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1. Introduction 

Success in modern operations is achieved by those forces and 

means of counter-fighting combatants that use reliable fire support. 

Recognizing that fire support includes strikes and fires with lethal 

and non-lethal effects of fire and impact systems of land, airborne, 

naval components and special operations forces executed under 

operative scenario with attracted operational forces, it is necessary 

to analyze the individual components of this complex system. In 

this article, we are limited to examining only the effectiveness of 

artillery fire systems. The analysis of the electronic fire operations 

at the end of the 90s shows that the proportion of MLRS and 

Artillery’s damage in the operations is 50-60%, which is 

distributed: 30-40% when the enemy damaged at near depth and 15 

- 20% in case of a long range fire support [1]. 

The fire support of military formations is carried out by fire 

formations and firing systems and its effectiveness depends to a 

large extent on the efficiency of the used artillery systems. 

A primary indicator in assessing the efficiency of fire systems is 

the probability of damage the target (object) using the damage 

function. Damage function is an essential part of the mathematical 

apparatus for determining the efficiency of fire support systems 

 

2. Results of discussion. 

Damage function comparison. 

2.1. Purpose: Presenting a theoretical analysis of damage 

functions used in evaluation of artillery fire support effectiveness. 

2.2. Objectives: 

- to analyze damage functions and artillery weapon systems 

effectiveness using them; 

- to determine differences in damage functions and their 

appropriate usage. 

The damage function determines the percentage impact of the 

weapon (system) on the target. It has two main components: 

distribution of the mean point of impact to the target center (the 

point of measurement) and the likelihood of target damage as a 

result of the deviation from the center of the target. 

The mean point of attack can be characterized as a random 

value with bivariate normal distribution, range error probable 

(REP) and deflection error probable (DEP) and the probability 

density function 𝒇 𝒙, 𝒚 : 

(1) 𝒇 𝒙, 𝒚 =
𝟏

𝟐𝝅𝝈𝒙𝝈𝒚
𝒆
− 

 𝒙−𝝁𝒙 𝟐

𝝈𝒙 
𝟐 +

 𝒚−𝝁𝒚 
𝟐

𝝈𝒚 
𝟐  

 [5] 

And cumulative density function: 

The cumulative density function (continuous probability 

distribution) is determined by the formula: 

(2) 𝑭 𝑿, 𝒀 =   
𝟏

𝟐𝝅𝝈𝒙𝝈𝒚
𝒆
− 

 𝒙−𝝁𝒙 𝟐

𝝈𝒙 
𝟐 +

 𝒚−𝝁𝒚 
𝟐

𝝈𝒚 
𝟐  𝒚=𝒀

𝒚=−∞

𝒙=𝑿

𝒙=−∞
 [5] 

where 𝝈𝒙, 𝝈𝒚 standard deviations in range and deflection, 𝒙, 𝒚 

mean deviations of the random value in range and deflection, 𝝁𝒙, 𝝁𝒚 

mathematical expectations. 

 

Fig.1 Probability density function (PDF) of random value, distributed 

by a bivariate normal law. 

In different cases, the distribution of the mean point of impact 

may also be different. For example, when the numerical value of 

standard deviation of the two dimensions is equal, and the 

mathematical expectation of the mean point of impact equals zero, 

then it is a normal circle-like distribution, which is characterized by 

a circular error probable (CEP) and a function of distribution, which 

can be calculated using the formula: 

(3)  𝒙, 𝒚 =
𝟏

𝟐𝝅𝝈𝟐 𝒆
− 

𝒙𝟐

𝝈𝟐+
𝒚𝟐

𝝈𝟐    [4] 

 

 

Fig.2 Graphic representation of a Probability density function (PDF) of 
a random value distributed by radial law. 

In most cases, mean errors in distance and direction are not of 

equal value, making use of formula (3) impossible. In such a 

hypothesis, it is expedient to convert a bivariate normal distribution 

into a radial one: 

(4)  𝒓𝟐 = 𝒙𝟐 + 𝒚𝟐 [4] 

where 𝒙, 𝒚 mean deviations of the random value in range and 

deflection, 𝒓 radial variance of the random value. 

As a result of the assumption of radial distribution of the mean 

point of attack, the properties of the random magnitude will change. 
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One of the methods for determining the distribution function of a 

random variable with radial distribution is using Rayleigh 

distribution. 

 

Fig.3 Graphic representation of a Cumulative density function (CDF) 
of a random value distributed by radial law. 

The Rayleigh distribution is used to characterize the radial 

random variable with the distribution function shown in Fig. 2. 

These are defined by formulas: 

(5) 𝒇 𝒓 =
𝒓

𝝈𝟐
𝒆
− 

𝒓𝟐

𝟐𝝈𝟐  [3] 

And cumulative density function 𝑭 𝑹 (Fig.3): 

(6) 𝑭 𝑹 = 𝟏 − 𝒆
− 

𝑹𝟐

𝟐𝝈𝟐    [3] 

where 𝒓 radial variance of the random value., 𝝈 standard 

deviation in range (deflection).  

Models defining artillery fire support effectiveness are based on 

the distribution of the mean point of impact and the likelihood of 

target damage as a result of the deviation from the center of the 

target and the projectile dispersion. It is possible to use two models 

to calculate the damage function: Carleton - von Neumann (K) and 

Cookie - Cutter (CC). 

 

Fig.4 Carleton damage function (up) and Cookie-cutter function. 

The "Cookie-Cutter" model characterizes the damage effect of 

fire support systems that have a constant radius of damage or 

impact area equal to 𝝅𝑹𝟐. If the error in the fire data preparation is 

a mean circular error and the point of measurement is the center of 

the target, the distribution function is determined by the formula: 

(7) 𝒇 𝒙, 𝒚 = 𝒆
−

𝟏

𝟐
 
𝒙𝟐+𝒚𝟐

𝝈𝟐  
𝟏

𝟐𝝅𝝈𝟐    [5] 

The probability of damage can be determined by the formula: 

(8) 𝑷𝑫 = 𝟏 − 𝒆
−

𝟏

𝟐

𝑹𝟐

𝝈𝟐         [2,3,4] 

It is evident that this model can be used effectively in fire 

systems having random errors equivalent to one another or equal in 

value. This assumption does not allow the use of the model in any 

case and makes it specific rather than universal. Practice shows that 

the error value in range in the majority of cases has a higher 

numerical value than the errors in deflection. This is the result of 

the fact that the sum of random errors is characterized by an 

asymmetric bivariate normal distribution law rather than a bivariate 

normal distribution law (circular) (symmetrical). Numerous 

integration, approximate formulas and other assumptions are used 

to solve this problem. 

In some cases, the following formula may be used: 

(9) 𝑷𝑫 = 𝟏 − 𝟎. 𝟓
𝑹𝟐

𝑪𝑬𝑷𝟐 [2,3] 

(10) 𝑪𝑬𝑷 = 𝟏. 𝟏𝟕𝟕𝟒𝝈 [2,3] 

where 𝑹 radial variance of the random value, 𝑪𝑬𝑷 circular error 

probable, 𝝈 standard deviations in range and deflection. 

The other model that is primarily used to determine the 

effectiveness of fire systems for various purposes is the Carleton 

damage function or the diffuse Gaussian damage function. 

(11) 𝑫 𝒓 = 𝒆
−

𝟏

𝟐

𝒓𝟐

𝒃𝟐 [2,3,5] 

where 𝒃 a damage factor dependent on fire system, 𝒓 radial 

variance of the random value. 

This model for determining the efficiency of the damage can be 

used in any case because it defines the covered area individually for 

each fire system. This makes the model more realistic about 

effectiveness evaluation. 

In case the distribution law is asymmetric, the mathematical 

apparatus for calculating the probability of damage is as follows: 

(12) 𝑷𝑫 =
𝒃𝒙𝒃𝒚

  𝒃𝒙
𝟐+𝝈𝒙

𝟐  𝒃𝒚
𝟐+𝝈𝒚

𝟐 
𝒆
−

𝟏

𝟐
 

𝝁𝒙
𝟐

𝒃𝒙
𝟐+𝝈𝒙

𝟐+
𝝁𝒚
𝟐

𝒃𝒚
𝟐+𝝈𝒚

𝟐 
    [2,3,5] 

where 𝒃𝒙𝒃𝒚 damage factors dependent on fire system in range 

and deflection, 𝝁𝒙, 𝝁𝒚 mathematical expectations if random errors 

in range and deflection, 𝝈𝒙, 𝝈𝒚 standard deviations in range and 

deflection. 

To analyze the damage functions, the Monte Carlo simulation 

modeling method is used. 

When initializing an analysis, it is necessary to calculate the 

damage area. In the first case, the damage factor of the fire system 

and the covered area will have a bivariate normal distribution: 

(13) 𝑨𝒍 𝑪𝑪 = 𝝅𝑹𝟐    [2,3,4] 

 14 𝑨𝒍 𝑲 = 𝝅𝒃𝟐      [2,3,5] 

The next stage of the analysis covers the calculation of the 

probability of damage. In the first case, the damage functions will 

have the type: 

 15  𝑷𝑫 𝑪𝑪 = 𝟏 − 𝒆
−𝟎,𝟓

𝑹𝟐

𝝈𝟐    [2,3,4] 

 16 𝑷𝑫 𝑲 =
𝒃

 𝒃𝟐+𝝈𝟐
              [2,3,5] 

Using the statistical modeling method, we will analyze a series 

of mean points of impact away from the center of the target, 

respectively: 

Input data for the analysis: 𝑨𝒍 = 𝟐𝟓𝟎𝟎𝒎𝟐, 𝝈𝒙 = 𝟎 ÷ 𝟓𝟎𝒎, 

𝝈𝒚 = 𝟎 ÷ 𝟓𝟎𝒎, 𝒃 = 𝟐𝟖, 𝟐𝒎, 𝑹 = 𝟐𝟖, 𝟐𝒎. 

 

Fig.5 Analysis of damage functions when damaging target with 
bivariate shape. 
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Target with a bivariate shape, the Cookie-cutter model with 

little ballistic dispersion values provides a higher probability of 

damage, which is explained by the pattern distribution function. The 

Carleton damage function, with increase of standard deviation of 

ballistic dispersion, the probability of damage is gradually reduced. 

In the second case, the damage factor of the fire system and the 

covered zone will have a rectangular shape and is determined by the 

formula:: 

 17 𝑨𝒍 𝑪𝑪 = 𝝅𝑹𝟐 , 𝑹 =  𝒙𝟐 + 𝒚𝟐      [2,3,4] 

 18 𝑨𝒍 𝑲 = 𝟐𝝅𝒃𝒙𝒃𝒚                             [2,3,5] 

where 𝑹 radial variance of the random value, 𝒃𝒙𝒃𝒚 damage 

factors dependent on fire system in range and deflection. 

The second step to determine the effectiveness of fire support of 

artillery is to determine the probability of damage on target. In the 

second case considered, the damage functions will have the type: 

 19 𝑷𝑫 𝑪𝑪 = 𝟏 − 𝒆
−𝟎,𝟓

𝑹𝟐

𝝈𝟐                               [2,3,4] 

(20) 𝑷𝑫 𝑲 =
𝒃𝒙𝒃𝒚

  𝒃𝒙
𝟐+𝝈𝒙

𝟐  𝒃𝒚
𝟐+𝝈𝒚

𝟐 
𝒆
−

𝟏

𝟐
 

𝝁𝒙
𝟐

𝒃𝒙
𝟐+𝝈𝒙

𝟐+
𝝁𝒚
𝟐

𝒃𝒚
𝟐+𝝈𝒚

𝟐 
    [2,3,5] 

where 𝑹 radial variance of the random value, 𝒃𝒙𝒃𝒚 damage 

factors dependent on fire system in range and deflection, 𝝁𝒙, 𝝁𝒚 

mathematical expectations if random errors in range and deflection, 

𝝈𝒙, 𝝈𝒚 standard deviations in range and deflection.. 

Using the statistical modeling method, we can determine the 

mean point of impact and its deviation from the target center. 

To illustrate the second case and perform the analysis, we use 

the following input data: 𝑨𝒍 = 𝟐𝟓𝟎𝟎𝒎𝟐, 𝝈𝒙 = 𝟎 ÷ 𝟓𝟎𝒎, 𝝈𝒚 =

𝟎 ÷ 𝟓𝟎𝒎, 𝒃 = 𝟐𝟖, 𝟐𝒎, 𝑹 = 𝟐𝟖, 𝟐m 

 

Fig.6 Analysis if damage of damage functions when damaging target 

with rectangular shape. 

When target have rectangular shape, the "Cookie-cutter" model 

shows a higher probability of damage than Carleton damage 

function. In both models the probability of damage decreases 

exponentially with an increase in ballistic dispersion. 

 

 

 

 

 

 

 

 

 

 

3. Conclution. 

The results of this study allow us to draw the following 

conclusions: 

1. The Cookie-cutter model shows a higher probability of 

damage than the Carleton damage function due to differences in 

the determination of the covered area. 

2. The Cookie Cutter model does not account for changes in 

the angle of impact, so the shape of the covered area will always 

be round, which for most systems and impact angles does not fit 

the truth. 

3. A more useful model of use is the Carleton damage 

function, because a small part of the fire system has a circle-

impact area. In most cases, the covered area is determined by 

the impact angle and takes the shape of a rectangle, square or 

circle. 

4. The Carleton damage function model gives a realistic 

view of the fire covered zone, taking into account the angle of 

impact. The numerical meanings of the target area in range and 

deflection allow the determination of the fire system's 

effectiveness. 
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