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Abstract. The solution to the scientific task of identifying the fundamental laws of surface cracks development during their coalescence in the 

elements of steel structures under cyclic loading is presented in this article. A simulation model of coalescence of identica l coplanar surface 

cracks has been developed. The model considers the solution to two problems: substantiation of the crack geometry during coalescence, and 

obtaining calculation formulas for estimating the stress intensity factors along a series of saddle-shaped contours. Based on the definition of 
stress intensity factors for contours modeling the gradual propagation of cracks in the coalescence zone using the finite elements method, the 

proposed model was tested to compare the calculated durability with experimental data. 
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1. Introduction 
The development of new advanced machines and structures 

is associated with ensuring their high load-bearing capacity and 

reliability taking into account minimal material consumption [1, 2]. 
A significant part of machines and structures is subjected to cyclic 

loading during operation. In such structures, the center of the 

destruction occurs in the local areas of structural and technological 
stress concentrators: welds, holes, notches, connections of structural 

elements. 
Scientifically reasonable solutions obtained on the basis of 

modern research methods are used to ensure the necessary technical 
and economic characteristics of the created and operated machines 

and structures. Methods for estimating the dynamic properties of 
mobile machines using modern measuring equipment and modeling 

of multiple modes of operational loadings are presented in [3, 4]. 

The use of simulation methods is promising when it comes to 
assessing the durability of such structures at the design stage and 

determining the residual durability of structural elements with 
possible defects, especially when schematizing the geometry of 

defects and their coalescence during the propagation process. 
Criteria assessment of the durability (residual life) of 

structures with existing cracks is based on the principles of fracture 
mechanics and is associated with the determination of the stress 

intensity factor (SIF), which characterizes the stress-strain state 

(SSS) at the crack tip [5]. Calculation of SIF in real structures is a 
challenging task taking into account the geometry and boundary 

conditions, especially for three-dimensional bodies. 
The task of determining the SIF becomes significantly more 

complicated taking into consideration several surface cracks that are 
close and interact with each other. Such cracks grow and merge 

with each other under cyclic loading. Analysis of the existing 

standards indicates a conservative approach, when the stage of 
coalescence of surface cracks is neglected [6]. This is largely due to 

the lack of methods that would adequately assess SIF in the area of   
 coalescence of the cracks. 

To estimate the SIFs describing the stress field along the 
contour of a semi-elliptical surface crack propagating in a 

homogeneous stress field, the Newman-Raju equations [7] obtained 
based on finite element method (FEM) are usually used. They are 

applied to calculate the SIF along the contour of a single semi-

elliptical surface crack. These results are generally accepted and 
most suitable for this class of cracks. 

The study of the coalescence process of surface cracks is 
considered in [8, 9]. It is established that when two coplanar surface 

cracks are combined, a major crack with a saddle-shaped front is 
formed. With the development of the crack the saddle gradually 

decreases and the contour acquires a semi-elliptical shape. In [8], a 

model of crack coalescence is considered, in which the idea of           
 relative crack overlap is implemented. The major crack changes its 

sizes both in a calescence zone and on a surface. The disadvantage 
of this model is the conjugation zone, which is modeled by the 

intersection of the semi-ellipses. This conjugation does not 
correspond to the experimental data [10], especially in the final 

stage of cracks coalescence. This will significantly affect the 

distribution of SIFs in the conjugation zone.  
In the second model [9], the process of crack coalescence is 

modeled by a series of contours that gradually fill the saddle-shaped 

front. The conjugation zone of the semi-ellipses is modeled by the 
radii of concentric circles, the center of which is on the rear surface 

of a sample cross-section. It should be noted that the geometry of 
such model is insufficiently substantiated. 

The process of coalescence of surface cracks is analyzed by 
the values  of SIF in the saddle-shaped front zone, which, in turn, 

significantly depends on the geometry of the conjugation. 

 

2. Method of SIF determination along the contour of 

a saddle-shaped surface crack using finite element 

method 
The finite element method was used to determine the SIF in 

the coalescence zone. The calculation of SIF KІ by the finite 
element method is based on the calculation scheme, which includes 

a description of the object geometry, its mechanical characteristics 
and the description of boundary and initial conditions as a set of 

possible constraints and loadings applied to the object (Fig. 1). 

 
Figure 1. The model of coalescence of two identical surface cracks 

under cyclic loading 

 

Coplanar cracks of various shapes modeled in a low-alloy 
steel 09Г2С samples were investigated with σT = 380 MPa and σU = 

540 MPa. Chemical composition of steel is next: C – 0.08; Mn – 
1.53; Si – 0.78; P – 0.021: S – 0.012; Cr – 0.04; Cu – 0.65; Ni – 

0.12. The Poisson’s ratio during elastic deformation was ν = 0.3. 
The cross section of the samples is 80 mm × 20 mm. The tensile 

stress was σ = 187.5 MPa. 
Modeling of surface cracks in objects was carried out using 

the software complex of finite-element analysis ANSYS 

Workbench, which is widely used to solve problems of mechanics 
of deformable solids and mechanics of structures. SIF KІ along the 

front of the surface crack was determined by the method of 
integration along the contours surrounding the tip of the crack. To 

achieve accurate calculation of the correct value, a maximum radius 
of integration within which contours will be located, their quantity, 

the quantity of divisions of the contours in the circular direction and 

the quantity of divisions along the front of the surface crack were 
predetermined. 

In [11] the model of coalescence of two identical cracks is 
substantiated using the method of filling the saddle-shaped contour. 

In the process of coalescence of two cracks in the proposed model, 
the dimensions of their semi-axes remain unchanged, and only the 
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configurations of the crack coalescence area change. Thus, when 
modeling the coalescence of cracks, first of all, the crack grows in 

the saddle-shaped region acoal (ai … aj), and the growth is minimal 
in the directions of the axes of each of the cracks (Fig. 2). This 

postulation of the process of coalescence of two identical surface 
cracks into one is confirmed by experimental data [10].  

 

Figure 2. Illustration of the method for modeling the conjugation 

region of a contour when the surface cracks are merging 
 

The growth of a surface crack with a various shape of a 
saddle-shaped contour, which changes under cyclic loading, is 

modeled in the software package ANSYS Workbench 19.2. To do 
this, the saddle-shaped front of the crack is divided into a number of 

fixed contours that simulate the gradual growth of two merging 

surface cracks. Conjugation of semi-ellipsis is carried out by arcs of 
circles of different radii for each fixed contour. 

The generally accepted procedure for solving the problems 
of fracture mechanics using FEM for objects with surface cracks is 

to generate three types of meshes: the initial (global) for the whole 
object, a local mesh with a surface crack that is integrated into the 

object, and finite element mesh in the transition zone. A fragment of 
a finite-element model of a saddle-shaped contour is presented in 

Fig. 3. 

 

Figure 3. Fragments of a finite-element model of a plate with a 

semi-elliptical surface crack with noncanonical shape 

 
The model of a surface crack of arbitrary configuration is 

formed using a surface body of zero thickness [12]. 
 

3. Research results 
When determining the SIF KІ along the saddle-shaped 

contour of the crack, the initial shape of two identical merging 
cracks a / c (a and c are the semi-axes of the surface cracks (Fig. 1)) 

will have the most significant impact. After all, the shape of the 

coalescence zone depends on the geometry of surface cracks. The 
influence of one crack on another, as well as the geometry of the 

conjugation zone will have an influence on the change of the SIF 
along the contour in the coalescence area. In Fig. 4, a and Fig. 5, a 

the models of surface cracks with a saddle-shaped contour with the 
same ratio acoal / a = 0.2 and different cracks depth a = 3 mm 

(Fig. 4, a) and a = 5 mm (Fig. 5, a) are presented. 

The radius of curvature in the conjugation zone for the first 
model was 0.41 mm, and for the second model it was 0.31 mm. The 

tensile stress for both cases was σ = 187.5 MPa. 
In Fig. 4, b and Fig. 5, b the stress distribution along the 

saddle front is shown. The maximum values  of the stress intensity 
factors KІ are observed at the deepest points of the saddle-shaped 

surface crack front KІ = 24.1 MPa  𝑚 and KІ = 44.85 MPa  𝑚, 
respectively. 

Another factor that affects the value of SIF KІ is the ratio 

acoal / a, where acoal is the distance from the surface of the sample to 

the deepest point of the saddle-shaped front of each of the simulated 
contours. 

 
a) 

 
b) 

Figure 4. The model of a surface crack with a saddle-shaped 

contour with acoal / a = 0,2; a = 3 mm (a) and the results of SIF KІ  

at σ = 187.5 MPa (b) 
 

 
a) 

 
b) 

Figure 5. The model of a surface crack with a saddle-shaped 

contour with acoal / a = 0,2; a = 5 mm (a) and the results of SIF KІ  

at σ = 187.5 MPa (b) 
 

The results of the calculation of SIF KІ along the contours 

of identical surface cracks in the simulation of their coalescence are 
shown in Fig. 6. The results are presented for eight different 

contours modeling the gradual propagation of the crack in the 
coalescence zone. The filling of the saddle-shaped is characterized 

by the ratio acoal / a, where a is the depth of each of the two merging 
symmetrical cracks; acoal is the distance from the surface axis of the 

major crack to the deepest point of the saddle-shaped contour of 

each of the simulated contours. 
The geometrical parameters of the model in determining the 

SIF KІ were as follows: a = 7.0 mm; c = 10.0 mm; acoal varied from 
1.043 to 6.65 mm with acoal / a changing from 0.149 to 0.95. The 

radius of curvature in the conjugation zone under such conditions 
varied from R = 0.14 mm at acoal / a = 0.149; R = 7.0 mm at acoal / a 

= 0.626 and up to R = 129.0 mm at acoal / a = 0.95. 
Analysis of the distribution of SIF KІ shows that their 

maximum values are observed in the area of the coalescence of 

cracks (in the middle of the contour), and the highest value of SIF is 
observed at the lowest value of acoal / a = 0,149. 

Moreover, when the cracks merged from 14.9% to 62.6%, 

the SIF significantly decreased from KІ = 79.51 MPa∙ 𝑚 to            

KІ = 37.02 MPa∙ 𝑚 (2.15 times). Upon further coalescence of 
surface cracks up to 95%, the SIF decreased only by 1.07 times (to 

34.68 MPa∙ 𝑚). It should be noted that in accordance with the 
change of SIF at the initial stage of surface cracks coalescence, the 
crack growth rate at the deepest point of the saddle-shaped front is 

ten times higher than the growth rate of the outer (surface) points of 

the saddle-shaped crack. 
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Figure 6. Distribution of SIF KІ values along the contour of the 

surface saddle-shaped crack in the simulation of gradual 

coalescence with acoal / a:  
1) 0,149;   2) 0.256;   3) 0.378;   4) 0.491;   5) 0.626;  

6) 0.754;   7) 0.85;   8) 0.95   at   σ = 187.5 MPa. 
 

Comparative analysis of the interaction coefficients γcoal 
characterized by the ratio of SIF at the deepest point of the saddle-

shaped front of the crack with semi-axes a / c to the value of SIF for 
the surface point shows that the results obtained by the proposed 

method (at a / 4c = 0,175; a / t < 0, 5) agree with the data [9]. 

The obtained values  of γcoal (as well as SIF) by the method 
of crack overlapping are significantly higher (up to 60%), which 

indicates the conservatism of the method. 
To test the proposed model of surface cracks coalescence, 

the durability of the saddle-shaped crack growth was calculated. For 
this purpose, according to the proposed model, 8 saddle-shaped 

contours of different shapes were modeled, showing the 

development of the major surface crack from the coalescence of two 
smaller cracks. The distribution of SIFs along each of the contours 

was obtained by the finite element method. 
The calculation of the durability of Nmodel (Fig. 7) was 

carried out on the basis of the integration of the modified Paris 
equation [5], which describes the average amplitude section of the 

kinetic fatigue fracture diagrams of steel 50D BS 4360: 

𝑁𝑚𝑜𝑑𝑒𝑙 =  
1

𝐶(∆𝐾𝑎𝑐𝑜𝑎𝑙 )𝑛
𝑑𝑎𝑐𝑜𝑎𝑙

𝑎𝑐𝑜𝑎𝑙  𝑚𝑎𝑥

𝑎𝑐𝑜𝑎𝑙  𝑚𝑖𝑛

 ,                       

where ∆𝐾𝑎𝑐𝑜𝑎𝑙  is the SIF difference for the deepest point acoal for 

each of the studied saddle-shaped contours of the surface crack 

(obtained by the proposed method); 

acoal is the distance from the deepest point of each of the contours to 
the surface of the sample. 

 
Figure 7. Comparison of the results of simulation modeling of the 

coalescence process for surface cracks with experimental data [10] 

It should be noted that the obtained value of the number of 
cycles required for crack coalescence Nmodel agrees well with the 

experimental value of the number of cycles Nexp (error does not 
exceed 5%). It is also worth noting the durability curves obtained 

during modeling and on the basis of experimental data match in 
terms of qualities. 

 

4. Conclusion 
A simulation model is proposed to determine the durability 

of the crack at the coalescence stage. The least studied stage is the 

period of coalescence of surface cracks. The coalescence of the 

cracks is represented by a series of curved lines that mimic the 
development of a saddle-shaped contour of a surface crack. The 

results of the calculation of the durability of the saddle-shaped crack 
according to the proposed model agree well with the known 

experimental data. 
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