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Abstract: It was analyzed the methods of constructions the matter with maximal of packing coefficient when the objects consist of the
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1. Introduction

Composite materials represent a combination of two main
components. Continual phase is a matrix or a basis of a composite,
and disperse (extender modifier) of a component are created from
particles of the substances which are usually different from
substance of matrix. The aim of using of modifier is changing of
composite material properties. Usually concentration of disperse
fillers modifiers small — from a share percent to several tens
percent.

But there are many of materials various functional purpose
where mass and volume of particles concentration should have the
greatest possible. The continual basis in this case has the function of
sticking together substance that allows to receive objects of the big
sizes. The coefficient of packing of particles in such materials is
parameter on the size of which properties of an object depend.

The aim of the our research is to justify the use of packing
coefficient as the numerical parameter of quality assessment of
substances of various functional purpose.

The object of the research is composite materials with the
maximal possible coefficient of packing of particles.

The subject of the research is the closed packings of particles of
various form. On the example of spherical packing it is shown that
the coefficient of packing can be increased, when particles with
smaller radii r,, and r, are included into octahedral and
tetrahedral emptiness respectively, in comparison with particles of
the main phase R. The closed packings of particles of a cylindrical
and plate form are considered.

The next research tasks are solved

1. To analyze the ratios of radii two spheres for achieve the

maximal values of coefficient closed packing;

2. To calculate the maximal possible value of coefficient of K

for spherical particles in the closed packing of spheres with

R, r, andr,. radii;
3. To analyze the maximal value of closed packing
coefficient for spherical, rod and plate particles.

2. The closed spherical packings

The coefficient of compactness of a system of discrete physical
objects is equal to the relation of total volume of these objects (V) to

the volume of all the system — (W), that is.(K :%V) This

coefficient for the closed spherical packings equals K =~ 74%. If in
tetrahedral and octahedra spheres vacancies of the corresponding
sizes are placed, then the coefficient of compactness increases.
Materials with the increased value K are used in production of

abrasive tools, products of powder metallurgy, solid-state fuel
elements of different function, etc.

The Closed Packings of Spherical Particles (CPSP) are formed
by next algorithm. The first step is construction closed packing
monolayer of spherical particles. The second is the location the
spheres between three spheres of the lower layer. This layer consist
of the same the first layer. The spheres of the third layer may take
place by two types. This spheres are located over the vacancies of
second spheres but over the spheres of the first layer and the second
possibility is location the third layer spheres over the vacancies of
second layer and over the first too. At the same time ordered
packings of two types are possible: three-layer ... ABCABCABC ...
and two-layer ... ABABAB ... At the same time lattices with FCC
cells (face-centered cubic) and HCP (hexagonal closed packing) of
types (figure 1) are formed.

b)

Fig. 1. — Cells of lattices of three-layer and two-layer packings of
identical spheres: a) FCC , b) HCP

Parameters of cells of these packings: FCC -
a=b=c=22R, a=$=9°", HCP —a=b=2R,
c=4J6R/3 a=p=90", y=120° (a.f.y - angular

parameters of cells, a, b, ¢ — linear parameters of cells) R — radii of
spheres. Crystallographic coordinates of spheres in cells have the

11 11 11
values: FCC - (OOO) —0 | —-0—-1]|0——|; HCP -
22 2 2 22

211

(OOO)LJ [1]. Therefore, compactness coefficients for the
332

specified spherical systems have the values:

T
K=" ~74%. 1)
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Between spheres of the next layers in the closed spherical
packings vacancies of tetrahedral and octahedral types (TV and OV
respectively) are formed (figure 2).

a) tetrahedral b) octahedral

Fig. 2. — Types of vacancies in the closed spherical packings [2, P.
104]

Radii of spheres which can enter tetrahedral (rry) and in
octahedral (roy) vacancies are equal:

h, = R(\F—l] ~ 0, 225R
2 : )

r, = R(\/E—l) ~0,414R

If v <0,225R and rpy <0,414R then the closed packing of

spheres with a radii of R will not be destroyed. In the closed
packing of spheres the OD systems are possible where the
distribution of layers will look like:

...ABACBCBCABAC... .

that is, layers like A, B, C form a chaotic mixed layers, but only
layers of different types can be found next to each other, their
alternation in the direction normal to layers can be next. But in this
case: first, the geometry of vacancies is preserved, and secondly, the
compactness factor has the same value K = 74% [3].

The ratio of vacancies n,, and n,, to the total number of N

spheres with a radius R is defined as follows: All spheres with a
radii of R are in tops of structural polyhedrons (figure 2) which fill
all volume of a system without admissions.

Volumes of tetrahedrons and octahedrons Vg ,Voc are the
following:

Vp = 2 bR
3

o - (©))
Voc =— J2R?
3

Therefore,

N~%7zR3

N~%7zR3
K = -

nrVr + nocVoc 2\2 3 82 3
np —— R™ + Noc — R (4)
3 3

B ﬁ\/EN :L\/E

Nt +4noc 6

that is,
ny + 4nOC =6N . (5)
or
nr Noc
Y/ R 6
N AN (6)

The condition (6) is applicable to any closed spherical packing
including ordered ones. If N is the number of balls (atoms), then,

taking into account the translation, n%l can have the value

1< niAand must be a positive integer. As appears from (6)

“0% =1 otherwise ”% <0 which is impossible. Thus, the

number of octahedral vacancies in the densest pack of N spheres is
equal to N, and tetrahedral vacancies are 2N. Naturally, this is true
when boundary defects are not considered.

Coordinates of tetrahedral vacancies in FCC cell are the

following:
111)(331)313)(133
444)\444)\444)\444
113)(333)(311)(131)
444)\444)\444)\444
Coordinates of octahedral vacancies are located in points:

o) o

The centers of tetrahedral vacancies in a cell of HMDP are located
in points:
3 5\(131\(137
(005)(005)(555)(555)- ©

Coordinates of octahedral vacancies in HMDP cell are:

21113\ 213
——— || === (10)
334)\334
Coordinates in (7-10) are specified in crystallographic basis.
Volumes of FCC and HMDP cells of the systems are equal:

3
Vrce = 2Vpvpp = 16v2R
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In large volumes it is impossible to obtain the closed packing in
actual practice as Kyax =~ 74% for monodimensional spheres.

3.The increase in the coefficient of compactness
the spheres packages

Let’s consider the increase in the compactness factor Kg
compared to the packing of spheres of the same size on the basis of
HMDP cell (N=2).

The change of coefficient of compactness is the following when
filling octahedral vacancies:

2-%7[0,414}?3

8y2R®

When filling only tetrahedral vacancies, the change in the
compactness coefficient is equal to:

AK e = ~5,3%. (11)

4
4.3 70, 225R®

8\2R®

Thus, the maximal value of the coefficient K for the densest packing

of spheres with radii R, r, and r,. has the following value of (11-
12):

AKy = ~1,7% (12)

Kmax ~ 74+5,3+1,7 ~ 81% (13)

If smaller spheres of the corresponding radii which form a

tetrahedron around a sphere with a radii I; are placed in vacancies

of tetrahedrons between spheres of R and I;, and small spheres

forming octahedron around a ball with a radii of r,. are placed in
the octahedron, then the coefficient of compactness will still
increase approximately by AK ~6%. All these conclusions

describe the case with strict distribution of spheres with a radii I;

and radii r,. and also smaller spheres.

If the property of plasticity is inherent in spherical particles,
then with a hydrostatic pressure it is possible to reach the packing

coefficient coming to K ~100% . The difference from this

value is defined by the total volume of the interpartial areas filled,
for example, with the glue substance.

4. Packing of non-spherical particles

If particles have the non-spherical form, for example,
cylindrical or plate, then the coefficient of packing of Ky will
exceed 74%. So, for particles of a cylindrical form at identical radii

L T
itis: Kmax = —r~ = 90%

243
. . - 2 .
If cylinders with radii r equal to feq =R [\/5—1J are placed in
3

the void between the cylinders then

2 2
K 7R™ + xr

max = 5 |
2R?\3

It is assumed that the bases of cylindrical particles are connected
without gaps. When systems from particles of a cylindrical form

~ 93%

emerge the formation of their mutual configuration as liquid
crystals is possible.

i
I
I

Fig. 3. — Schemes of liquid crystals with linear molecules:
a — nematic, b— cholesteric,
c— smectic [2, P. 186]

In all cases, the resulting substance will have anisotropic
properties. If the particles are in the form of plates, then
theoretically the packing coefficient can be close to 100%. Kiay, is
caused by contacts between the plates. To achieve K., for rod, and
also for plate particles they should be textured in substance.

5. Packing coefficient as process parameter

The idealized model packings considered above will not
correspond to real objects due to a number of factors. For example,
in a model of spherical packings there can be various areas, even
with the closed packing, with contacts between them breaking this
condition. For cylindrical and plate particles their chaotic mutual
configurations, which means possible lack of texture. Particles in
ideal models have some sizes (radii of spheres, radii of cross
sections of cylinders, thickness of plates) with identical values. In
practice these parameters are described by the corresponding
statistical distributions.

In formation of packings in the conditions of hydrostatic
pressure spherical particles will get a form of polyhedrons VVoronoy
[4]. If for particles with various sizes their mechanical properties
are various (for example, coefficients of their plasticity), then
particles will get a form of polyhedrons Delone. From this it follows
that with an identical mass of powder of particles of which the
three-dimensional object is made coefficients of compactness can
be various. If the mass of particles is equal to m, and their density in
substance is p then, knowing the volume of the product created

from these particles (W), the coefficient of compactness is defined
by the condition:

mp

pM
where M is the mass of the created object. If particles of initial
material did not undergo changes (were not oxidized, did not
receive residual deformations, did not wundergo phase
transformations) in the course of its production, then m =M and
p remains invariable, therefore

K (14)

K = (15)

AERY

where p is the density of the final product.

For real objects, knowing the sizes of particles of the main
substance, for conditions when K = Ky, it is possible to
calculate necessary concentration of smaller particles.
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Therefore, it is possible to determine density of systems of the
closed packings corresponding to models. When comparing
experimental density, the studied substances with their values at

K = Kmax the parameter will be received which can correlate with
properties of the all system.

Thus experimental value o can act as a process parameter for
the analysis of an object at variations of concentration, the sizes,
forms, etc. when, for example, the compared objects with identical
initial structures.

6. Conclusion

Small disperse materials with sizes of particles from 107° to

10 m can be used as fillers modifiers, for example, of polymeric
composite materials. But there are substances which cornerstone
only fine particles are, and concentration of glue substance does not
exceed several percent. Abrasive materials, solid-state fuel
elements, products of powder metallurgy, etc. belong to this
category. The technological properties of such substances depend
on the coefficient of K — compactness (packing) of the particles.

The work shows that it is possible to increase the greatest
possible value of coefficient of K for particles of spherical shape to
81%. For cylindrical and plate particles it can approach 100%. This
coefficient can be calculated only for model objects. For substances

with K = K it is possible to calculate the value of density p .
The relation of an experimental density to o describes difference of
packing of particles in an object from their ideal model.

Therefore, this experimental value can be used as technological,
and especially hierarchical characteristic to analyze the impact of

changes of conditions of formation of the substances created from
fine particles.
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