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1. Introduction – mathematical modeling of phase 

transition in foundry 

It is well known that Stefan’s problem is used for mathematical 

modeling of the fundamentals processes of the material science: 

first order phase transition (A) and second order phase transition 

(B). The classical Stefan’s task [28] in 1D case is shown on Fig. 1 

[17]: 

    

a)                                                               b)  

Fig.1 Stefan’s task 1D [17] case x  [0÷): describing of nonstationary 

temperature field with phase transition Liquid  Solid and moving the 

interphase plane surface (front). Definition  – initial liquid temperature; 

To – external temperature at x = 0 and t =0; Tm – melting point; GS and GL 

are temperatures gradients at the front; R is the front speed; Qm is latent 

heat of melting. a) Stefan’s task of superheating liquid with plan – front 
depend of high ratio GL/R (slow cooling). Under is the idea of non plane 

front by thermal conditions at the front [17]; b) Stefan’s task with 

undercooling zone at the front. Under stable dendrite at respective termal 
conditions at the front [17].  

Stefan’s task (see Fig. 1 a): 

-equations for Solid (S) and Liquid (L) phases are: 

,                                          (A,1) 

-Stefan’s boundary condition at interface with temperature of the 

melting point Tm is: 

,                                                  (A, 1, 1) 

-initial conditions: 

TL(x, t=0) = const, for x  (0÷)                                     (A, 1, 2) 

-boundary condition at x = 0 

T0 = TL (x=0, t=0) and                                                      (A, 1, 3) 

T0 =TS (x=0, t) after appearance of the new solid phase, (A, 1, 4) 

where T is temperature; GL(S) are temperature gradients at 

interphase; Qm is latent heat of melting; R is front speed; c,  and  

are coefficients of thermal capacity, density and heat conductivity 

of the liquid and solid phases; the multiplication  is heat 

source at the front. 

Aim of this work is application Stefan’s problem of local model 

area in the tow phase transition (A) and (B). 

2. Solid state physics and Quantum mechanics and 

Quantum physics to Multi-scale models 

Atomics structure; the chemical bonds between atoms; the 

arrangement of atoms in materials; creating the phases structure and 

their transition are the basic knowledge of material science [17]. We 

present the development of materials science as follows on the base: 

metal physics [29]; metal science [1]; heat treatment [2]; physics of 

solids [22], solid state physics [8] and solid state physics [12]; 

solidification process [1 and 11]. Modern materials science is 

impossible without the extension of the engineering application of 

the processes phase transition based of the next scheme:  

. 

2.1 First order phase transition - solidification 

We are looking for a connection between crystallization [1] and 

solid state physics [22, 12 and 8] through: problem (A, 1) and work 

[11]. The mathematical form of the heat fluxes GS, GL and the right 

part of eq. (A, 1, 1) are: 

,                                         (A, 1, R) 

where 

. 

On the base of the classical Stefan’s task [28, 1 and 11]. 

Thermodynamics of crystallization [11]: Parameters: G, H and 

S are changes in the free energy, enthalpy and entropy of a mole 

of a substance;   

Change of free Gibbs energy in the first order phase transition or 

eq. G equilibrium free energy at the front or crystallization driving 

force at Tm [11];  
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where T = Tm – T is supercooling; 

Free energy of the Liquid and Solid phases [11]:  

                                                                  
where VL(S) and SL(S) are volume and entropy of an mol of the liquid 

and solid phases; 

Equilibrium at interface surface (front) [11]: 

                                      

where TP is change in equilibrium melting temperature from 

pressure P change; 

Interface surface curvature influenced on melting temperature 

[11]; The curvature increases the pressure only in the solid phase: 

at GL=GS, where Tr is supercooling causing (reducing) the 

crystallization temperature caused by the curvature of the front;  is 

the average curvature; r1 and r2 are the main radii of curvature of 

the front;  is surface energy (tension); at positive curvature (peak 

of dendrites) (convexity) the equilibrium temperature decreases and 

Tr is positive. Mathematical-physical methodology is: 

; 

State of thermodynamic equilibrium of a system [29]: 1. Phase 

[29] (system) is a homogeneous system of (volumes of substance 

that do not differ in composition, properties and physical state); 2. 

Multi-phase system [29] is a heterogeneous system of (volumes of 

substance, which differ in composition, properties and physical 

state: liquid and solid, a mixture of crystals with different 

structures). Influence chemical composition: the quantity of 

substance is given in moles or gram atoms [29]; the total numbers 

of components is K= k and  =  and the phases number are the 

molar number Nk. Extensive quantities [29] are proportional to the 

amount of substance: volume V, mass M, energy E, enthalpy H, 

entropy S; These quantities, which are not proportional to the 

substance quantity are called the intensive quantities: density , 

temperature T and  (density = mass/volume) is clear to be an 

intensive quantity. Maths representation of molar number Nk and 

extensive quantity  homogeneous function of the first degree and 

Euler’s theorem is true for them in a heterogeneous mixture [29]: 

    

Principle of extremity for comparable states with imposed 

restrictions for them [29]: equal pressure p (atmospheric) and given 

temperature T. The equilibrium state is determined by the condition 

for minimum of the Gibbs thermodynamic potential [29]: 

                                      

where U is internal energy. The condition of thermodynamic 

equilibrium of the 1st and 2nd laws of thermodynamics 

                                              

and the principle of extremity – the maths methodology [29]:  

 

When using the Gibbs potential [29] in a system with total amounts 

of substances, only such processes take place in which the 

thermodynamic potential does not increase. They stop as soon as G 

reaches a minimum, i.e. thermodynamic equilibrium occurs.  

Similarly, of Gibbs thermodynamic potential, other functions can be 

used at the for a given volume V and temperature, which is the free 

energy Helmholtz is [29]: 

                                                                      

and maths methodology of F and equilibrium condition are [29]: 

 

F  min means [29] that of all the states of thermodynamic 

equilibrium at given values of V and T corresponds only that which 

has a minimum free energy. In metals [29], based on a negligible 

change in volume in many processes, it is accepted to work the free 

energy F, and not with the thermodynamic potential G, although the 

latter is more correct. For further consideration of reversible 

changes, comparing close states in condition of equilibrium (dG) 

and (dF), the equal sign (=) should be taken. And hence the 

proportions [29]: 

                                             

The presented methodology: State of thermodynamic equilibrium 

of a system based on [29] can be used in more general cases – in the 

presence of a magnetic field B for a magnetizing body and the total 

magnetic moment dm changes and additional work Bdm is spent. In 

that case is necessary more general formulation of the first law of 

thermodynamic and the maths methodology for G with Bdm and 

equilibrium condition are [29]: 

 

And here at constants p, T and B we have the condition dG0 and 

the consequences of it; 

Phase equilibrium in a material [29]: Possible internal conditions 

determining the balance between the components of the system i.e. 

for infinitesimal changes in the thermodynamic potential  

dG = dG + dG = 0 i.e. dG min.                              (dG, min) 

Given p, T and the total amount of substance, changes are possible 

only with respect to the composition, i.e. a small amount of the 

component  can pass from one to another. The numbers of moles 

[29]   of the component k in phase   change with 

magnitude   at . Chemical potential (or 

partial thermodynamic potential) is [29]: 

.                                                

Equilibrium condition [29] is conect with dG, , , , 

: 
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  follows  

,                                         

which is running  dNk
/;  component k 2 phase equilibrium in 

material is [29] 

.                                                      

Equilibrium of two phases is equality of the two chemical (or 

partial thermodynamic) potentials, i.e. have the same values for 

each component of both phases (see eq. ). The quantities  

are intense quantities (similar to p and T) and depend on the relative 

quantities of the substance, i.e. the molar parts and the action of the 

Euler’s theorem for homogeneous functions is Gibbs [29] 

thermodynamic potentia for phase materials (GTP, pfM): 

.                                                      (GTP, phM) 

Molar thermodynamic potential (, MolTP) is  [29]: 

,                                                (, MolTP) 

the summation is performed only in the considered phase. 

Binary system with components A and B [29]: the independent 

variable is the molar part xB and xA = 1 – xB. At given quantities 

pressure p and temperature T the two phases to be thermodynamic 

equilibrium is a mathematical-physic-chemical methodology is: 

. 

Important meaning [29] of chemical potential k of component 

k is a function of the composition of the phase. Thermodynamic 

quantities [29] are determined to the nearest additive constant, i.e. 

change of the chemical potential of the chemical composition as the 

quantity: 

k – k,                                                                     

where the above index k indicates the chemical potential of the pure 

component. The interaction [29] of two components A and B is 

presented with a mathematical scheme  and used the 

following symbols: R is gas constant; T is temperature; xk is molar 

fraction; ak is activity, fk is coefficient of activity; k is steam 

pressure above the consider phase; k is steam pressure above the 

pure component at the same temperatures; EFzk is work performed 

to convert one mole of component k in pure state into a solid 

solution composed of xk; F is Faraday’s number; zk is ion valence; 

E is an electric driving force occurring between the pure component 

k and the solid solution.  

When considering the solid state, the activity ak is largely used 

instead of the molar fraction [29]; coefficient fk may be greater or 

least than one: fk < 1 different atom are attracted than the same and 

xk is small; fk > 1 conversely the attraction between the same atoms 

is greater than between the same and xk is great. 

 

Gibbs phase rule [29]: Equilibrium of  phases as for each 

components we have (-1) equilibrium conditions, because the total 

number of conditions is K(-1), where K is the number of 

components. Equations are more numerous than variables because 

some of the variables can change at equilibrium. The number of 

such variables Z is determine by the rule of Gibbs [29]: 

.                                                                   (Gibbs, 1) 

Note [29]: at characteristic variables p, T and xk for   have K - 

1 independent variables i.e. (K-1) variables  the full number of 

parameters is (K-1) + 2 as at equilibrium equations number is 

K(-1). So for Z acording Gibbs rule is obtain: Z = [(K – 1) + 2] 

– [(K – 1)]. In condensed system with only liquid and solid 

phases, which is an advantage of reducing the degrees of freedom 

by one: 

.                                                                   (Gibbs, 2) 

Inportant [29]: At binary systems (K = 2) there is not more of two 

quantities which can be change arbitrarlly (at  = 1) therefore equilibrium 
conditions can introduced graficaliiy in the coordinate axes of the plane T, x 

i.e. is called a state diagram or phase diagram of the respective system. 

Characteristic regions [29] (see Fig.1.1) (phases) liquid (L) and 

solid (S) and between them is intermediate (heterogeneous) region 

(LS). Boundaries between regions (phases) are: boundary (line) 

between L and S is call liquidus; line between LS and S is call 

solidus. At condensed system  = 2 and from eq. (Gibbs, 2) Z = 1 

i.e. only the temperature or only composition can be set. 

 

Fig.1.1 Example of idea of a state diagram for a binary system (alloy) of 

two pure metals A and B with regions [29]: Liquid; liquid and solid; Solid: 

,  + , ; boundaries are lines between regions: liquidus line between 

Liquid/(liquid and solid); solidus line is between /((liquid and solid) and  

+ ); horizontal line between ( + )/(liquid and solid); line between 

/((liquid and solid) and  + ); the boundaries of the regions  and  

phases are name saturation lines; pure metal A and pure metal B; the 

mixture  x and x  are the saturated quantities forming the solid solution as 

a mixture of - and - phases; x0 is composition of the mixture (alloy). 

The composition of the alloy x0 is achieved changing the ratio 

of the quantities N/N of the two phases as follows [29]: 

 and   (x0) it happens the lever rule: 
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.                                                                   (Lever rule) 

Equilibrium and phase stability (BS) [29]: from methodology of BS 

and eq. (3, BS) and eq. (3, 2BS)  we have [11 and 29]: 1 – 

Connection of molar free energy G with the chemical potential eq. 

Gibbs – Duham A and B, where C is the composition of the alloy 

(the molar concentration of component B); 2 – the relationship of 

the molar free energy of the liquid and solid phases with chemical 

potentials of the components A and B; 3 – chemicals potentials in 

(2) A and B are functions of the composition, where   are 

constants (chemical potentials of pure components), TA and TB 

are different between standard state temperature corresponding to 

  and the actual temperature of the system T; 4 – record the 

equations from (3) for L and S phases. And maths methodology is 

the scheme Binary System 2 [11]: 

 And the end: 

The joint solution of equations (4), (2) and (Driving force in LS) 

allows deriving the dependence of the free energy of the liquid and 

solid phases on the composition of the alloy. Distribution 

coefficient k [11] at  of phases L and S of A (Binary system 2) 

.  

Then eq. (4,1) = eq. (4, 2) we obtained of diluted solution [11]: 

,                                               (k, A, CL (S)) 

where of pure component A, mL is slope of the liquidus curve;  

melting point;  latent heat melting of A; R the gas constant. Eq. 

(k, 1, CL (S)) contains mL. But for ideal solution we equate the right 

parts of eq. (4, 3) and eq. (4, 4) of the pure component B and at low 

concentration we it is obtained [11]: 

,                                             (k, B, CL (S)) 

where of pure component B;  and  melting points of 

components A and B;  latent heat melting of B. 

Possible types of state diagrams [11 and 29]. Methodological 

base interest: is the function  eq. (, MolTP). and the basis of 

fundamental knowledge.  

1.Type: Unlimited solid solubility in liquid and solid state [29].  

Then from eq. (k, Chenge of composition) and eq. (1, BS) we 

can write the next mathematical scheme [29]: 

 

For type 1 [29], we need definition of function (x) for two 

Liquid L(x) and Solid Cr(x) states, different (Cr(x) – L(x)), which 

can be deduct from eq. (dG) and state diagram the Fig.1.2 [29]: 

    

Fig.1.2. Diagram of the state of a binary system A and B in liquid and solid 

state [29]: cooling experiment (from temperature T1 to T5), where x is 

concentration of component B. The function (x) (black) is the free molar 

enthalpy with unlimited solubility and in this case it is for both states liquid 

and solid. At every temperature is Ti build for both phases the 

corresponding function L (indigo) and Cr (turquoise) and compare. At 

sufficiently low temperatures, the solid state is more stable, and as the T 

decreases, the difference (Cr – L) must decrease. 

Definition  eq. (, MolTP) and G eq. (G, Gibbs thermodynamic 

potential). At T1, Cr > L, because the member TS is crucial. When 

T goes down it must take the ratios Cr (> ; =; <) L; the difference 

(Cr – L) has go down too, which can be determined by eq. (dG)for 

all end temperatures: 

                                       (1, ) 

Thus [29] for the close interval (see Fig.1.2 right) l = [0, 1] of (x), 

the mutual arrangement of the two stats functions Cr(x) and L(x) is 

of interest as follows: I. T=T1 Cr > L for the whole l ; II. T=T2 < 

T1 Cr > L for the whole l; III. T=T3 < T2 Cr < L in l /3 and 

(2/3)l  Cr > L; IV. T=T4 < T3 approximately in 1st half the interval 

~ l /2 we have Cr < L and in 2nd half interval we have Cr > L; V. 

T=T5 < T4 Cr > L. For each [29] temperature T1, T2, T3, T4, T5, the 

curves Cr(x) and L(x) leak with temperature decrease are 

constructed. Thermodynamic potential of the mixture (relative to 

the total amount of substance) eq. (, MolTP) and eq. (Lever rule) 

([29] from eq. (, MolTP) it follows that (N+N)(x)= N(x1)+ 

N(x2). We replace the quantity N/ N with eq. (Lever rule) and 

obtained): 

      

2.Type: Limited solid solubility (eutectic crystallization). 

A state diagram [29] is obtained by recording the composition at 

temperatures at which stable phases are obtained (see Fig.1.2 left). 

In some composition x0 the solid solution and the pure substance 

have the same melting point (eutectic).  

 

Fig.1.3. Limited solid solubility (eutectic crystallization) of binary system A 

and B [29]: a) State diagram: cooling experiment at temperatures Ti, where 
i =1, 2, 3, 4, 5; x is composition. The horizontal blue line connects two 

boundary compositions x10 and x11; b) Temperature dependence of the free 

molar enthalpy for the solid and liquid phases at T1 and T5. The tangent to 

Cr(x) at the points x10 and x11. 

For type2 at Ti  i=1,2,3,4,5 the ratio between Cr and L in l; point 

(IV)xINT is intersection between Cr and L of [0,1] i.e. [29]: 1. T1 

Cr(x) > L(x) in whole interval l = [0, 1]. Cr(x) there is one local 

maximum between two local minima and L has one global 

minimum Ti; 5. T=T5 < T4: tow intersection VxINT1 and VxINT2, 

Cr(x) < L(x) x[0, VxINT1], Cr(VxINT1)  L(VxINT1), Cr(x) > L(x) 

x[VxINT1, VxINT2], Cr(VxINT2)  L(VxINT2), Cr(x) < L(x) x[VxINT2, 

1] and we have (2/(x2 < 0). 
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3.Type: Formation of intermediate phases. An intermediate phase is 

a homogeneous area in which pure components are lacking.  

 

Fig.1.4. Formation of intermediate phase. Idea for a state diagram of two 
components A and B based on a real diagram [29]. At the point of the 

global maximum of interval [A, B] at T1 the composition of the L and S and 
phase is the same, the intermediate phase solidifies as pure chem. element. 

At temperatures higher than T1 liquid state is stable to all compounds; The 

graph 1 of (x) has a bend at the point P at composition x0 i.e. Cr(x0)L(x0) 

at T1; 2 – the intermediate phase  is between phases  and . The function 

Cr have minimum in the minimum of  phase at composition x0. In the 

region (x1, x2) the mixture of  and  phases is stable, and in the region (x3, 

x4) the six of  and . The composition x0 is within the second interval, since 

the region of homogeneity of  is limited by the concentration x2 and x3; 

peritectic reaction: the intermediate phase is not formed by the melt, but is 

formed by a reaction between the primary crystals formed and the melt. 
Peritectic phase melts with decomposition. 3 – peritectic solidification of an 

intermediate phase with composition x0 at temperature Т2. The appearance 
of primary crystals of the liquid, which the melt and form the final 

compound. 

Dependence of -function on the composition in terms of 

statistical physics [29]. Consider a solid solution of NA atoms A 

and NB atoms B (NA + NB = N) at heat mixing h (such as –h means 

heat dissipation during mixing) and s entropy mixing; C is constant 

quantity; R and T are gas constant and temperature. Mathematical 

scheme for obtained of transcendent eq. (11) is [29]:  

 

Eq. (1) decreases interaction A and B of broken bonds at identical 

atoms; h is accepted ~ of number A–B-connections crystal; The 

effect of T is ignored. Probabilities of A  lattice point NA/N=1–x 

and B is NA/N=x; z is crystal lattice coordinate number  A has on 

average zx neighboring atoms B. Total number A–B-connections  

N(1-x)zx  eq. (2); for s eq. (3) and eq. (4); Stirling’s formula is 

apply eq. (5) and  eq. (6); introduced x=NB/N=1–NA/N through 

and receive the S of mixing eq. (7, 1) or s 1 mole eq. (7, 2) and is 

always positive; from [29] eq. (1) and eq. (2) we obtained eq. (8), 

symmetric function to x and 1-x and is mirror-symmetric to the line 

x = ½; (0) = (1) = 0, because (x  0) < 0 (for C  0 always, and 

for C > 0 eventually at sufficiently high temperatures); derivative: 

1st eq. (9, 1), 2nd eq. (9, 2) [29]; for eq. (9, 1) (x)/x|x=0 = –  

and (x)/x|x=1 = + ; for eq. (9, 2): at C  0 or s formation no 

need external heat and s>0 always. At (C > 0) (mixing heat)>0 and 

without sufficient similarity of the atoms, heat is supplied to form S 

(s). Eq. (9, 2) <0: 1. T < eq. (10); 2. limited solubility and 

insufficient similarity i.e. low (E bond; T). Two minima location in 

Fig.1.3: eq. (9, 1) =0 and  eq. (11). Nernst’s theorem: At T0 

the system entropy S0; any solid solution cannot be in 

equilibrium [10]. At require low T: 1.1 Solution decomposition ~ 

purer components (mixing E > 1) [29]; 1.2 No decay: no diffusion 

motion at low T. Sign mixing E: 1. Methods for thermodynamic 

quantities; or diffusion X-ray scattering. An important element of 

the mathematical description of solidification is the description of 

the first order phase transition: at the macro- and atomic-level. 

2.2 First order phase transition – crystallization 

Local mathematical model for the interface (S/L) (see Fig.1 a 

and b) and as follows: front eq. (A, 1, 1) and front velocity eq. (A, 

1, R); The front of solidification the based on work [28, 1 and 11] 

one atomic diameter was chosen for the thickness of the surface 

front (which is an idealization) (Fig.2).  

Necessary start by the following formulas – frequency of jump 

of atoms in liquid phase and frequency of jump through surface 

liquid/solid [30] and used in [11] are atoms frequency (Af): 

, , at   a,                                      (Af) 

where DL is the diffusion coefficient in liquid phase;  is the size of 

jump; a is interatomic distance.  

Flemings’s methodology [11] of first order phase transition 

(solidification) is shown on Fig.2 in two levels – macro- and atomic 

(see Fig.1): 

Macro-level ; Atomic-level  

Fig.2. First order phase transition at continuous growth of the solid phase 
from liquid [11]: Engineering realization is the Stefan’s macro-level release 

of latent heat of melting Qm at Tm; Atomic-level is the change in the free 

energy barrier of the Liquid/Solid phase boundary, where Gb is the value 
of the activation energy for the transition of a particle (atom or molecule) 

from the liquid to the solid phase; Gm is the free energy of the atoms in the 

liquid. And Gb > Gm. 

Formulas for continuous growth of the solid phase at the macro-

scopic level is [11]: G equilibrium eq. (Free energy front); critical 

eq. (GC driving force), VS is molecular volume, g/ is diffusion 

parameter depending on the number of atoms involving in the 

transition LS at Tm,  is surface tension, a is distance between 

planes; Atomic (meso-) level: eq. (LS) is for number atoms 

transition by way of LS with frequencies 0 and free energy Gb; 

and eq. (SL) is for number atoms in revers transition LS with 

frequency 0 and free energy (Gb + Gm); k is Boltzmann’s 

constant, T is temperature; eq. (net) is the frequency result net of 

the transition LS; undercooling at front (called kinetic) TK = Tm 

– T is > 0 i.e. Tm > T  for T  Tm we have the second eq. (net) 

and the end we have the velocity of continuous growth eq. (R) and 

types of border between Liquid/Solid:  

 

The foundry has a physical idea of the solidification front:  

1. Atomically smooth border – one atom thick; 

2. Diffusion surface – with many folds.  

Atomic-smoot border [33 and 34] (see Fig.3 and Fig. 4, 1). In 

solidification processes [11] we have two types interphase border 
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surfaces [11]: atomic-smoot border and diffusion border between 

Liquid/Solid: 

 

Fig.3. Interphase boundaries [11] with steps, where l is step size, a is 

equilibrium position of the adsorbed atom at temperature Tm of the melting 

point: 1) atomic-smooth; 2) diffuse boundary; and a detailed graphical 
representation of the diffusion boundary between Liquid/Soli phases: 

  

Fig.3.1. Types of boundaries between liquid/solid phases [11]: 1 – line 

in Stefan’s task and idea of an atomically smooth surface; Diffusion 

boundary between liquid and solid phases: – graphical representation: 2, 3 
and 4; Atoms located at the diffusion boundary liquid/solid with thickness 

Db. In the solid phase, a crystal lattice is also represented by the sphere 

inscribed in the Wigner-Seitz cell with atom. 

Degree of diffusion at the Liquid-Solid boundary on the 

base (see Fig.3 and Fig.3.1) models. If we consider equilibrium of 

the interfacial boundary (surface) having an equilibrium 

configuration (geometry), then the number of atoms in position 1 

(see Fig.4.II) at the melting temperature Tm is represent by the 

approximations: (Ratios, 1 and 2) for the concentration of adsorbed 

atoms (ad-atoms) na on the diffuse interfacial boundary with 

concentration of the surface-atoms ns [11]: 

 

Here Haj is the molecular (or atomic) heat of fusion; k is the 

Boltzmann’s constant. Haj = Hm/2 and (Ratio, 2) represents that it 

forcibly depends on the entropy of melting Hm/Tm; In [11] is used 

the results methodologically arranged by year of Flemings as 

follows:  

J. W. Chan (1960); W. K. Burton, N. Cabrera, C. F. Franck (1950); 

K. A. Jackson (1958); J. W. Christian (1965).    (Ordered results) 

Number of adsorbed atoms and interaction between them and in that 

case (Ratio, 2) not true. In [11] the following criteria have been 

adopted: Jackson: 50% filling of a boundary monolayer with 

densely packed atoms is: 

 

-4R is accepted by Jackson as a characteristic of perfectly diffuse 

boundary that can be moved continuously [11]. A tightly packed for 

which Hm/Tm > – 4R it is assumed that its growth takes place by 

stepped mechanism. Representation of the interphase boundary by a 

line based on the model of continuous growth and (see Fig.3. and 

Fig.3.1) is only an idealization, because it is a region of atoms 

clustered at decreasing distance to them equilibrium state [11]. 

Hence the general case [11] 

. 

Other growth mechanisms of the new phase at the process of 

solidification [11]: Stepwise growth: Interphase boundary with 

steps (Fig.3, Fig.3.1), but having many band (kink) (see Fig.4.II 

position 3). Atoms are deposited on the steps type (kinks) (see 

Fig.4.II position 3) and moves this section of the step one 

interatomic distance. Stepwise methodology: Parameters: R is rate 

of external growth of a step with an infinite radius of curvature;  is 

correction multiplier =(a/)2(6LS/L); Trs is supercooling from 

the radius of curvature of the step; r is radius of curvature; r* is 

critical radius of curvature at equilibrium supercooling Tk; R is 

rate of movement of a step with a radius of curvature r; Trs is 

proportionality of 1/r; l is distance between two steps; R/l is 

frequency of passing a step through at a given point; Relations: 

 

Growth in 2D nucleation:  

 

Kossel-Stranski (KS) theory of ionic crystals (base 

methodology): it is assumed with sufficient approximation that the 

strength of the interaction in them is considered as Coulomb and 

quantitative results are easily obtained [29]. Necessary work  to 

put in bring together of two charges of some distance r is: 

,                                                           (Kossel-Stranski) 

where 0 is the electric constant. Work for connecting a positive 

charge e to a chain of positive and negative charges located at equal 

distances r from each other [29] is Kossel-Stranski’s equation: 

 

Arbitrary periodic arrangement of the electric charges for the  

energy of joining of a monovalent ion is the next formula [29]: 

,                                                (Kossel-Stranski, 2) 

where  is the sum corresponding to ln2 and is called the 

Madelung constant. The necessary work to build a lattice of a large 

number of N particles is obtained: 

                                             (Kossel-Stranski, 3) 

For 3D particle lattices with only Coulomb forces between 

them, the magnitude Ѵ is the energy of the lattice. 

On Fig. 3 are shown the Madelung’s constants /, //, /// at 

different cases of attachment points for NaCl [29]: I. [29]: I./ 

Attachment of an ion to the end of chain [100] of positive and 

negative ions located at the same distance with the Madelung 

constant /=ln2=0,6931; I.// Attachment of an ion to the edge of a 

planar surface then the Madelung constant is //=0,1144; I./// 

Attachment of an ion to a side (001) then the Madelung constant is 

///=0,0662; II. [29]: Attachment points of ions on the surface (001) 

of the cubic structure of NaCl. Comparison of attachment energy is 

/// < // < /. Different attachments possibly: point 1 is on the 

surface i.e. min /// = 0,0662; point 2 simultaneously of surface /// 

and edge // i.e. /// + // = 0,0662 + 0,1144 = 0,1806; point 3 

attachment energy simultaneously is to chain, edge and surface i.e. 

/+ // + /// = 0,6931+ 0,1144 + 0,0662 = 0,8737  1/2 [29]: 

INTERNATIONAL SCIENTIFIC JOURNAL "MACHINES. TECHNOLOGIES. MATERIALS" WEB ISSN 1314-507X; PRINT ISSN 1313-0226

163 YEAR XV, ISSUE 4 , P.P. 158-169 (2021)



 I.  

II.  

Fig.4 Ion attachment points on plane (001) for a crystal of NaCl [29]: I. Ion 

attachment to: the end of a chain [100] [29]: /=ln2=0,6931; edge of a 

plane (001) lattice //=0,1144; plane (001) of the crystal structure type of 

NaCl ///=0,0662; II. Ion attachment points on surface (001) [29]: 

Comparison of attachment energy is /// < // < /. Different attachments 

possibly: point 1 min /// = 0,0662; point 2 simultaneously of surface /// 

and edge // i.e. /// + // = 0,0662 + 0,1144 = 0,1806; point 3 

simultaneously of chain /, edge // and surface /// i.e. /+ // + /// = 

0,6931+ 0,1144 + 0,0662 = 0,8737  1/2. It is important to note that (II) 

represents an atomically smooth boundary between liquid/solid phases and 

point 3 is call step. Point 3 is with the most favorable conditions for 
connection to the solid phase. Atom in point 1 lowers its energy and may 

further lower its energy by falling into point 3. An ideal diffuse surface is 

characterized by a high concentration of such steps. 

 We choose this figure as a basic example of methodology [29]: their 

respective relative attachment energies. 

Kossel [33] and Stranski [34] simultaneously introduced the 

idea half-crystal) /+ // + ///  1/2 (see Fig.3) and [29, 31, 50 

and 51] i.e. the position 3 (Fig.3 II) is the most common and is 

called a repeating step. Kossel-Stranski’s theory is also confirmed 

by the experiment, as the crystal grows most often by filling the 

surface to the end and then begins to create a new surface. The 

construction of the surface is most often done by tangential growth 

(See Fig.3 II point 3) i.e. surface construction by building chain 

after chain. Detailed reviewed of the theory of Kossel-Stranski are 

introduced in many books for example [29, 31, 50 and 51].  

Atomistic view of crystal growth 

Kossel and Stranski present [33 and 34, 31, 29, 51] the idea of a 

half-crystal position eq. (1) and (2) or kink (see Fig.4 II), where 1, 

2 ,3 are works of separation from the respective position (Fig.4. 

II); Z1, Z2, Z3 are the coordination numbers from 1st, 2nd, 3th 

neighbors in the crystal lattice n [51]. The half-crystal position is 1st 

properties: At T=0 the chemical potential is equal to the work of 

separation work from the half – crystal position taken with the 

opposite sign. The half-crystal position is 2nd properties eq. (3): The 

second very important property of the half-crystal position from it 

in the form, where lat denotes the lateral bonding with the half-

crystal plane and half-atomic row and nor denotes the normal 

bonding with the underlying half-crystal block [51]:  

 

Comparison of separation works with respect to (111) and (100) 

only with first neighbors (1st properties). In (111) we have 3 lat and 

3 nor, while for the surface (100) we have 2 lat and 4 nor. 

Important process: The 2nd property eq. (3) is associated with 

epitaxial growth of thin film [51]. lat will remain the same at if we 

accept the additivity of the energies, but nor change [34] (Stranski 

and Kuleliev 1929). Separation work of half-crystal position is: 

 

At strained lattices A and B, it is reasonable to define the misfit  

as … and not as … in the solid substrate model. 

2.2.1 First order phase transition – epitaxy 

The oriented growth [51] of one crystalline material on the 

single crystal surface of a different material is called epitaxy (or 

„ordered on“ from the Greek  – on and  – in order).  

In epitaxy new phase growth have directions parallelism; 

described by the Miler indices (crystal planes and directions) [51]; 

Condition of orientation is: free energy of the system minimum; In 

contact, parallelism is an orientation in: fibers or texture of 

crystallographic direction and in the vertical direction is an 

azimuthal plane [51]; Epitaxy not require parallelism of low index 

crystallographic directions; A zero angle [51] between these 

direction is possible, provided that the angle is the same for all 

islands (both 2D and 3D) of the delayed; parallelism is sought in 

crystallographic directions with a higher index. Terms [51]: 

homoepitaxy, autoepitaxy, heteroepitaxy and others. They are often 

confused homoepitaxy and autoepitaxy, and clarification is made by 

the chemical potential of the substrate S and the deposit material 

d. Identical crystals S = d. The terms [51]: autoepitaxy and 

homoepitaxy do not matter here. Different between epitaxy and 

crystal growth [51]: 1. The nature of the crystal and deposited 

material; 2. The crystal lattices and/or the parameters of lattice, i.e. 

the two crystals differ energetically (or chemically) and 

geometrically. Epitaxy is performed when the difference between 

the chemical potentials of the substrate and the deposit S  d. 

Here we introduce Markov methodology on [51]: I. 

Equilibrium of phases: Undercooling: eq.(1, ), Qm and Tm are 

latent heat end melting temperature, T=Tm – T; Equilibrium of 

small system: eq.(1, dFequal); Gibbs free energy for chemical 

potential of atoms in a droplet for the difference with the surface 

energy S eq.(1, Gequal), Pv;(l), v;(l), vapor, liquid presure and 

chemical potentials; S – entropy  – surface tension; nv;(l) – number 

of moles of vapor, liquid phases; eq. (Gibbs–Thomsonmht) [51]: 

 

II. Equilibrium shape of small solid phase on term Kossel 

crystal determination of surface energy hkl [51]:  

a) ;       b)  

Fig.5. Crystal with a simple cubic lattice in the form of a prism are 

arranged on basis (substrates) with contact areas as follows [51]: a) a 

square with symmetry (100); b) hexagonal – symmetry (111). 
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Specific surface energies determination (hkl) of contact  between 

substrate and crystals in the shape of columns with fcc [51]. For 

convenience: contact surface symmetry of crystal is (100) (square); 

hexagonal (111). The detachment energy is hkl (columns) [51] 

contact surface area hkl is divided twice, two surfaces (substrate 

and crystal) Fig.5. [51]. Eq. (hkl,100(110)), where hkl is specific 

surface energy; detachment energy [51]; 1, 2 and 3 are the 

works require to break the chemical bond with the 1st, 2nd and 3th 

neighbors; b2 is the area per atom; b is the interatomic distance [51]. 

hkl =hkl/2hkl,                                                                          (hkl) 

                      (100, 110) 

III. Theorem of Gibbs–Curie–Wullf and Wullf–Kaishev.  

Crystal in 3D homogenous system (vapor, solution or melt). 

Equilibrium crystal shape gives of mathematical methodology [51]: 

T = const and V = const eq. (1); condition eq. (1,1) and eq.(2); 

system volume vapor and crystal volumes Vv, VCr eq. (3); condition 

at number n crystal surfaces n; eq. (5); volumes vapor and crystals 

eq. (6)  eq. (9); equilibrium eq.(10) and condition eq. (10,1); 

Gibbs–Curie–Wullf eq. (11,1) and eq.(11,2), where Pv, PCr are 

pressure vapor and crystal; hn are the pyramids heights; (see 

definition) Gibbs–Curie–Wullf theorem. 

      

We consider the interaction at the contact of two half-crystals of 

substrate A and deposit B (deposit material B) as the area of 

contacts AA and BB of the equal as those of the contact surface AB 

AA = BB =AB. At the same time, we have energy consumption 

UAA and UBB and we gained energy (work) (–2UAB). Excess energy 

at the AB boundary is balanced by energy 2Ui. The balance is [51]: 

2Ui = UAA + UBB – 2UAB.                                             

At UAA = UBB = UAB  Ui =0 and the two crystal not interaction. 

Then eq. (hkl) is used and the Dupré [1869] ratio is obtained : 

2i = A + B – ,                                                               (Dupré) 

where i = Ui/AB is the specific interfacial surface energy and it is 

defined as excess energy of the boundary per unit area;  = UAB/AB 

is the specific adhesion energy and it is defined as energy per unit 

area to disjoint two different crystals [51].: 

2Ui = UAA + UBB – 2UAB.                                             

At UAA = UBB = UAB  Ui =0 and the two crystal not interaction. 

Then eq. (hkl) is used and the Dupré [1869] ratio is obtained : 

2i = A + B – ,                                                               (Dupré) 

where i = Ui/AB is the specific interfacial surface energy and it is 

defined as excess energy of the boundary per unit area;  = UAB/AB 

is the specific adhesion energy and it is defined as energy per unit 

area to disjoint two different crystals [51]. 

Equilibrium shape: Formation [51] of a crystal on a not owned 

substrate, then surface energy Sm is lost and surface energy im 

is gained, m being the area of the contact. Then eq. (1, dFequal) is 

written: 

      (2, dFequal) 

For eq. (2, dFequai) the above 3D homogeneous system procedure is 

applied and the following is reach to relation [Kaishev 1950; Müler 

and Kern 2000] known theorem of Wullf–Kaischew [51]: 

, 

where hm is the distant from the Wullf point to the contact surface 

which it is proportionality to the difference of the corresponding of 

the specific surface energy m and specific adhesion energy  

(=UAB/AB) at the substrate catalytic potential is zero,  = 0, then 

hm have homogeneous value and absence in substrate; and complete 

non-witthing. At  = A + B = 2 (A = B = )  complete 

witthing and crystal reduce to a 2D monolayer islands. In 

intermediate 0<<2 incomplete witthing and the height of the 

crystal will be smaller than its lateral size. 

Boudary region 

In principle [51], the boundary between two single crystals which 

are characterized by their bulk properties can have different 

structure depending on the nature of the chemical bonds, the crystal 

lattice parameters, the chemical properties of both materials, etc. 

classified the boundary in five groups: In principle [51], the 

boundary between two single crystals which are characterized by 

their bulk properties can have different structure depending on the 

nature of the chemical bonds, the crystal lattice parameters, the 

chemical properties of both materials, etc. classified the boundary in 

five groups: I. Layers of order atoms or ad-ions. II. Layers in which 

the difference between the lattice parameters is accommodated by 

periodic strains due to misfit dislocations Fig.5.2 4. III. 

Pseudomorphic layers in which the deposit is homogeneously 

strained to fit exactly the periodicity of substrate (Fig.5.2 3). IV. 

Layers due to interdiffusion or consisting of alloys, solid solutions, 

metastable phases, ect. V. Layers consisting of chemical 

compounds between the substrate and deposit crystal. 

Models of epitaxy interfaces 

The coincidence lattice model develop considers the two lattices 

of the substrate and deposit crystals as rigid. 

The ball-and-wire-model was developed initially to describe 

dislocations in diamond. 

Varational approach the position of the atoms of adjacent 

crystal pplanes have been varied to fined the minimum of the 

energy. 

Volterra dislocation model on the base of the dislocation theory 

of low-angel grain boundaries. 

Misfit dislocation model deals with a linear chain of atoms 

connected with elastic springs subject to an external periodic 

potential exerted by a rigid substrate. 

Misfit dislocations 

Several limiting cases (see Fig.5.2) [51]: 1 interfacial bonding 

AB is very weak compared with the bonds strengths AA and BB, 
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both crystals tend to preserved their natural lattices; 2 a special case 

when lattice parameters a and b are multiples of each other, i.e. ma 

= nb, where m and n are small integers such m = n + 1; 3 at (AB  

BB and AB  AA) the crystal B is forced to adopt the lattice of A, 

or the crystal B is homogeneously strained to fit the crystal A. Then 

B is pseudomorphouce with A; 4 Misfit dislocation: 

 

         

Fig.5.2. a) Vernier of misfit; b) coincidence lattices; c) homogeneous strain; 

d) misfit dislocation. 

Thermodynamic criterion of the growth mode 

Interpretation [51] between the adhesive and cohesive forces; 

value of the misfit, resulting in an interplay between the energies of 

the misfit dislocation and homogeneous strain, three different types 

of thickness dependence of chemical potential can be distinguished: 

1. d/dn < 0 when /
a < a (incomplete wetting) at any value of 

the misfit. 

2. d/dn > 0 when /
a < a (complete wetting) at small misfit. 

3. d/dn  0 when /
a < a at large misfits (transition from 

complete to incomplete wetting at some critical thickness). 

1. Volmer–Weber growth when d/dn < 0,  

2. Frank–van der Merwe growth when d/dn > 0, 

3. Stranski–Krastanov growth when d/dn  0. 

2.3. Second order phase transition 

Castings [1, 3, 4 and 5] go on the market after heat treatment: 

Heat treatment are [1]: 1. Fundamental process of the second order 

phase transition (1) to obtain the required solid microstructure and 

properties of the material; 2. Thermal impact processes with 

different speeds on the second order phase transition; 2.1 Heating; 

2.2 Cooling. Schema of the heat treatment is:  

 

;          (B) 

Structures: Pure metals: ideal crystal (lattice); real structure (poly-

crystal grains); Alloys: type (substitution solutions and 

incorporation solutions); ideal crystal (lattice); real structure (poly-

crystal grains); Phase diagrams: binary; alloys state diagrams: 

binary; three-component; multi-component. Descriptions of heat 

treatment is by the mechanism the Jonson-Mehl-Avrami (JMA) 

model [17]: 

1        2  

Fig.6. 1 – An energy barrier separating different states with their respective 
structures [17]; 2 – t0 – nucleation time [17]. 

,                                                               (JMA) 

where k is kinetic velocity. The final structure of the castings is 

obtained after heat treatment, second order phase transition [1, 2, 6 

and 7]. In work [2] matrensitic transformationare considered.  The 

types of transformation in the studied alloys aredefined by 

thermedynamic, crystallographic and other fatures. The energy of 

the defects in the arrangement was chosen as a determining 

parameter [2]. Johnson–Mehl–Avrami (JMA) theory of non–

isothermal conditions of a heterogeneous, solid–phase Mittemeijer 

reaction suitable for practical calculations is presented with the 

equation: 

  

where f is degree of transition; absolute temperature; R is das 

constant; k=k0exp(–(H/RT) is temperature–dependent parameter, 

defined as the reciprocal value of the relaxationtime – 1/; k0 is pre–

exponential multillier, reciprocal by the value of the relaxation 

constant 0; V is velocity heating/coling; H is activation energy of 

the process; n is exponent characterization of the transition; n = 1 

for homegenien nucleation, n > 1 heterogenien nucleation [2]. 

For non-isotermal transition the activation enery can definable 

of approximatelly fomul, applied fo two velocity heating of the 

trials: 

 

where i  = 1, 2; Tmax i are the temperatures in the maximum of the 

transition at the two velocity of heating Vi. 

3. Multiscale Modelling – foundry 

Multiscale modeling in fondry we introduce on the base of 

Figures 7 [31]: 

 

Fig.7.1 A 1 a) Striations due to growth rate fluctuations in the growth 

direction; b) Striations due to fluctuations in macrostep flow across the 

growth surface [31]. 

 

Fig.7.2 B.1. Eight modes of epitaxial growth, shown at three successive 

stages in each case [31]. 

Work with full knowledge of Thermodynamics [10]; phase transition: 

[31,32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49]. 
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Multiscale descrition: [18] [21], [53] and nanoelectronics [54]: 

 

Stefan problem [28], D. Kashchiev [50] eq. (, W) and eq. (Z); 

epitaxy I. Markov [51], S. Bushev [53] and surface nucleus eq.(I,S): 

 

 

Evolution and classification of quantum chemical methods [26]. ET is 

kinetic energy of the electrons; EXC is exchange functionality. 

It is well known that quantum mechanics was created to 

describe the properties of metals (metal physics) and is quite 

naturally applied in solid state physics [8, 12, 22 and 29].  

Quantum mechanics N. Vitanov [15] and quantum physics L. 

Litov [16] and modern powerful applications of quantum physics 

are professional software science products for example CASTEP 

[9].  

4. Multiscale Models Results 

Selection of characteristi volume 1; 2 Wigner – Zeitz cells; 3 

Crystal lattice: 

 

Graphs of work nuleus formstion and atachment/detachment 

frequencies 

  

Adaptive meshes – microns 

 

Solidification of liquid column on the substrate 

 

Ful scheme: solution of eq. (, W), eq. (Z) and free and 

technologycal solidification 

  

3D printer – base task 
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7. Conclusions - Multiscale descriptionl

1. Mathematics: Analytical solutions complement each other

wonderfully with computational methods. For example, the finite 

element method is already used very successfully in solving 

problems in quantum mechanics: [14], [21], [23]. 

2. Multiscale modeling is expanding: epitaxy, quantum

mechanics [14]. 

3. Need for methodological research to work with knowledge

through mathematics in all areas for the purpose of mathematical 

experiment [13]. 

4. Creating powerful software products for mathematical

experiments in human-computer interactions and dialogue. 

5. The presented results are interesting for us, such as the 3D

printer application and epitaxy. This will have a very good 

development in the description of epitaxy in foundry and beyond. 

6. It is imperative for us to create a powerful computing

infrastructure in the field of quantum mechanics and quantum 

physics. 

7. In our opinion, an important perspective is to model and

experiment with a 3D printer, epitaxy in a collider. 
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