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Abstract: The majority of railway projects in our country aim at the maximum utilization of existing railway infrastructure, increase of the 

operation parameters, frequently at the condition of achieving interoperability. Increasing permissible speeds of trains invariably requires 
increasing the radii and lengths of curves. However, at small delta angles the use of the minimum design speed radius gives suboptimal 

results in terms of the total length of the curve. The report presents a parametric method for optimizing the railway curves at small delta 
angles in view of the necessity of achieving higher speeds on existing lines. 
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1. Introduction. Deifinition of terms 

From the condition of gradual increase and decrease of lateral 
accelerations, railway curves are designed with a bilinear curvature 

diagram. Exiting the tangent, a transition curve begins (transition 
curves with a linear increase in curvature are accepted as the norm) 

with a length determined by the curvature gradient. This is followed 
by a circular curve with a constant radius according to the design 

speed as well as a second transition curve identical to the first one. 

 

Fig.  1 Curvature diagram of a railway horizontal curve 

Prerequisite: All variables in the report are considered with 

their dimensions according to the SI system (m, s, rad, etc.). In 
cases where a given variable in an expression has a different 

dimension from the specified ones, it is marked with a lower index 
as follows: 

𝑽 𝒌𝒎 𝒉   : To be read as „velocity in km/h“ 

The main variables to be considered when designing railway 

curves are: the radius, the design speed, the residual centrifugal 
acceleration, the cant, the length of the transition curve. 

1.1 Radius  

The choice of radius 𝑅 for a curve depends on many factors, 

thus its value has both a lower and a upper limit. The minimum 

radius is determined on the basis of not exceeding the permissible 
centrifugal accelerations when traveling at the design speed. The 

value of the maximum permissible radius is recommended with the 

consideration of track maintenance.  

1.2 Design speed 

Unlike road construction, where a distinction exists between the 
concepts of "design speed" and "speed of movement", in the field of 

railway construction the two most often coincide. The design speed 

𝑉[𝑘𝑚/𝑕] is usually a preset parameter. It is defined in accordance 

with the category of the railway line described in Chapter Two of 

[1]. Apart from the national categorization, in projects with 
European co-financing, subject to certification for interoperability, 

the European classification, defined in Regulation 1299/2014 [2], is 
also applicable in our country [3]. While for category III railways, 

the design speed may be below 80 km/h, for category II railways it 
is in the range of 80-100-130 km/h, and for railways and routes 

included in the TEN- T network design speeds reach as much as 
160 km/h. 

For the purposes of this report, it is assumed that the speed is a 

predefined parameter of the movement. 

1.3 Centrifugal acceleration 

When moving in a horizontal curve with a given speed 𝑉, 

centrifugal acceleration occurs. When tilting the railway track in the 
direction of turning, the projection of the acceleration of gravity in 

the track plane is non-zero (centripetal acceleration) and its 

direction is opposite to the projection of the centrifugal acceleration. 
This effect is called reducing centrifugal acceleration . 

The resulting acceleration in the track plane, called residual 

centrifugal acceleration is the value that is the subject of norming 
in our country and which is leading in the choice of radii and cant 

values in railway curves. It‟s value is denoted by 𝐴𝑐𝑓 . 

 

Fig.  2 Reducing centrifugal acceleration 

According to the figure above for the angle 𝛼 

𝛼 = tan−1 𝐻

𝑆
 ,     (1) 

where 𝐻 [m] is the cant value (superelevation of the outer rail), 

𝑆 [m] is the distance between rail axes. 

The derivation of the expression for the residual centrifugal 

acceleration is performed under the assumption that the angle 𝛼 of 

the above figure is sufficiently small. (𝛼 ≤ 6°), so that 𝑠𝑖𝑛𝛼 ≈ 𝑡𝑔𝛼 

and 𝑐𝑜𝑠𝛼 ≈ 1. 

𝐴𝑐𝑓 =
𝑉2

𝑅
. 𝑐𝑜𝑠𝛼 − 𝑔. 𝑠𝑖𝑛𝛼   (2) 

𝐴𝑐𝑓 =
𝑉2

𝑅
−𝑔.𝑡𝑔𝛼    (3) 

𝐴𝑐𝑓 =
𝑉2

𝑅
−𝑔.

𝐻

𝑆
 ,    (4) 

where 𝑉 [m/s] is the design speed, 𝑅 [m] is the curve radius, 𝑔 

[m/s2] is acceleration of gravity. 

Track plane 
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In our country the maximum allowable value of 𝐴𝑐𝑓  is 0,65 

m/s2, and railway curves with normal cant values are designed with 
𝐴𝑐𝑓  values in the range of 0,42-0,43 m/s2. 

1.4 Cant 

The cant is the variable through which the centrifugal 

acceleration is reduced, as shown by equation (4). Substituting 𝐴𝑐𝑓  

with 0 in equation (4) for the cant is obtained: 

𝐻 =
𝑆.𝑉2

𝑔.𝑅
     (5) 

This is called theoretical cant: the cant at which traveling with 
velocity 𝑉 in a curve with radius 𝑅 the residual centrifugal 

acceleration is 0 m/s2. To facilitate calculations, it is common to 

substitute 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2, and to shift from [m/s] to 

[km/h]: 

𝐻 𝑚𝑚  =
11,82.𝑉[𝑘𝑚 𝑕 ]

2

𝑅
    (6) 

The theoretical cant is not often used in conventional rail, due to 

the fact that only a part of the trains run at the design speed for the 
railway line. Instead, when choosing cant value it is accepted to 

reduce the coefficient of 11.82, taking into account the different 
speeds of different categories of trains. The normal cant is: 

𝐻 𝑚𝑚  =
8.𝑉[𝑘𝑚 𝑕 ]

2

𝑅
     (7) 

Under troubled conditions, the minimum allowable cant is often 
sought after as the transition ramps for its realization at both ends of 

the curve are shortened. Substituting 𝐴𝑐𝑓  with 𝐴𝑐𝑓,𝑚𝑎𝑥 = 0,65 m/s2 

in equation (4) one obtains: 

𝐻 =
𝑆.𝑉2

𝑔.𝑅
−𝐴𝑐𝑓 ,𝑚𝑎𝑥 .

𝑆

𝑔
=

𝑆.𝑉2

𝑔.𝑅
− 0.65.

𝑆

𝑔
  (8) 

This is the minimum allowable cant, ie. traveling with the 
velocity 𝑉 through a curve with the radius 𝑅 the residual centrifugal 

acceleration is 0,65 m/s2. 

1.5 Cant deficiency 

The second term in (8) is called cant deficiency. This represents 

the cant that would reduce a given centrifugal acceleration for the 
given track gauge. It is marked 𝐷:  

𝐷 = 𝐴𝑐𝑓 .
𝑆

𝑔
     (9) 

For the upper limit 𝐴𝑐𝑓 = 0,65 m/s2, 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2 

maximum allowable cant deficiency is: 

𝐷𝑚𝑎𝑥 = 0,65.
1,5

9,81
≈ 0,1 𝑚 = 100 𝑚𝑚    (10) 

It should be noted that there also exists the concept of cant 
excess, but it will not be considered as it is not of interest in this 

report. 

1.6 Length ot the transition curve 

Transition curves are elements of the track geometry that are 
located between straight sections and circular curves. The two main 

functions of transition curves are: 

 To ensure the smooth increase of curvature, and with 

it the smooth increase of centrifugal acceleration 

 To accommodate the cant transition and, in some 

cases, the track gauge widening 

In order to achieve uniformity in the curvature and residual 

centrifugal acceleration diagrams, it is assumed that the transition 
curve and the cant ramp coincide. Since the cant transition is the 

section of the railway track with the proven highest risk of 
derailment [4], the length of the transition curve is determined by 

the cant to be realized at its end, as well as by the allowable slope of 
the cant ramp. 

Normal, shortened and short transition curves are defined in the 
legislation in our country. Distinction between them is mainly based 

on the used slope of the cant ramp. The general expression for 
determining the length of the transition curve 𝐿𝑡𝑐 is: 

𝐿𝑡𝑐 = 𝑘 ∗ 𝐻 ,     (11) 

where 𝑘 is the cotangent of the ramp slope angle and 𝐻 [m] is 

the cant value. 

The value of 𝑘 is determined from the design speed 𝑉 𝑘𝑚 𝑕  , 

using the following expressions: 

𝑘 = 8 ∗ 𝑉 𝑘𝑚 𝑕   (12) for short and shortened 

transitions 

𝑘 = 10 ∗ 𝑉 𝑘𝑚 𝑕    (13) for normal transitions 

In the present report mainly the case with 𝑘 =  10 ∗ 𝑉[𝑘𝑚 𝑕]  

will be considered, as in practice the use of steep cant ramps is 
avoided if possible. 

2. Limitations on the railway curve length 

Chapter Five, Section IV of [1] defines the cant ramp, hence the 
determination of the length of the transition curve. A more detailed 

description of the methodology and tables in which the lengths are 
calculated for different conditions can be found in [5].  

According to Section VII of [1], the minimum length of a 

straight section and the minimum length of a circular curve segment 
is: 

𝐿𝑚𝑖𝑛 = 0,5.𝑉 𝑘𝑚 𝑕       (14) 

This condition stems from the necessity for the individual 

geometric elements of the track geometry to be dynamically 
independent – when a vehicle enters the next curve, the oscillations 

due to the movement in the previous one to have been sufficiently 
damped. Thus, the route of the railway line with its successive 

curves should not allow resonance occuring in the movement of 
vehicles. [6] 

3. Optimal radius to achieve the minimum length of 
the curve 

From the expressions given in 1.4 for determining the cant it is 

evident that the radius is in the denominator, ie. as the radius 
decreases, the required cant increases. At the same time, the 

expressions in 1.6 show that as the cant increases, so does the 
required length of the transition curve.  

 

Fig.  3 Transition curves design scheme. Determining the total length of the 

curve 

The transition curve has half its length in the straight and the 

other half in the circular curve. It should be noted that with the 
introduction of a transition curve, the circular curve undergoes some 

displacement and change in its length due to the delta angle of the 
transition. This effect is ignored in this report. The total length 𝐿𝑡𝑜𝑡  

of the curve between the begin transition points, in this case, is: 

𝐿𝑡𝑜𝑡 = 𝐷ц + 2 ∗
𝐿𝑡𝑐

2
= 𝐷ц + 𝐿𝑡𝑐    (15) 
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Where: 

𝐷ц = 𝛼 ∗ 𝑅      (16) 

𝐿𝑡𝑐 = 10 ∗ 𝑉 𝑘𝑚 𝑕  ∗ 𝐻 𝑚 = 36 ∗ 𝑉 𝑚 𝑠  ∗ 𝐻 𝑚  (17) 

 

Note: The variable 𝐷ц above is not the actual length of the 

circular curve between the transitions, it is the theoretical length of 

a circular curve inscribed between the two given tangents. 
 

Due to the increase in the lengths of the transition curves with 
decreasing the radius, the total length of the curve 𝐿𝑡𝑜𝑡  changes 

nonlinearly with respect to the radius of the curve. For the sake of 

clarity, the figure below shows a graph of the change in the length 
of the curve relative to the radius at 𝑉 = 100 𝑘𝑚/𝑕 and a delta 

angle of 𝛼 = 5°: 
 

 

Fig.  4 Total length of the railway curve in relation to a selected radius 

 

Below are the expressions for determining the optimal radius at 

which the total length of the curve is at a minimum. 

Substituting with what is obtained by equation (8): 

𝐿𝑡𝑐 = 36.𝑉.  
𝑆.𝑉2

𝑔.𝑅
− 0,65.

𝑆

𝑔
 =

36.𝑆.𝑉3

𝑔.𝑅
−

36.𝑉.𝑆.𝐴𝑐𝑓,𝑚𝑎𝑥

𝑔
  (18) 

 

By expressing all quantities as a function of radius, delta angle 

and design speed, one can solve for the optimal radius that 
minimizes the curve length. This is achieved through differentiating 

𝐿𝑡𝑜𝑡  by 𝑅: 

 
𝑑𝐿𝑡𝑜𝑡

𝑑𝑅
=

𝑑

𝑑𝑅
 𝐷ц + 𝐿𝑡𝑐 = 𝛼 −

36.𝑆.𝑉3

𝑔.𝑅2
  (19) 

Note: The first derivative with respect to 𝑹 of equation (19) 

is obviously positive – proof that the root of the equation is a 

local minimum! 

Substituting 
𝑑𝐿𝑡𝑜𝑡

𝑑𝑅
= 0  

𝛼 =
36.𝑆.𝑉3

𝑔.𝑅2
     (20) 

 

Convert the above expression to find the optimal radius 𝑅𝑜𝑝𝑡 : 

𝑅𝑜𝑝𝑡 =  
36.𝑆.𝑉3

𝑔.𝛼
     (21) 

 

For 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2 one obtains: 

𝑅𝑜𝑝𝑡 =  
5,5046.𝑉3

𝛼
= 2,35. 

𝑉3

𝛼
    (22) 

 
If instead of the cant ramp slope 𝑘 = 10 ∗ 𝑉 a slope value of 

𝑘 = 8 ∗ 𝑉 is used: 

𝛼 =
28,8.𝑆.𝑉3

𝑔.𝑅2
  

𝑅𝑜𝑝𝑡 =  
28,8.𝑆.𝑉3

𝑔.𝛼
=  

4,4037.𝑉3

𝛼
= 2,1. 

𝑉3

𝛼
   (23) 

 

In the case of cant ramp slope 𝑘 = 10 ∗ 𝑉 and a normal cant 

value /equation (7)/ : 

𝐿𝑡𝑐 = 36.𝑉.  
8.3,62 .𝑉 𝑚 𝑠  

2

𝑅
 = 3,732.

𝑉3

𝑅
   (24) 

𝑅𝑜𝑝𝑡 =  
3,732.𝑉3

𝛼
= 1,93. 

𝑉3

𝛼
    (25) 

 
The general form of the expression for the optimal radius at 

which the shortest horizontal curve is obtained is: 

𝑅𝑜𝑝𝑡 = 𝑐. 𝑉3/𝛼 ,    (26) 

where 𝑐 is a coefficient depending on the method of 

determining the cant and the slope of the cant ramp. 

4. Practical applicability of the optimal radius 

According to the specific method for determining the length of 
the transition curve and the cant, the use of the optimal radius can 

give a length of the circular curve 𝐷ц less than the minimum 

allowable in [1].  

Short circular curves pose a risk to the dynamics of vehicle 
movement, especially with higher design speeds. In this section, a 

condition is derived to prevent obtaining too short circular curves 
when using the optimal radius. 

As mentioned above, the minimum length of a circular curve [1] 

is: 

𝐷ц,𝑚𝑖𝑛 =
𝑉 𝑘𝑚 𝑕  

2
=

3,6.𝑉

2
= 1,8.𝑉   (27) 

According to the notations adopted in equations (15-17) the 

following inequality can be formulated: 

𝐷ц− 𝐿𝑡𝑐 ≥ 𝐷ц,𝑚𝑖𝑛     (28) 

𝛼. 𝑅 − 𝐿𝑡𝑐 ≥ 1,8.𝑉     (29) 

The delta angle 𝛼 for normal cant can be derived through 

equation (25): 

𝛼 = 3,732.
𝑉3

𝑅2
      (30) 

However 𝐿𝑡𝑐 for normal cant is: 

𝐿𝑡𝑐 = 10.3,6.𝑉.
8. 3,6.𝑉 2

1000.𝑅
= 3,732.

𝑉3

𝑅
  (31) 

Substituting 𝛼 and 𝐿𝑡𝑐 in the inequality (29) leads to a 

contradiction: 

3,732.
𝑉3

𝑅2
. 𝑅 − 3,732.

𝑉3

𝑅
≥ 1,8.𝑉   (32) 

0 ≱ 1,8.𝑉     (33) 

Obtaining an optimal radius when using normal cant values 

is not compatible with the regulatory requirements for the 

minimum length of the circular curve. 

A similar check can be made for the use of the minimum 
allowable cant according to equation (8). In this case 𝛼 has a value 

from equation (20). 

𝛼 =
36.𝑆.𝑉3

𝑔.𝑅2
     (34) 

The length of the transition curve is as derived in equation (18): 

𝐿𝑡𝑐 =
36.𝑆.𝑉3

𝑔.𝑅
−

36.𝑉.𝑆.𝐴𝑐𝑓,𝑚𝑎𝑥

𝑔
    (35) 

 

Substituting 𝛼 and 𝐿𝑡𝑐 in the inequality (29): 

36.𝑆.𝑉3

𝑔.𝑅2
. 𝑅 −

36.𝑆.𝑉3

𝑔.𝑅
+

36.𝑉.𝑆.𝐴𝑐𝑓,𝑚𝑎𝑥

𝑔
≥ 1,8.𝑉  (36) 

36.𝑉.𝑆.𝐴𝑐𝑓,𝑚𝑎𝑥

𝑔
≥ 1,8.𝑉    (37) 

For 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2, 𝐴𝑐𝑓,𝑚𝑎𝑥 = 0,65 m/s2 one 

obtains: 

3.578.𝑉 ≥ 1,8𝑉     (38) 

= 1175m, Ltot=102,95m
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Obtaining an optimal radius when using the minimum 
allowable cant is compatible with the regulatory requirements 

for the minimum length of the circular curve. 

From the inequality (37) the residual centrifugal acceleration 
can be expressed, at which the curve with the optimal radius will be 

with a length greater than the minimum allowable: 

36.𝑉.𝑆.𝐴𝑐𝑓

𝑔
≥ 1,8.𝑉    (39) 

36.𝑆.𝐴𝑐𝑓

𝑔
≥ 1,8     (40) 

𝐴𝑐𝑓 ≥
1,8.𝑔

36.𝑆
     (41) 

For 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2, one obtains: 

𝐴𝑐𝑓 ≥ 0,327 m/s2    (42) 

The above equation can also be expressed with the cant 

deficiency: 

𝐷 = 𝐴𝑐𝑓 .
𝑆

𝑔
= 0,327.

1,5

9,81
= 0,05 𝑚 = 50 𝑚𝑚  (43) 

Conclusion: The methodology given in this report for 
determining the optimal radius is applicable to curves of the 

conventional railway where the cant deficiency is greater than 

50 mm and the residual centrifugal acceleration is more than 
0,327m/s2. 

Since in the expression for the radius the delta angle is in the 

denominator, as the angle increases, the resulting radius will 
decrease. Of interest is the largest delta angle at which the resulting 

optimal radius will be equal to the minimum radius for a given 
speed and cant. For curves with a delta angle above the limit, 

obtaining the optimal radius would be pointless, as the minimum 
radius will always give the shortest horizontal curve. 

 

Fig.  5 Total length of railway curve relative to radius and various delta 

angles 

Note: The angle 𝜶 above is in degrees for the sake of clarity, 

the given expressions are valid when it is in 𝒓𝒂𝒅 ! 

Following from equation (4) the minimum radius is: 

𝑅𝑚𝑖𝑛 =
𝑉2

𝐴𝑐𝑓 ,𝑚𝑎𝑥 +𝑔.
𝐻

𝑆

     (44) 

By equating the minimum radius with that derived in (21), the 

required limit angle is derived as: 

𝛼гр =
36.𝑆

𝑔.𝑉
.  𝐴𝑐𝑓,𝑚𝑎𝑥 + 𝑔.

𝐻

𝑆
 

2
    (45) 

For 𝐴𝑐𝑓 = 0,65 m/s2, 𝑆 = 1,5 m, 𝑔 = 9,81 m/s2 and 𝐻 = 0,15 

m: 

𝛼гр =
14,643

𝑉
     (46) 

 

 

 

Table 1 Limit delta angles for various design speeds 

V Rmin αгр 
[km/h] [m] [°] 

80 305 37.7542 

90 385 33.5593 

100 475 30.2034 

120 685 25.1695 

160 1215 18.8771 

5. Conclusion 

The expressions defined in this report can be easily adapted and 

used under different conditions and regulatory requirements in cases 

where it is necessary to obtain a maximum length of a straight 
section of the railway line between two horizontal curves. If the two 

directions between which a curve must be designed, as well as the 
design speed are available, an optimal radius is derived, the use of 

which would lead to a minimum length of the curve.  
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