact point Р  (the

tangent point of contact Р  can belong to the conjugated

instantaneous contact line 12D ). Here, it should be mentioned, that
in the case of a real gear mechanism, in every moment more than 
one pair of tooth surfaces 1Σ  and 2Σ  exists, forming kinematic 

joints ( 1Σ : 2Σ ). When one of the movable links, for example 

1i = , is put into rotation with an angular velocity 1ω , then the 

other movable link 2i =  starts to rotate. And if the obtained
rotation of the second movable link is determined by the angular 
velocity 2ω , (for which the condition 

ttanconsi2112 == ωω  is fulfilled, that is equivalent to the 
last equality of conditions (14)), then it can be affirmed, that the 
kinematic joints ( 1Σ : 2Σ ) (illustrated on Fig. 4), and the studied 
gear mechanism respectively, are kinematically conjugated. 

The research is realized with introducing the right-handed 
coordinate systems ),,,( zyxOS  and ),,,( iiiii zyxOS

)=( 21,i , from which S  is a static coordinate system
(connected with the non-movable link (posture) of the three-links 
gear mechanism), and iS  )=( 21,i  are the coordinate systems,

firmly connected with the movable links 21,i = . The
mentioned above coordinate systems are not shown in Fig. 4. The 
current position of 1S  and 2S  towards S  is given by the

parameters of rotations (meshing) iϕ  )=( 21,i .

Let’s the elements 1Σ  and 2Σ  of the high kinematic joint are 

described parametrically in the static coordinate system S  [2, 5-8].
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where s,iρ  is a radius-vector of the contact point  Р , considered

as a point from iΣ ; s,in  - normal vector to iΣ  at the same point;

ii ,u ϑ - independent parameters, determining the location of

point Р  on iΣ . 

As it has already been mentioned, at the point of geometric 
conjugation of the surfaces 1Σ  and 2Σ , the following conditions 
are fulfilled: 
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For concrete values of the parameters of rotation 1ϕ  and 

2112 iϕϕ = , 1u  and 1ϑ  are pair of independent parameters, 

defining point Р  as a point from 1Σ , which has a tangent contact 

with the corresponding point Р  from 2Σ , defined by the 

parameters 2u  and 2ϑ . 

In the process of motion of the kinematic conjugated joints for 
the current points Р , the conditions (16) are constantly fulfilled for

the 2,1i,iavari ==ϕ . Then [5 - 8] 
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where s,iρ  is an absolute velocity of the contact point Р , joined

to the iΣ ; s,in  - an absolute velocity of the tip of the normal

vector in  in the contact point  Р , joined to the iΣ ; s,iρ  - an

absolute acceleration of the contact point Р , considered as a point

from iΣ ; s,in  - an absolute acceleration of the tip of the in , in

point Р , joined to the iΣ .

 Here and further under conjugation of the kinematic joints, and 
functioning through them transmission mechanisms, it will be 
understood their theoretically kinematic conjugation. The systems 
(17) and (18) are the vector conditions for conjugation of the
studied hyperboloid gear mechanism. The first equality from (7) can
be presented easily in the form [5 - 8]:

,VVVVVV 121,r211,r2,r +=−+= )(  (19) 

As it can be seen, these vector equations are determining for both 
the circumferential and the relative motion of the conjugated 
contact points.  Moreover, (19) shows, that vectors 12V 1,rV  and

2,rV , as well as the vectors 12V , 1V  and 2V  are two triplets of
coplanar vectors. 
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The first triplet determines the tangent plane nT  in the conjugated

contact point Р  of 1Σ  and 2Σ . The second triplet of vectors, 

determines plane mT , which under concrete conditions contains the
pole of meshing/pitch contact point of the synthesized gear set. The 
above comment is illustrated on Fig. 4.  

Fig. 4. Kinematic scheme of the conjugated action of the active tooth 
surfaces 1Σ  and 2Σ  of the three-links hyperboloid  gear transmission in

the contact point Р : ii −  2)1,=(i - rotation axes of the movable

links; wa  - offset; δ  - crossed angle of the axes 11−  and 22 − ; 

nT  - common tangent plane of  1Σ  and 2Σ  at point Р ; nn −  -

common normal of iΣ  2)1,=(i  at point Р ; s,iρ  - radius-vector 

of point Р , joined to the iΣ  in the static space )z,y,x,O(S ; iρ is

an absolute velocity of the contact point Р ; 12V  - relative velocity of

point Р ; i,rV  - relative velocity of the motion of point Р  on the tooth

surface iΣ ; i,nV  - normal components of iρ

 The model of the process of spatial transformation of rotations, 
described briefly in this paragraph, by means of a hyperboloid gear 
drive with arbitrary crossed axes of rotation, is in the basis of the 
current work.  

4. Conclusion
For the synthesis of hyperboloid gear transmissions, it is

necessary to be defined an analytical approach for determining the 
kinematic error in the spatial gearing, which as a rule occurs as a 
result of manufacturing and assembly inaccuracies during the 
realization of these transmissions. In the present work it is 
illustrated sequentially:   

• A generalized mathematical model of the hyperboloid
transmissions (based on their geometric and kinematic features)
is defined.

• The analytical relations, for the instantaneous velocity ratio in
an arbitrary contact point of the instantaneous tangent contact of
the gear drives with an arbitrary crossed axes are illustrated in
the current reserach.

• Generalized dependencies for determination of the
instantaneous velocity ratio in the pitch contact point are
written. Dependencies by which kinematic and geometric
estimations of the synthesized spatial gear mechanisms (upon a

pitch contact point) by introducing geometric-kinematic 
parameters of the pitch contact point, are also written. 

• Generalized expressions for the angles, defining the inclination
of the longitudinal lines of the teeth (when their synthesis is
realized upon a pitch contact point) are expressed by the
obtained analytical dependencies for the instantaneous velocity
ratio in the pitch contact point.

The received analytical dependencies are applicable for the 
realization of the process of synthesis of spatial gear mechanisms, 
as in the case of application of the mathematical model for synthesis 
upon a pitch contact point, and when in the process of synthesis, the 
change of the velocity ratio at instantaneous tangent contact points 
(different than the pitch one) is also taken into account. 
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