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Abstract: This research deals with the study of some kinematic characteristics, which can be used to ensure the loading capacity of the rack 

drives, including its hydrodynamic component. A brief analysis of the spatial rack drives in terms of their load capacity is realized. When 

mutually enveloping tooth surfaces are synthesized, it is possible to appear singular contact points appear on the active tooth surfaces. Two 

kinds of singular points exist, depending on the normal vector to the meshed tooth surfaces in their common points: singular points of first-

order (called ordinary nodes), and singular points of second-order. Singular points of first order should be registered and eliminated from 

the mesh region since increased specific friction, worsen lubrication, and heat transfer are present, which result in a decreased loading 

capacity of the gear set A special accent is placed on the registration and elimination of singular points on the tooth surfaces of the 

synthesized rack drives. Analytical expressions are written defining total transference velocity and its normal component to an instantaneous 

contact line at an arbitrary contact point. 
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1. Introduction 

The choice of a rational form of spatial gearing (as a basic 

element of any mechanical transmission) is an essential problem, 

the optimal solution of which is related to the following 

requirements: 

 satisfying the preliminary given loading capacity with 

minimal energy consumption for operation;  

 ensuring optimal accuracy of the realization/implementation 

of the law of motions transformation; 

 application of the most effective technological approaches in 

the technical realization of the mechanical system. 

The object of the current study is spatial rack mechanisms, in 

which the rotating link has helical surfaces with a constant axial 

pitch. The theoretical synthesis of the studied mechanisms is 

subordinated to the second principle of T. Olivier [1]. 

When comparing the different types of rack drives in terms of their 

loading capacity, it is necessary to take into account the 

technological approaches to their practical realization. Here it is 

necessary to mention that to fully reach the given loading capacity 

(power transmitted through the transmission) it is necessary to 

realize the planned tooth contact with optimal accuracy. This is 

achieved by ensuring optimality between the working (theoretical) 

and instrumental (technological) conjugation of the tooth surfaces 

of the movable links. This requires searching for technical 

approaches for the exact elaboration of the tooth surfaces of both 

the worm and the gear rack. This is achieved when the 

manufacturing technology is ensured the appropriate finishing 

operations that accompany the generation of the tooth surfaces of 

the movable links. Technologically-based and effective approaches 

of the mentioned type can be provided when the rotating movable 

link is an involute worm or a worm with a circular profile of the 

teeth. These approaches create conditions for the final processing of 

the active tooth surfaces of the movable links after heat treatment 

by grinding. This ensures increased hardness, smoothness, and 

durability of the working tooth surfaces of the tooth links, which is 

a premise for increasing their contact strength and hydrodynamic 

loading capacity. Increasing the load capacity of the rack drives and 

in particular, its hydrodynamic loading capacity is achieved by 

choosing the appropriate geometry of the conjugated tooth surfaces. 

This is achieved by satisfying the quality of gearing within the mesh 

region by registering and eliminating the occurrence of the singular 

contact points in the mesh region of the synthesized gear set; 

selection of appropriate placement of the contact lines between the 

tooth surfaces of the movable links in relation to the transference 

velocities of the links in the different contact points, which are part 

of them, etc. 

The focus of the study is put on some kinematic characteristics, 

which can be used to ensure the loading capacity of the rack drives, 

including its hydrodynamic component. 

2. Study of the Singularity of Tooth Surfaces 

Materials  

The researches, related to the singularity of the conjugated 

active tooth surfaces of the hyperboloid gear mechanisms, are 

dedicated studies of many scientists including A. Georgiev 

((independently [2] and in co-authorship with V. Goldfarb [3]), V. 

Ganshin [4], I. Dusev and V. Vasilev [5], F. Litvin [1, 6], S. Lagutin 

[7, 8], K. Minkov [9], V. Abadjiev [10], W. Nelson [11] and others. 

The author of the current study in co-authorship with other 

researchers has devoted several of her publications on this topic, 

related to the study of spatial gears of the Wildhaber type [12] and 

Planoid gears [13-15]. 

Here is presented a study (see Fig. 1) of the conditions, under 

which in the process of meshing of the kinematic conjugated 

surfaces 
1  and 

2  of the spatial rack drives, the contact points 

"degenerate" into nodes (singular) points. This research is based on 

the theoretical approach offered by F. Litvin [1, 6]. According to it 

the nodes in the most common case are those common points 

between 
1  and 

2 , for which the condition their relative 

velocity on one of the contacting surfaces ( 21i , ), written in 

the fixed coordinate system: 

),,( iiiii u   ,   (1) 

to be equal to zero is fulfilled, i.e., : 
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The expression (2) is correct because it refers to the relative 

velocity of a point on a particular contact line corresponding to 

.consti   For the studied case, both mutually enveloping 

surfaces are presented by the meshing parameter of the rotating 

link, i.e. 
11  , 

1212 j  , constj21  . Depending on 

the behavior of the normal vector in  in the common contact point 

of the conjugated surfaces 
1  and 

2 , there are two types of 

singular points: 

- singular points of the first-order (ordinary contact nodes), for 

which it is fulfilled 0ni   and hence, 0n ir ,
  ( irn ,

   is the 

relative velocity at the tip of the normal vector in ); 

- singular points of second-order (undercutting points), for 

which it is fulfilled 0ni  . 
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Further, the character of the two types of singular points are 

going to be explained in the context of kinematically conjugated 

tooth surfaces, the synthesis of which is realized in accordance t the 

second principle of T. Olivier. It will be searched for vector and 

analytical dependences, which define the conditions for their 

appearance on the mesh region, respectively on the meshed tooth 

surfaces of the synthesized gear mechanism, as well as possible 

approaches for their elimination in the process of the synthesis. 

 

Fig. 1. Geometric-kinematic scheme of spatial motions transformation of 

type rotation into translation 

For the contact points in the fixed coordinate system, as points from 

the mesh region it can be written: 

 ,V21        (3) 

respectively 

 ,VVVVV r22r11    (4) 

where i
  is an absolute velocity vector of the contact point that 

belongs to the surface i ; iV  - transference velocity of the 

contact point; irV  - relative velocity vector belonging to i ; V  - 

velocity of the contact point as a point of the mesh region.  

In addition to the vector equalities (3) and (4) for the contact points 

of the mutually enveloping surfaces 
1 and 

2 the basic equation 

of meshing is valid, which in this case is presented in the form: 

 .),,( 0ufVn 1iii12i      (5) 

The equation of meshing (5) is fulfilled for every value of the 

meshing parameter, which determines the ability to differentiate it, 

i.e: 
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The equalities (3), (4), (5), and (6) are fulfilled for every contact 

point of the conjugated tooth surfaces 
1  and 

2  of the studied 

rack drives. 

Registration and elimination of the ordinary nodes on the mesh 

region. It is possible to exist undesired ordinary nodes (singular 

points of first-order) on the conjugated tooth surfaces of spatial gear 

mechanisms. They are points of contact or intersection of the 

contact lines. Their existence in the mesh region should be 

registered and eliminated from the mesh region since increased 

specific friction, worsen lubrication, and heat transfer are present, 

which result in a decreased hydrodynamic loading capacity in the 

synthesized transmission. 

Let’s consider the case when on the meshed tooth surfaces 
1  

and 
2  of the spatial rack drive, there is a singularity of first-order. 

Equation (6) is written in the form: 

 ,0VnVn 12i12i 
     (7) 

where 
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When the contact points are ordinary nodes, the condition 0ni 
  

is fulfilled. Besides 01   ( const1  ) and 0V2 


 

( .constV2  ) and from (7) and (8) it is obtained: 

 .)( 0nVn 11i12i       (9) 

а) Spatial rack drives are synthesized in accordance with the 

second principle of T. Olivier and the instrumental surfaces 

(preliminary defined) are the active tooth surfaces
1  of the 

rotating link, i.e. 0V r1  , 0nn 1i   and 0n r1  . 

Then (9) is of the type 

 .)( 0nVn 111121       (10) 

Since , ),( 11111 Vnn     then from (10) the following 

equality is obtained  

 .)( 0Vn 211     (11) 

b) Spatial rack drives are synthesized in accordance with the 

second principle of T. Olivier and the instrumental surfaces 

(preliminary defined) are the surfaces 
2  of the gear rack, i.e. 

0V r2  , 0nn 2i   and 0n r2  . 

Then, analogously to the above cases, it can be written 

. ,0)( 22222 Vnn       (12) 

In this case from (9) and (12) it is obtained 

 .)( 0Vn 212      (13) 

The equalities (11) and (13) are equivalent since at the common 

contact point of the conjugated surfaces 
1  and 

2 of the spatial 

rack drive, the following condition is fulfilled: 

 ),(,.. 21i0Vn 21i  .   (14) 

From (14) follows, that in order to exclude the singular points of 

first-order from the mesh region of the rack drive, in the process of 

its synthesis, the following inequality is a sufficient condition: 

 ),(,.. 21i0Vn 21i  .   (15) 

According to the task, illustrated in Fig. 1 and Fig 2, it is obvious 

that inequality (15) is equivalent to 
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 0, xin      (16) 

 

Fig. 2. Orientation of the coordinate system ),,,( 22222 zyxOS  of the 

cylindrical surface 2  

Let us accept, that the spatial rack drive is synthesized in 

accordance with the conditions described in (a). Let us write the 

equation of meshing  

.
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 [16] for the case of 

the existence of ordinary nodes in the mesh region, i.e. when the 

condition is fulfilled: 

 0, x1n .     (17) 

For this case, the equation of meshing is of the type 

 .costan)sin( 0jjx r21r21     (18) 

After simple transformations based on (18) it can be written a 

sufficient condition under which the singularity of the first order is 

missing in the region of mesh: 

 .tan xp      (19) 

Besides 

 .
sinsin
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   (20) 

From (20) it can be seen that if the condition is fulfilled 

 ,
0zpp       (21) 

i. е. if the helical parameter of the helical gear with the helical teeth 

is equal to the parameter of the relative helices of the sliding 

velocity vector field, then 0ant  and condition (19) is always 

fulfilled. 

Registration and elimination of the undercutting points from the 

action surface. The singular points of second order should be 

eliminated from the action surface/region of mesh since they are 

undercutting points in instrumental meshing or points of 

interference in the case of work gearing of the conjugated tooth 

surfaces of the synthesized gear transmissions. The process of 

undercutting of the surfaces 
)( j

2  ( 21j , ), when their 

generation is realized in accordance with the second principle of T. 

Olivier, concludes that the transition surface formed by the tip of 

the cutting edge of the instrumental surface J  takes part of the 

active surface 
)( j

2 . In this case, the transition and the active tooth 

surface 
)( j

2  have no tangent contact, and they intersect in the 

undercutting points. 

Undercutting, as a rule, leads to weakening of the tooth and 

deterioration of the bending gear strength. The curvature of the 

tooth in the vicinity of the undercutting points assumes values 

unfavorable for the contact strength of the generated teeth.  

The study of the appearance of singular points of second-order on 

the action surface/mesh region of the spatial rack drive is realized 

for the case in which the generating tooth surfaces are the surfaces 

1  of the rotating link. For this case, the result of avoidance of 

undercutting points on 
2  is an absence of undercutting. 

According to the accepted methodology [1] and taking into account 

the vector equality (4), if the generated tooth surface 
2  is 

composed only of non-singular points, i.e. for all points from 
2 , 

that belongs to the action surface, the following equality is valid:   

 .VVV r222      (22) 

It is known, [1, 6], that the absolute velocity V  of an arbitrary 

point from the action surface/mesh region, lies in the tangential 

surface to it, i.e. the following form of the equation of meshing is 

true: 

 ,0VnVnVn r2AS2ASAS    (23) 

where ASn  is a normal vector to the action surface/mesh region in 

its arbitrary point. 

Since the mesh region is composed only of non-singular points for 

which it is fulfilled 

 ,, 0V0n r2AS      (24) 

Then from (23), it follows that the sufficient condition that there are 

no undercutting points on the action surface/mesh region is: 

 .. 0Vn 2AS       (25) 

From [16] and Fig. 2, the action surface/region of mesh is a 

cylindrical surface with a generatrix -a line parallel to the axis Oz  

and the directed line – a contact line for an arbitrary .const1   

The normal vector ASn  in every point that belongs to generatrix, is 

the same. 

Let us consider a cross-section of the action surface/region of mesh 

with a plane perpendicular to the axis Oz . The normal line to the 

curve of the cross-section coincides with ASn . Let, the action 

surface be presented through the contact points, that belongs to the 

rotating link 1i  : 

 
,),,(),,(

),,,(),,(

0ufufVn

uu

11111121

111111








 (26) 

where   11 uu ,   are curvilinear coordinates of 
1 . 

The curve of the cross-section of the action surface is found by 

the projection of an arbitrary contact line (corresponding to an 

arbitrary const1  .) on the plane Oxy  ( 0z  ). Without 

disturbing the community of arguments, let this in the contact line 

corresponds to the 01  . 

Then the system (26) is written of the type: 
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 ,),,(),,,( 00uf0u     (27) 

and the analytical type of the action surface obtains:  
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As can be seen from (28), the equation of meshing is an implicit 

function. From the theorem for functions given implicitly [17], 

when 0f    there is a derivative, 
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as well a function 

 )(u  .     (30) 

Then action surface can be written as: 

 )(),(  ,ww,u ,   (31) 

or 
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Using (32) for the normal vector of the action surface it can be 

written: 
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After substitution of (2.94) into (2.100): 
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Then, substituting (29) and (35), in (25), it is established the 

following dependence: 

,sin, 0jn r21yAS      (36) 

i.e. when 0r sin  the conditions for the absence of 

undercutting points on the action surface of the spatial rack set are  

.),,(,.. 00uf
u

fxf

u

x





















  (37) 

3. Total Transference Velocity 

Contact-hydrodynamic theory of lubrication is a branch of Fluid 

Mechanics and explains the phenomena arising from fluid friction 

between moving solid surfaces [18]. This theory takes into account 

both the hydrodynamic and heating processes occurring in the 

lubricating fluid and the elastic deformations of firm surfaces. The 

mentioned phenomena are present in all types of gear mechanisms 

[1, 10, 19]. For this type of mechanical system, it is necessary to 

transfer forces from one friction surface to another by using an oil 

film located between them. The lubricating fluid adheres to the 

friction surfaces and during their relative motion, a hydrodynamic 

pressure arises in it, the equivalent of which - the hydrodynamic lift 

force, balances the external load applied to the gears. In turn, the 

hydrodynamic pressure acting on the conjugated tooth surfaces 

causes their elastic deformation at the points of contact. This affects 

the backlash between the meshed tooth surfaces and therefore the 

size and type of the hydrodynamic pressure distribution. The brief 

comment made here shows that the solution of the contact 

hydrodynamic problem is a problem of extreme complexity, which 

according to the information available to the author is still not 

enough studied. Clarification of one or another side of it is related 

to the prevention of such damages on the active tooth surfaces of 

the treated mechanical systems such as pitting, scuffing, accelerated 

wear, etc.  

This study does not offer a solution to the hydrodynamic and 

contact task for spatial rack mechanisms. It is subject to the 

analytical definition of the magnitude of the total transference 

velocity and its normal component to the instantaneous contact line 

at an arbitrary contact point. This component of the total 

transference velocity is placed on the tangent plane between the 

conjugated tooth surfaces at an arbitrary contact point. The 

magnitude 
V  total transference velocity V  is determined in 

accordance with the given symbols in Fig. 3, i.e.: 

 ,21121 VVVV      (38) 

It is written the (38) in the fixed coordinate system ),,,( zyxOS , 

and the following is obtained: 

kjjjxiyV r21r21 .cos)sin(  .  (39) 

Then for the magnitude of V  it can be written: 
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.  (40) 

The normal component of 
1nV ,  to the instantaneous contact line at 

an arbitrary contact point is determined by using the symbols shown 

in Fig. 3, through the scalar triple product: 
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Fig. 3. Geometric-kinematic scheme of the process of the motions 

transformation of type rotation into translation and vice versa: 
)( j

i  – 

geometric elements of kinematic joint (
)( j

1 :
)( j

2 );
1  - an angular 

velocity vector of the link 1i  ; 2V  - translation velocity vector of the 

2i  ; 
)( j

12D  - instantaneous contact line; P  - instantaneous contact 

point; 
1T  - a tangent plane to the 

)( j

1  and 
)( j

2  in point P ; 
11 tt   

and 
11 nn   - tangent line and normal line to the 

)( j

12D  at point P  

  ,,   VeV 11n1
    (41) 

where 
1  - is the normed tangent vector to the contact line 

12D  in 

an arbitrary contact point P ; 
1e  - unit vector to 

1  at point P . 

From (41) is obvious that 
1nV ,  depends on the geometry and 

kinematic of the studied transmissions. Increasing this kinematic 

characteristic leads to an improvement in the hydrodynamic loading 

capacity of the transmission. 

4. Conclusion 

This work deals with the research of some kinematic characteristics 

that can be used to ensure the loading capacity of the rack drives, 

including its hydrodynamic component. Here, an analysis of the 

spatial rack drives in terms of their loading capacity is done. A 

special accent is put on the study of the singularity of the tooth 

surfaces of the rack drive, and the condition for registration and 

elimination of the ordinary nodes and undercutting points from the 

mesh region of the synthesized rack drive are written. Analytical 

expression, defining the total transference velocity and its normal 

component to an instantaneous contact line at an arbitrary contact 

point therewith. The defined relations are important for the 

improvement of the hydrodynamic loading capacity of the 

transmission. 
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