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Abstract: In this paper a new algorithm and numerical approach which gives two-sided approximations of eigenvalues for second-order 
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1. Introduction and Preliminaries 

Let Ω  be a bounded polygonal domain in 2R  with boundary 
ΩΓ ∂= . Let also )(H m Ω  be the usual m-th order ( 0m≥ ) 

Sobolev space on Ω  with a norm 
Ω,m

⋅  and ),( ⋅⋅  denote the 

−)(L2 Ω inner product. 

Consider the following weak form eigenvalue model problem: 
Find a number R∈λ  and a function 1u),(HVu

,0
1
0 =≡∈

Ω
Ω  

such that  
 

,Vv),v,u()v,u(a ∈∀=λ     (1) 
 

where 

.Vv,udydxvu)v,u(a ∈∀∇⋅∇= ∫∫
Ω

 

 

The problem (1) has a countable sequence of real and positive 
eigenvalues ...0 21 ≤≤< λλ and the corresponding eigenfunctions 

...,u,u 21 can be assumed to satisfy 1j,i,)u,u( ijji ≥=δ . 

It is well-known that for second-order self-adjoint elliptic 
operator the eigenvalues computed using standard conforming finite 
element method (FEM) are always above the exact ones. This fact 
comes from minimum-maximum charachterization of the 
eigenvalues (see for example [1]). Therefore, it is an important and 
interesting problem to find methods giving lower bounds of the 
eigenvalues. 

Our contribution here is to obtain two-sided bounds of 
eigenvalues by using appropriate finite element spaces. 

So, let VVh ⊂  be a conforming finite element space. The type 
of hV  will be specified later on. Then, the corresponding 
approximation of (1) is: Find a number Rh ∈λ  and a function 

1u,Vu
,0hhh =∈
Ω

 such that  

 

.Vv),v,u()v,u(a hhhhhhh ∈∀=λ    (2) 
 

We suppose that hτ  is a triangulation of Ω  which satisfies the 
usual regularity conditions (see [2]), i.e. there exists a constant 

0>σ  such that σρ ≤KK /h , where Kh  is the diameter of the 
element hK τ∈  (K is a rectangle or triangle) and Kρ  being the 

diameter of the largest circle contained in K. Then we denote 
KK

hmaxh
hτ∈

= . 

Let us introduce non-conforming finite element spaces hV~  
related to the partitions hτ . For this purpose we define mesh-
dependent bilinear form 

 

,Vv,u,)v,u(a)v,u(a
hK

Kh ∈= ∑
∈τ

 

 

where  

.dydxvu)v,u(a
K

K ∫∫ ∇⋅∇=  

 

Obviously, in case of conforming FEM, ),(a ⋅⋅  and ),(ah ⋅⋅  
coincide. 

Our algorithm applies so-called “nonconforming interpolation 
operator” hh V~V:i~ →  such that 

 

.V~v~,Vv,0)v~,vi~v(a hhhhh ∈∈∀=−   (3) 

 

Integral type finite elements in hV  and hV~  use integral values 
on their edges or/and on the elements itself as degrees of freedom. 
Thus, the obtained finite element space is integrally continuous at 
the common edges between any two adjacent elements. This feature 
enables us to construct smoothing and convergence accelerating a-
posteriori procedures (see [3,4]). Here, we use integral type finite 
elements for purpose to obtain asymptotically lower bounds for 
eigenvalues. In recent years, there are some results in this direction 
(see e.g. [5] and references therein). But most of them use 
nonconforming finite element solutions. Obviously, it is valuable to 
find an interval as small as possible where the exact eigenvalue 
belongs to. But, it would be undesirably expensive to compute twice 
the eigenvalues – once using conforming FEM and second time by 
means of an appropriate nonconforming FEM. 

Here, we propose a new procedure for determining  bilateral 
finite element estimates. Namely, it is just sufficient to interpolate 
appropriately the already obtained finite element function.  
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2. Main Algorithm 
Our method is based on determining pair of finite element 

spaces ( )hh V~,V  which we will precise below.  

The crucial point, on one hand, is to verify the condition (3) and 
to ensure that the degrees of freedom of hV~  are a subset of the 
degrees of freedom of hV , on the other.  

So, distinctive feature of the proposed algorithm is its simplicity 
and applicability for a variety of integral type finite element  spaces 
( )hh V~,V . 

 

Algorithm 
 

1. Find )u,( hhλ  from (2) by means of conforming finite 
element space hV ; 

2. Construct nonconforming space hV~  from hV  by 
eliminating some degrees in such a way that after 
obtaining of hhh V~ui~ ∈  the condition (3) to be fulfilled; 

3. Calculate the number )ui~,ui~(a~
hhhhhh =Λ  which 

approximates the exact eigenvalues λ  asymptotically 
from below. 

 

As a result of the proposed algorithm implementation, two-
seded bounds of eigenvalues λ  are obtained: 

 

.~
hh λλΛ ≤≤      (4) 

 

Here we present some couple of elements which could be used 
for the algorithm implementation. 

 

I. Triangular meshes 
 

I.1. Six-point conforming finite element (degrees of freedom are 
the values at the vertices and the integral values on the edges of the 
triangle) and Crouzeix-Raviart (C-R) nonconforming element 
(degrees of freedom are the integral values at the edges of the 
triangle). 

 

 

 

Fig. 1 (a) 6-point conforming triangle; (b) Crouzeix-Raviart nonconforming 
triangular finite element 

 

I.2. Seven-point conforming triangle (degrees of freedom are 
the values at the vertices, the integral values on the edges of the 
triangle and the integral value over the triangle) and extended 
Crouzeix-Raviart (EC-R) nonconforming element (degrees of 

freedom are the integral values at the edges of the triangle and the 
integral value over the triangle). 

 

 

 

Fig. 2 (a) 7-point conforming triangle; (b) Extended Crouzeix-Raviart 
nonconforming triangular finite element 

 
II. Rectangular meshes 
 

II.1. Eight-point serendipity conforming finite element (degrees 
of freedom are the values at the vertices and the integral values on 
the edges of the rectangle) and Rannacher-Tourek (rotated bilinear 
element; rot

1Q ) nonconforming element (degrees of freedom are the 
integral values at the edges of the rectangle). 

 

 

 

Fig. 3 (a) 8-point serendipity conforming rectangle; (b) Rannacher-Tourek 
( rot

1Q ) nonconforming finite element 
 

II.2. Nine-point conforming rectangular element (degrees of 
freedom are the values at the vertices, the integral values on the 
edges of the rectangle and the integral value over the rectangle) and 
extended Rannacher-Tourek (extended rotated bilinear element; 

rot
1EQ ) nonconforming element (degrees of freedom are the integral 

values at the edges of the rectangle and the integral value over the 
rectangle). 

 

 

 

Fig. 4 (a) 9-point conforming rectangle; (b) Extended Rannacher-Tourek 
( rot

1EQ ) nonconforming finite element 
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Remark. For both cases (triangular or rectangular meshes) 

)h(OuuC 42
,1hh =−≤−
Ω

λλ  

and we suppose for Vv∈  that 

( ) ,hC)vvi~,vvi~(a 22/1
hhh

δ−≥−−  

where δ  is small positive number.  

 

3. Numerical Results 
The results from numerical experiments given in this section 

serve as a verification and a confirmation that the proposed 
algorithm is valid, reliable and effective. 

We will demonstrate the proposed method for problem (1) 
solving on square domain ],0[],0[ ππΩ ×= .  

The reason for this choice is that the exact eigenvalues are 
known. They are equal to  

,...3,2,1s,s,ss 21
3
2

2
1 =+  

First, we will use rectangular meshes, so that we divide the 
domain Ω  into 2N  squares, N = 4; 8; 12; 16; 20. Thus the mesh 

parameter h is equal to 
N

2π .  

We solve the variational discrete problem (2) using conforming 
quadratic rectangular (9-point) finite elements for hV  (see Fig. 
4(a)). As a result, we obtain the approximate eigenvalues hλ , which 
give upper bounds for the corresponding exact eigenvalues and the 
approximate eigenfunctions hu  which we interpolate. Interpolation 

is done by means of rot
1EQ -nonconforming finite element space 

(Fig. 4(b)). Obtaining the intepolants hhh V~ui~ ∈  and calculating the 

numbers )ui~,ui~(a~
hhhhhh =Λ  we get lower bounds for the exact 

eigenvalues. The results (4) from our numerical experiment for the 
first three eigenvalues are give in Table 1 and Table 2, respectively. 

 

Table 1: Approximations of the exact eigenvalues obtained after finite 
element implementation by means of conforming rectangular quadratic 
finite elements 

 h,1λ  
 

h,2λ  
 

h,3λ  
 

 
N = 4 

 
2.001024281 5.030616274 5.032574099 

 
N = 8 

 
2.000065532 5.002110541 5.004469411 

 
N = 12 

 
2.000013002 5.000450150 5.002890554 

 
N = 16 

 
2.000004120 5.000165987 5.0026355170 

 
N = 20 

 
2.000001689 5.000087946 5.002571064 

Exact 
eigenvalues 2 5 5 

 

 

Table 2: Approximations of the exact eigenvalues obtained after 
nonconforming finite element interpolation 

 h,1
~Λ  

 
h,2

~Λ  
 

h,3
~Λ  

 
 

N = 4 
 

1.902219920 4.655142682 4.656420455 

 
N = 8 

 
1.974624003 4.901823878 4.903948840 

 
N = 12 

 
1.988641719 4.955268267 4.957598338 

 
N = 16 

 
1.993595054 4.974626877 4.977033035 

 
N = 20 

 
1.995896103 4.983705600 4.986147765 

Exact 
eigenvalues 2 5 5 

 

 

Next, for the same model problem we demonstrate the 
efficiency of the proposed algorithm for triangular meshes. We 
divide the domain Ω  into 22N  isosceles triangles, N = 4; 8; 12; 

16; 20, so that the mesh parameter h is equal to 
N

2π .  

We solve the variational discrete problem (2) using conforming 
quadratic triangular (6-point) finite elements for hV  (Fig. 1(a)). 
Thus we obtain the approximate eigenvalues hλ , which give upper 
bounds for the corresponding exact eigenvalues and the 
approximate eigenfunctions hu  which we interpolate. Interpolation 
is done by means of CR-nonconforming finite element space (Fig. 
1(b)). Obtaining the intepolants hhh V~ui~ ∈  and calculating the 

numbers )ui~,ui~(a~
hhhhhh =Λ  we get lower bounds for the exact 

eigenvalues. The results from our numerical experiment for the first 
three eigenvalues are give in Table 3 and Table 4, respectively. 

 

Table 4: Approximations of the exact eigenvalues obtained after finite 
element implementation by means of conforming rectangular quadratic 
finite elements 

 h,1λ  
 

h,2λ  
 

h,3λ  
 

 
N = 4 

 
2.006678062 5.054137112 5.104918114 

 
N = 8 

 
2.000449550 5.004048686 5.007461785 

 
N = 12 

 
2.000090174 5.000832398 5.001526627 

 
N = 16 

 
2.000028690 5.000269489 5.000494590 

 
N = 20 

 
2.000011782 5.000113244 5.000209144 

Exact 
eigenvalues 2 5 5 
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Table 4: Approximations of the exact eigenvalues obtained after 
nonconforming finite element interpolation 

 h,1
~Λ  

 
h,2

~Λ  
 

h,3
~Λ  

 
 

N = 4 
 

1.881513965 4.418101457 4.288383144 

 
N = 8 

 
1.967022311 4.828857313 4.776079375 

 
N = 12 

 
1.985029796 4.921083851 4.895512927 

 
N = 16 

 
1.991516027 4.955005149 4.940188442 

 
N = 20 

 
1.994551051 4.971000836 4.961425791 

Exact 
eigenvalues 2 5 5 

 

As it is expected, the approximate values in Table 1 and Table 3 
are greater than the exact ones and the sequences 3,2,1j},{ h,j =λ  
obtained when the mesh parameter h decreases are decreasing, 
because of the fact that conforming finite element methods are used. 

On the part of the nonconforming interpolation implementation, 
from the results given in Table 2 and Table 4, respectively, it is 
clear that the resulting approximation of the exact eigenvalues is 
from below. When the mesh parameter h decreases, the sequences 

3,2,1j},~{ h,j =Λ  are increasing and go to the corresponding exact 
eigenvalue. 

Let us also mention that the proposed algorithm works not only 
for simple eigenvalues, but also in case of multiple eigenvalues (see 
Table 2 and Table 4).  

Concerning the implementation using triangular elements, it is 
to be observed here one more interesting phenomenon. In spite of 
the fact that the conforming approximation h,2λ  of the exact 
eigenvalue 32 λλ =  is more accurate than h,3λ  (as usual for 
conforming finite element implementation), for the approximations 

h,2
~Λ  and h,3

~Λ  (see Table 4) the situation is rather the opposite. 

 

6. Conclusions 
The eigenvalue problems are important and appear in many 

fields, such as quantum mechanics, fluid mechanics, stochastic 
process, etc. Thus, a fundamental question is to find the eigenvalues 
of partial differential equations. 

Based on the minimum-maximal principle discovered by 
Rayleigh, any conforming finite element method gives upper 
bounds of the eigenvalues (see [7]). Consequently, for purpose to 
find lower bounds for eigenvalues it comes natural to involve 
nonconforming finite element methods. 

In this paper a new simple and original algorithm for obtaining 
two-sided bounds for eigenvalues of the Laplace operator is 
proposed. This algorithm could be extended for more general 
second-order elliptic operators and could be also applied to fourth-
order eigenvalue problems.  

The proposed algorithm gives lower and upper bounds of the 
eigenvalues simultaneously – it is only necessary to solve by 
conforming FEM the eigenvalue problem once and additionally to 
apply a nonconforming interpolation to the conforming solution. 

In this connection, an another contribution of this paper is that a 
new manner of usage of nonconforming finite elements is 
introduced and demonstrated. 
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